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EDWARD  H.  CODRTENAT. 


In  the  publication  of  the  following  Treatise  on  the 
Difi'erential  and  Integral  Calculus  by  Edward  II.  Courtenay, 
two  Institutions  have  an  equal  interest  —  the  Military 
Academy  where  he  was  graduated  in  the  year  1821,  and 
the  University  of  Virginia,  where  he  died  in  the  Fall  of  1853. 

Mr.  Conrtenay  was  born  in  the  City  of  Baltiinore,  on  the 
19th  of  November,  1803.  He  entered  the  Military  Academy 
as  a  cadet  in  September,  1818,  and  was  the  youngest 
member  of  the  Class  of  that  year. 

Tlie  Course  of  Study  embraced  a  term  of  four  years.  In 
three  years  Mr.  Conrtenay  made  himself  highly  proficient  in 
all  the  branches,  and  was  graduated  at  the  head  of  iiis  class, 
m  July,  1831. 

In  his  initiatory  examination  he  made  a  strong  impre^ion 
on  the  mind  of  the  examiner,  who  remarked,  when  the 
examination  was  -fioncluded,  that  "  a  boy  from  Baltimore,  of 
spare  frame,  light  complexion  and  light  hair,  would 
certainly  take  the  firet  place  in  hia  class." 

We  transcribe  the  following  record  from  the  Eeglster  of 
the  United  States  Military  Academy. 

"Edwakd  II.  Couettsnat — Promoted  Bvt.  Second  Lieut, 
Corps  of  Engineers,  July  1,  1821. — Second  Lieut.  July  1, 
1821. — Acting  Asst,  Professor  of  Natural  and  Expeiimental 
Philosophy,  Military  Academy,  from  July  23, 1821,  to  Sept. 
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IV  EDWARD   H.    COURTENAY. 

1,  1822 ;  and  .A^t.  Professor  of  Engineering,  from  Sept  1, 
1832,  to  Aug.  31,  1824.— Acting  Professor  of  Natural  and 
Experimental  Philosophy,  Military  Academy,  from  Sept.  1, 
1828,  to  Eeh.  16,  1829  ;  and  Professor,  from  Feb.  16,  1829, 
to  Dee.  31,  1834. — Resigned  Lieutenancy  of  Engineers,  Feb. 
16,  1839;  and  Professorship  of  Natural  and  Experimental 
Philosophy,  Dec.  31,  1834.— Professor  of  Mathematics, 
University  of  Pennsylvania,  from  1834. to  1836.- — ^Division 
Engineer,  New  York  and  Erie  Railroad,  1836-37. — Civil 
Engineer,  in  the  service  of  United  States,  employed  in  the 
constrnction  of  Fort  Independence,  Boston  Harbor,  from 
1837  to  1841.*— Chief  Engineer  of  Dry  Dock,  Navy  Yard, 
Brooklyn,  N.  T.,  1841-42.— Professor  of  Mathematics, 
University  of  Yirginia,  since  1842.— Antlioi-  of  Elementary 
Treatise  on  Mechanics,  translated  from  tJie  French  of  M. 
Boueharlat,  with  additions  and  emendations,  designed  to 
adapt  it  to  the  use  of  the  Cadets  of  the  U.  S.  Military 
Academy,"  1833. — Degree  of  A.  M.,  conferred  by  University 
of  Pennsylvania,  1834;  and  of  LL.D.,  by  Hampden 
Sidney  College,  Ta.,  18i6." 

*  Mr.  Courtenaj,  while  eraployeii  as  Engineer  in  the  eonstruction  of  the  works 
inB  t  HI  w  as  dated  witlithat  distinguishedoffioer  Colonel  Syivanas 
Th  f  h    C  rp      fE  gineers 

T       J  f        M     C    titenay  entered  the  Military    Icademj     is  a  Cadet, 

0  1      !  Th  J      had  b        appoiQted  Superintendent     He  was  thon  engaged  in 

1  y  1  1  ho  system  of  inEtruction  and  discipline  which  has 
mp       dsom    h      pta    nto  th\t  institution 

I      IS  m     g  h  m  eeabie  and  cheii^hedremcmhranceoofMr  Oourtenay's 

life  that  lie  Enjoyed  the  entire  confidence  and  fnendehip  of  so  mteresting  and 
distinguished  a. man. 

The  relation  of  principal  and  pupil  in  a  puhhc  institution  heceme  tlie  basis  of 
a  sin  core  and  generous  friendship ,  and  when  the  news  reached  the  north  thai 
Courtenay  was  dead,  no  eye  was  moistened  hy  a  tear  of  warmer  sympathy  than 
that  of  the  Superintendent  who  had  guided  his  youth  and  admired  his  Hfe. 


db,  Google 


EDWARD    H.    COUETENAY.  V 

The  author  of  this  notice  examined  Mr.  CoEi-tenay  when 
he  entered  the  Military  Academy,  was  associated  with 
him  in  the  Academic  Board,  and  Imew  him  intimately 
in  all  the  situations  which  he  subsequently  filled ;  and 
yet  feels  quite  incompetent  to  do  justice  to  the  memory 
of  so  perfect  a  man  and  so  dear  a  friend. 

The  painter  who  has  a  faultless  form  to  delineate  or  a 
perfect  landscape  to  transfer  to  the  canvas,  is  embarrassed 
by  the  very  perfection  of  his  subject.  He  lias  nothing  to 
put  in  opposition  to  the  beautiful— no  shading  that  can  give 
full  effect  to  the  living  light.  Characters  which  afford 
strong  contrasts  are  easily  drawn— it  is  the  perfect  char- 
acter which  it  is  difficult  to  sketch. 

The  intellectual  faculties  of  Professor  Oourtenay  were 
blended  in  such  just  proportions,  that  each  seemed  to  aid 
and  strengthen  all  the  others.  He  examined  the  elements 
of  knowledge  with  a  microscopic  power,  and  no  distinction 
was  BO  minute  as  to  elude  the  vigilance  of  his  searcli.  He 
compared  the  elements  of  knowledge  with  a  logic  so  scruti- 
nizing that  error  found  no  place  in  his  conclusions ; — and 
he  possessed,  in  an  eminent  degree,  tliat  marked  cliai-aeter- 
istic  of  a  great  mind,  the  power  of  a  just  and  profound 


His  mind  was  quick,  clear,  accurate  and  discriminating 
in  its  apprehensions — rapid,  and  certain,  in  its  reasoning 
processes,  and  far-reaching  and  profound  in  its  general 
views.  It  was  admirably  adapted  both  to  acquire  and 
use  knowledge. 

The  intellectual  faculties,  however,  are  but  the  pedestal 
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VI  EDWAHD   H,    COTJETEKAY. 

and  shaft  of  the  column — the  moral  and  social  faculties 
are  its  entablature  or  crowning  gloiy.  It  is  these  facnltiea 
which  shed  over  the  wliole  character  a  soft  and  attractive 
radiance,  exhibiting  in  a  favorable  light  the  majesty  of 
intellect  and  the  divine  attributes  of  truth,  justice  and 
beneficence. 

Ifc  was  the  ardent  desire  and  steady  aim  of  Professor 
Courtenay,  during  his  whole  life,  to  be  governed  hj 
these  principles,  and  there  are  few  cases  in  which  the 
ideal  and  the  actual  have  been  brought  more  closely 
together.  Modest  and  nnassuming  in  his  manners  even 
to  difSdence,  he  was  hold,  resolute  and  firm  in  asserting 
and  maintaining  the  right.  Liberal  in  his  judgments  of 
others,  he  was  exacting  in  regard  to  iiimself.  He  eould 
discriminate,  reason,  aud  decide  justly,  even  when  his  own 
interests  were  involved  in  the  issae.  His  love  of  truth 
and  justice  was  stronger  than  his  love  of  self  or  of  friends. 

His  intercourse  with  others  was  marted  by  the  gentlest 
courtesies.  He  was  an  attentive  and  eloquent  listener. 
Differences  of  opinion,  appeared  to  excite  regret  rather  than 
provoke  argument,  and  his  habitual  respect  for  the  opinions, 
wishes  and  feelings  of  others,  imparted  an  indescribable 
charm  to  his  manners. 

As  a  professor  he  was  a  model.  He  was  clear,  concise, 
and  luminous  in  his  style  and  methods.  Laborious  in  the 
preparation  of  his  lectures,  even  to  the  minutest  facts,  he 
was  at  al!  times  prepared  to  impart  information.  His  manner, 
as  a  teacher,  was  highly  attractive.  He  never  by  loot,  act, 
word,  01-  emphasis  disparaged  the  efforts  or  nndervalued 
the  acquirements  of  his  pupils.     His  pleasant  smile  and  kind 
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EDWARD    H.    COUETENAY.  VII 

voice,  when  be  would  say,  "  Is  that  answer  perfectly 
correct?"  gave  hope  to  many  minds  struggling  with  the 
difficulties  of  science  and  have  left  tlie  impression  of  affec- 
tionate recollection  on  many  hearts. 

At  the  Military  Academy,  on  tlie  hanks  of  the  Hndaon, 
where  Mr.  Courtenay  was  educated,  and  where  he  first 
labored  to  advance  the  interest  of  instruction  and  science, 
Ida  name  is  recorded  on  the  list  of  distinguished  graduates, 
and  lionorahly  enrolled  among  the  most  eminent  Professors 
of  that  Institution.  Hiere  liis  labors  and  memory  will  live 
long  together. 

At  the  University  of  Virginia  he  has  left  a  name  equally 
dear  to  that  distinguished  Faculty  of  which  he  was  an  orna- 
ment and  to  the  many  pupils  whom  he  there  taught.  Wlien 
these,  in  later  yeara,  shall  revisit  their  Alma  Mater,  to  revive 
early  and  ehenslied  recollections — tosti'engtlien  tlie  bonds  of 
early  friendships  and  renew  their  resolves  to  be  good  and 
great,  tliey  will  find  that  a  wide  space  has  been  made  vacant. 
They  will  realize  in  sorrow  that  a  favorite  professor  has  been 
transferred  from  tlie  halls  of  instrucliou  to  the  grove  of  pines 
■which  borders  the  town,  and  which  contains  the  remains  of 
the  I'evered  dead.  Thither  they  will  go,  in  the  twilight  of 
the  evening,  to  visit  the  grave  of  a  man  of  science — -their 
able  teacher  and  faithful  friend.  In  reviewing  his  life  and 
contemplating  his  character,  they  will  exclaim — 

"  Mark  the  perfect  man  and  behold  tlie  upright ;  for  the 
end  of  that  man  is  peace," 
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NOTICE. 

The  following  work  was  left  by  Professoc  Oourtenay,  in  manusoriptj  in 
a  highly  finished  condil.ion ;  and  yet,  it  must  be  regretted  that  it  could  not 
receive  the  final  correotions  of  the  autlior.  A  premature  death,  at  the 
meridian  of  life,  placed  the  work  in  other  hands,  and  any  alight  inaccuracies 
of  language  Mi-hieh  may  now  appear,  would  doubtless  have  been  corrected, 
if  the  sheets  could  have  passed  under  the  eye  of  the  author. 

It  is  a  cause  of  thaukfnlnesa,  however,  that  the  worit  was  entirely  com- 
pleted by  Profefsor  Oourtenay;  and  in  its  publication  the  plan,  language, 
and  even  the  punctuation,  have  been  followed  with  a  fidelity  due  to  the 
memory  of  a  friend. 

The  work  wilt  be  found  more  full  and  extensive  than  any  which  has  yet 
appeared  in  this  country  on  the  same  subject ;  and  the  part  which  relates 
to  the  Calculus  of  Vai'iations  -will  be  especially  acceptable  to  tlie  Americae 
public. 

It  is  perhaps  not  improper  to  add,  that  the  Pabhshers  have  generous!? 
offered  to  publish  the  work  on  very  favorable  trims,  and  that  the  prniltfl, 
whatever  thoy  may  be.  ■niU  go  to  the  family  of  the  aulhor 
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DIFFERENTIAL   CALCULUS. 


CHAPTER  I. 


FIRST    PRlNCIPLHe. 

.  In  all  mttheraaticil  oakulations  the  qua!  t  ties  wliicli  are 
jt.-«nted  for  oui  coiisideration  belong  to  one  of  t  vo  lemaikabSe 
cIh  ks  namely  constint  quantities  -which  are  such  aa  preservfl 
the.  same  values  thiougbout  the  hints  of  one  m^estigat  on,  or 
larable  qua  titles  which  mai  assume  suaeswvely  d  ffeient  values 
the  number  cf  such  valueu  bung  uulinited 

The  fiist  letters  of  the  alphabet  is  a  S  c  iLc  lie  usually 
enijlo^ed  todenjte  comtant  quantiti  ■>  and  the  list  lettets  z  y  x 
&     aie  usel  to  iepiesi,nt  such  quantit  ea  as  aie  variable 

2  Wiieii  t\so  qmntities  x  and  y  ifl  mutually  ctependent  upon 
eadi  other  so  that  -v  knon  ledge  of  the  value  of  oi  e  11  lead 
to  that  ot  the  otker  they  are  said  to  he,  functior  s  f  e  h  otl  er 
Thus,  in  the  cautions 

y=.ax,       y  =  bx^  +  ex  +  e,       y  =  ax.^  +  bx^  -  ex  +  e, 
the  value  of  y  is  dotennined  as  soon  as  that  of  cE  is  known;  and 
accordingly  y  is  said  to  be  a  function  of  x. 

In  like  manner,  an  assumed  value  of  y  will  fix  the  correspond- 
ing values  of  X,  and  therefore  a;  is  a  function  of  y.  There  is 
tliis  difference,  however,  between  the  two  cases:    when  the  value 
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14  DIFFERENTIAL    CALCULUS. 

of  .K  is  assumed,  that  of  y  is  obtained  by  a  si  nple  substitu^ 
tion ;  whereas  the  determi nation  of  the  vnlusi  of  x  from  that 
of  y  requires  the  solution  of  an  equation.  Henc«,  y  is  called 
ail  explicit  function  of  x,  but  x  is  said  to  be  aa  implicit  func- 
tion of  y. 

The  general  fafit  that  y  is  an  explicit  function  of  x   is  written 

thus: 

y^Fx,  or  y^  i^x, 

wheti  the  character  #  ov  (p  stands  as  tlie  representative  of  certain 
operations  to  be  performed  on  the  quantity  cc,  the  result  of  which 
operations  will  be  a  quantity  equal  in  value  to  y.  And  when 
we  wish  to  imply  that  the  values  of  x  and  y  are  conneLited  by 
an  unresolved  equation,  or  that   y  is   an    implicit  function   of  x, 

F(x,y)^0,         or         v(x,,j)^0. 
For    the   purpose   of  illustration,  let  there  be   tiiken    tlio  three 
equations 

y  =  "  +  s       (1), 

S  =  ««>  +  Jo;  +  »         (2), 
y  =  ax'+ix'  +  a  +  e         (3), 
and   suppose  a   to   receive  an  increment  h  in  eacli  equation,  eon- 
verting  it  into  x  +  h,  and  causing  y  to  assume  a  new  value  y,- 
Then  if  the  form    of  each  fntiction,  or  value  of  y,  be  supposed 
U>   remain  unchanged,  the  three  equations  (1),  (2),  and  (3),  will 


!,,  =  a(.  +  i)  +  S  (t) 

5,  =  »(.  +  h)'  +  J(,  +  i)  +  r         (5), 
and  y,  =  <.(i  +  »)'  +  '(■«  +  '•)"  +  '{'  +  *)  +  «  («)■ 

Subtracting  (1)  from  (4)  we  obtain 

y,-y  =  cS     (7). 
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from  (2)  and   (5)  we  get 

y,-y  =  a{9,xh  +  h")  +  bh     (8). 
And  from  (3)  and  (0) 

y,-7/=  a{Zx^h  +  Sj'A^  +  /i^)  +  bi^2xk  +  }i?)  +  ch     (9). 
From  (7)  we   deduce,  U-  division, 

^  =  «     (•«)■■ 

from  (8)  ^^^  ^  <<2.*  +  /*)  +  *     (U); 

=2a:.  +  ttA  +  6; 
and  from  (9) 

^^^=^  =  <i{%x^  +  S.vh  +  l>?)  +  K^x  +  h)  +  c         (12). 

The  results,  (10),  (H),  and  (13),  express  tne  ratio  between 
the  Licrement  h  assigned  to  x  and  the  coneap  njing  increment 
y,  ~  1/  mipa  ted  to  y  Iht  values  of  this  ratio  in  the  three 
exirifles  selecttd    present  remirkahle  difluruice*. 

In  the  firat  example  th&  latio  retains  the  ■aaine  tilue  a,  what- 
e'ver  mi}  be  the  vilue  is&i^aed  tc  the  increment  A,  Iq  the 
50     nd  e\a  iple  it         sia  s     t    t  ic    j  xii 

entirely  mdepe   lent  of  /    ani   the  othpr  =  il 

Mhith  varies  with  h      It  tle\ilic     i  h  It.    ujpu'.ei  lo  diminish, 

the  ratio 

2ax  +  b  +  ak         (11), 

will  become  more  and  more  nearly  equal  to  'iax -\-  6;  and,  final- 
ly, when  k  becomes  indefinitely  small,  the  ratio  is  reduced  to 
this  latter  value. 

The   correspond i LI g  increments  h  and  y,  —  y,  when   indefinitely 


-d  by  Google 


16  DIFFERENTIAL     CALCULUS. 

amall,  are  called    the  differentials   of  the   quantities   x  and  y,   i 
the  limiting  value  of  the  ratio 


IS  callel  the  diffeientul  wefiueal    hei_aithe  it  i^  th^  multipIiLt  ot 
the  differential  ot  a.  neoe'^aary  to  pi  oduce  the  diffprectial  of  y 

Ihe  differenfi^K  ot   x  and  y  are  written  dv  and  dy,  the  ohai 
acter  d  being   the   sytnliol  of  an  opeiation   to   he  performed  on 

X  01  y,  not  a  i-ictor  aad  the  difFeiential  coeftitient  is  writttn  — 
Moreover  one  of  the  vatiibles  {iiaiially  a)  is  called  the  inde 
pendenl  -(iriihle,  its  inclement  dt  (although  -jmall)  hemg  arhi 
tiai\  ,  while  the  othei  y,  whose  mciement  d/  dfpends  on  that 
ot  X  !■*  called  the  dependent  variable  li  mijl\  tie  1  oi  li  ii 
In  the  third  example,  the  latio 


These  examples  illustrate  the  fa«t  that  two  indefinitely  small 
quantities  may  yet  have  a  finite  ratio;  and  they  suffice  to  show 
that  the  form  of  the  differential  coefficient,  which  is  usually  a 
fnnctioii  of  a,  will  depend  very  materially  on  the  form  of  the 
original  function  y. 

(3.)  The  considerations  just  presented  analytically  admit  of 
geometrical  illustralioa.  For,  whatever  may  be  the  relation  be- 
tween s:  and  y,  the  former  may  be  regarded  as  the  abscissa,  and 
the  latter  as  the  ordinate  of  a  plane  curve;  and  the  determiiiatioii 
of  the  relation  between  the  corresponding  increments  of  x  and  y, 
is  reduced  to  findirg  the  change  in  the  length  of  the  ordinate 
produced  by  an  arbitrary  change  in  the  length  of  the  abscissa. 
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It  is  the  chief  object  of  the  DilTereiitial  Calculas  to  investigate 
the  laws  of  increase  of  functions  having  various 'foi'iiis,  when  such 
changes  are  produced  by  an  arbitrary  change  in  the  value  of 
the  independent  variable  upon  which  the  values  of  the  functions 
depend. 

Geometrical  considerations  will  also  point  out  very  clearly  how 
it  happens  that  a  given  angmentation  of  the  variable  x  will,  in 
differert  stipes  of  its  magnitude,  produce  widely  different  inurements 
of  the  function  y. 

Referring  to  the  an- 
nexed diagram,  it  will 
he  apparent  that  near 
the  vertex  C  of  the 
curve  CPE,  a  slight 
increase  ia  the  value  of 
the  abscissa  x  will  produce  a  comparatively  large  increase  in  tho 
value  of  the  ordinate  y ;  but  when  the  tangent  to  the  curve  forma 
a  smaller  angle  with  the  axis  OX,  as  at  P,  the  same  increment 
in  X  will  produce  a  much  smaller  increase  of  y ;  and  if  tho  tangent 
be  nearly  parallel  to  OX,  the  increment  received  by  y  will  be  very 
Rmall  in  comparison  with  that  given  to  jr.  Finally,  by  continuing 
to  increase  x,  the  ordinate  y  may  first  cease  to  increase,  and  may 
afterwards  actually  decrease,  or  the  inci-ement  of  y  may  become 
negative;  and  these  different  results  will  occur  without  any  change 
in  tlie  form  of  the  fuHctio)i  y. 

4,  One  of  the  first  inquiries  presented  for  consideration  is  the 
deCevmindtion  of  the  general  foim  of  thi>  function  'F{x  +  /;} ;  for, 
since  we  desire  to  compare 

y  =  Fx         with         yi  =  F{x  +  h), 
it  is  important  to  know  what  form  Fix  +  h)  will  nssinno  when  ex- 
panded  imo  a  series  of  terras   involving  w  and  A.      llciice   the  fo!- 
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Fropoiilwn  To  iletermine  the  geneialfom  ot  the  dcyelopmeiit 
of  any  fui  ctioc  af  the  algebraic  sum  of  two  qu  u  1 1  l^  sich  as 
F{x  +  h)    arranged  accoiding  to  the  poweis  of  the  seixnd  S 

lat.  There  must  be  one  teim  in  the  development  of  the  form 
^3\  and  the  other  teims  must  c  ntain  A  Foi  suite  the  develop 
ment  ia  suppo'^ed  to  bo  geneial  ai  d  theiefore  true  toi  all  values  h 
it  ought  to  be  applicable  when  /  =  0  m  \thi(,h  case  the  undeveloped 
function  J'{j!  +  ft)  reduues  t  >  Ft  This  coniitKuwill  b  Sdtsfied 
by  supposing  the  first  term  m  the  development  to  be  Fr  ind  all 
the  sueeeeding  teims  to  contain  (oweis  ?  h  imce  the  'iuipi&tion 
k  =  0  will  then  give  rise  to  an  equation,  Fx  ~  Fx,  which  is  identi- 
cally true.  And  no  other  conceivable  form  of  developmen*;  would* 
lead  to  this  result. 

We  may  therefore  write 

F{x  -\- h)  =  Fx -V  Ah"  +  Bh''  +  Gh'  +  &c.         (1), 

in  which  the  coefficients  A,  £,  C,  &c,  will  usually  be  functions  of  te, 
and  the  exponents  a,  b,  c,  &c.,  undetermined  constants. 

2d.  None  of  the  exponents,  it,  b,  e,  &c,  can  be  negative.  For  if 
there  could  be  a. term  of  the  form 

£ 

it  would  become  infinite  when  fe  =  0,  thus  rendering  the  developed 
expression  infinite,  while  the  undeveloped  expression  would  become 
simply  Fic,  and  this  latter  would  probably  be  finite. 

3d.  None  of  the  exponents  can  be  fractional.  For  if  there  could 
be  a  term  of  the  form 

Wi  or         F'^, 

such  term  would  have  as  many  different  values  as  there  are  units 
ins-    that  is,  it  would  have  s  values;    and  each  of  the^e  values 
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could  be  ooinLiaed  iu  suceession  with  the  aggregate  of  the  other 
terms  of  IJm;  series. 

Now  if  each  of  these  other  terms,  except  the  first  term  Px,  be 
supposed  to  have  but  one  value,  the  sum  of  all  the  terms  containing 
h  will  have  s  different  values.  And  if  Fx  be  susceptible  of  n  dif- 
ferent values,  the  entire  development  will  admit  of  »t  X  s  values, 
since  each  value  of  Fx  m.iy  be  c«mbinet!,  in  succession,  with  each 
value  of  the  remaining  terms. 

But  F{x  +  k)  being  of  the  same  form  with  Fx,-  must  have  the 
same  number  n  of  values.      Thus,  for  example,  if 

F{x  +  h)  zzz  (a;  +  h)^,         then        Fx  =  x^, 
and  both  will   have  three  values. 

If  F{:>:  +  h)^a{x  +  hY  +  b{^  +  hy, 

then  Fx  —  ax^  -(-  b:^, 

and  both  will  have  five  values,  &e. 

Thus,  in  the  case  supposed  above,  where  there  was  one  fractional 
exponent,  F{x  +  h)  would  have  n  values  when  undeveloped,  but 
n  X  s  values  when  developed — a  manifest  absucdity. 

We  conclude  therefore  that  the  exponents  a,  b,  c,  &c,  in  the 
general  development,  must  be  positive  integers ;  and  in  order  to 
naake  the  development  include  every  possible  case,  we  write 

F{x  +  k)^Fx  4-  Ak  +  -Sft2  +  CT(3  -f  _0A',  &c, 
including  every  power,  of  k.    If  in  any  particular  case  some  of  these 
terms  should  be  unnecessary,  it  will  suffice  to  suppose  the  cor- 
responding  coefficients  A,  B,  0,  &c.,  to  reduce  to  zero. 

We  have  a  familiar  example  of  the  expansion  of  F{x  +  h)  in  the 
well  known  Ijiuomial  theorem.     Thus,  if 

F{x  +  h)  =:.{a:  +  A)"  ^  ct"  +  w—Vi 
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we  shall 

havi 

F^ 

n{n-l)(n 

«("-l)^. 

1.2      ^ 

^"-3,   &c., 

*•--       iTsTa 

where  A 

,B, 

c,  ■ 

&ic.,  are  functions 

of  CI 

The  ft. 

.How 

iiig 

are  Jiliewise  exar 

nplc. 

!  of  the  dev 

■dap, 

plied  to 
2.  Let 

part; 

icill! 

Fx  =  (a  4-  x\^- 

^bx' 

'  :      fhwi 

which  expressions,  wliea  expanded  by  the  binomial  theorem,  give 
F{x  +  h)  =  (.  +  «.)*+  i  (,.  +  .)"*  1  -  1  (.  +  i)-ih'  +  fc. 


+  S.r'  +  »S, 


+  [^  S»(»  -  I).—  -  i  (a  +  »)"•]  *"+&o. 
which  corresponds  with  the  general  form. 
3.  Let  F.C  =  log  s  :     ilicn 

^{x  +  /;)  -  log  (.■.  +  h)  =  log  [cr  (l  +  -^  =  loga:  +  ]og('l  +  -\ 

*here  Jl/  denotes  the  modulus  of  the  system  of  logarithms. 

M  M  M  M 

.■.F{x  +  h)  =Fx+~.h~~K^+  ^P  ^  ^ /i'^  +  &c 
'  a:  2a^  Sa:'^  4i* 

which  also  corresponds  to  the  genera!   form. 
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It  may  be  well  to  observe,  that  althougli  tho  form  of  the  develop- 
ment of  F{x  +  h)  is  always  such  as  has  been  indicated  while  a, 
retains  its  general  Tftlue,  yet  it  is  possible  (in  some  eases)  to  assign 
certain  particular  values  to  x  which  shall  cause  the  development 
in  this  form  to  become  impossible. 

Thus,  if  in  the  second  of  the  above  examples,  we  put  x  —  —  a, 
the  true  development  of  F{x  +  h)  will  become  simply 


in  which  one  fj-actlonal  exponent  appears. 

The  same  supposition  c^Ubes  all  the  coeffic  ents  m\  olvmg  negatiw 
powers  of  a +  3-  to  become  mfimte  in  the  ^enenl  cxpau^'ion  It 
will  be  shown  heietftex  that  the  particuhr  cases  m  wh  ch  the 
general  development  la  inapplicable,  are  always  indicated  by  some 
of  the  terms  of  the  de^eloiment  becoming  mfimte  At  present 
it  is  sufficient  to  remaik  thit  the  number  of  sut,h  cases  la  compar'\ 
lively  small,  and  thit  tkey  will  receiie  i  specnl  exiuiin'iUon 

6.  From  the  development  of  i^(a:  + /),  we  deiue  a  duLCl  -wid 
general  method  of  finding  tho  diQlrent  al  of  any  pi  <  poaed  lunctiOD 

y  =  Fx. 

ifor,  if  we  give  U>  t,  an  iuci-cment  A,  we  sliall  have 

j-i  ==  Fix  +  h)  =Fx-k-  Ah  +  m=  +  Ch^  +  &c. 

,■  ,y^-  y  ^  F{t.  +  h)  ~  Fx  =  Ah  -f  Bh-^  +  a^  +  &C. 

. . .  llZll  ==A-\-Bh+  Ch^  +  &c. 

And  by  passing  to  the  limit,  when  A  =;  0,  we  get 

—  =:  J,         whence         dy  •=  Adx, 
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Thus  it  appears  that  the  coefficient  A  of  the  1st  poirei-  of  h 
in  the  development  of  F{x  +  k)  is  the  differential  eoeffieient  of 
the  proposed  function,  and  this  multipliecl  by  dx  gives  tliu  re- 
quired  differential  of  y. 

It  will  ba  found  convenient,  however,  to  form  rales  for  dif- 
ferentiating functions  of  the  various  forms  likely  to  arise,  and 
to  this  investigation  we  proceed  nest. 
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CHAPTER    II. 

DIFFEBBNTIATION    OP    ALGEBRAIC    FUNCTIONS. 

6.  Prop.  To  diffei-cntiate  the  product  of  two  functions  of  a  sin- 
gle variable. 

Let  M  ~  ys, 

jihBvii  y  and  z  are  given  functions  of  the  same  iadependent  variable 
X,  and  let  x  take  an  increment  h,  converting  u,  y,  and  a,  into  m„  y^ 
and  z,.  Then,  since  y^  and  Ej  will  each  be  a  function  of  »  +  A, 
we.  shall  have 

y^-y  +  Ah+  Bh?+  Cli<  +  &e., 

and  3i  =  £  +  ^lA  +  ^lA^  +  C^K^  +  &c- 

.  ■ .  «j  =  j^js,  ^  yz  +  (^  +  ^1^)^  +  (J52  +  -Bjy  +  ^^i)A^ 

.  -.  !fi^J^  =i^l!lf^  =  Az^  A,y  +  (&  +  B,y  +  AA,)k 
h  h 

+  (Cfe  +  CiJ/  +  AB^  +  Ji5)ft2  +  &ci 

and  when  h  —  0,  this  becomes 

'iy  ■,        A       ^^ 

Buice  ^  =-r         ^nd         A-,  —  ^- 

dx  dx 

And  by  miiUiplyltig  by  dx,  we  get 

du:=ziy  -\-  yds. 
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Tkus  the  differential  of  Ihe  product  yz  of  two  fwietions  is  found  by 
multqybjing  eaeh  function,  hy  the  diffeieniiul  of  the  other  fanoHon,  and 
adding  the  results. 

7.  Prop.  To  differentiate  the  pi'oduct  of  several  fiitiotions  of  a 
single  variable. 

1st.  Let  H  =  vys,  where  v,  y,  and  a,  are  funclions  of  the  inde- 
pendent variable  x. 

Put  yg  =  s;         then         ii  ^  w, 

and  by  the  last  proposition, 

du  =^  vds  -i-sdv,  and  iilao  ds  =  ydz  +  zdy. 

Substituting  the  values  of  s  and  ds  in  that  of  du,  there  results 
du  —  v{T/ds  -{■  edy)  +  yzdv  ^^  vydz  +  vsdy  +  ysdv. 

2il.  Let  a  =  svjz. 

Put  yz  i^w ;  then  ii  =:  si/w, 

,  ■ .  rfii  ~  s))rfi«  +  swrfii  4-  i'wi/s  =  iv{yde  -j-  siiy)  4  s^^i^w  +  vy^ds, 

or,  ^M  =  sjiyrfs  +  sv^^dy  +  5!/Z£?u  +  I'^sTrfv  ; 

and  the  same  method  could  be  a^iplied  to  tlie  product  of  ft  greater 
number  of  functions. 

Hence  we  have  the  following  rule  for  the  difTereiiLial  of  the 
product  of  several  functions  : 

Multiply  the  diffei'ential  of  each  fuctor  hy  tke  continued  product  of 
all  tke  other  factors,  and  add  the  results. 

S.  Prop.  To  differentiate  a  fraction  whose  numerator  and  denom- 
inator are  functions  of  a  single'  variable. 

Ltt  ji  ^  - 1  where  y  and  ^  are  functions  of  x. 
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Tlieii   y  =  uz,  and   this   differentiated   by   tlip   rule   for   products, 

di/  :^  udz  +  ^du  =-  ■  dz  -i-  sdu 
.  " .  srfy  ;^  ydz  +  ^^t/ji, 

,  ,       ,     .  ,       ^'h  —  yd^ 

and  by  reduction  du  —  — ^— ^ - 

ITius  the  rule  is  as  follows : 

Mu/lipli/  the  differential  of  the  mtmeroior  by  the  denominator.,  and 
the  differential  of  the  denominator  by  the  numerator ;  subtract  the 
ser.ond  product  from  the  Jtrat,  and  divide  the  remainder  by  the  iqaare 
of  the  denominator. 

9,  J'rop.  To  differentiate  a  power  of  a  single  variable. 

1st.  Let  u  —  x",  wliere  n  is  a  positive  integer. 

Regarding  x'  as  the  product  !C.  s:,  x.  x.  &c.,  of  n  oqual  factors 
each  =  a:,  and  applying  the  rule  for  differentiating  a  product,  we 

get 

du  —  3!"-^^  +  ai''~'^dx  +  a?^^dx  +  &o.,  to  n  terms. 

and  the  rule  in  this  case  is  the  following  : 

Multiply  the  given,  vower  (x")  by  the  exponent  (giving  t:x°)  ;  then 
diminish  the  exponent  by  unity  (giviag  nx"— ') ;  and  finaily,  multiply 
by  Ike  differential  of  the  root  (producing  nx"-'dx). 

2d.   Now  suppose  the  exponent  n  to  be  a  positive  fractioo  - 

Then  u^-I 

.  ■ ,  «'?  ^:  at",  where  the  exponents  a  and  c  are  both  positive  integers. 
Hence,  by  the  application  of  the  rule  just  ejstabiislied  for  such 
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and  the  rule  for  differentiating  the  power  is  the  s 
exponent  is  a  positive  integer. 

3d.  Let  the  exponent  be  a  negative  integer,  or  u 


Tlicn 


1 


^  —  nx-^-^dx. 


and  this  differentiated  by  the  rule  for  fractions, 

du  ^  ^"^'  ~  ^al-it  ^^''"'^'  dx  - 

And  the  rule  is  stiJt  the  same. 

4th.  Let  the  exponent  be  a  negative  fraction,  or  let  a  ~x 

Then  «(=  —  3r-«,  and  by  the  first  and  third  oases, 


and  the  formula  is  still  the  same. 

We  might  have  deduced  the  rule  for  diffi^rentiatlng  a  power,  as 
aiihe  applicable  to  all  cases,  hy  empJoyinj:  the  binomial  theorem; 
for,  since  the  second  term  in  the  development  of  (x  +  h)",  is 
nx''-^/i,  for  all  values  of  n. 


0  must  have  — -—i-  = 


d  [x-')  ^  nx^-Hx. 


It  is  intended,  however,  to  demonstJ'ate  the  truth  of  the  binomial 
theorem  by  the  aid  of  the  differential  calculus,  and  henee  the  ni'ces- 
sity  of  establishing  the  rules  for  differentiation,  without  reference  to 
that  theorem. 

Remark.  If  the  function  which  it  is  proposed  to  differentiate 
contain  a  constant  factor,  such  factor  will  appear  in  the  difTcrenLiai, 
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Thus  rf  (ax)  =  adx,  for  when  x  takes  the  inci-cincnt  Ji,  the  function 
ax  becomes 

u,^a{x  +  h)       and      .■.'^^=^a       and       ^  =  a. 

A  dx 

Similarly  if  m  —  o  .  Jife,  where  F  den ote a ^ny  function, 
then  III  ^  aF  [x  +  A)        and        dti  =  ad  {Fx) . 

10.  Prop.  To  differentiate  the  algebraic  aum  of  several  functions 
of  a  single  variable. 

Let  «  r=  As  +  Bi>  -  0;/  +  Dz, 

where  x,  v,  y,  and  2,  are  functions  of  *. 

Tlien  wlion  X  takes  the  inciement  h, 

As  becomes  As^  =  A(s-\-  A-Ji  +  E^Jfl  +  C/i^  &c.). 
^y  becomes  ^W;  ^  5  (t;  +  ^^A  +  B^h?  +  C^P  &e.). 
Cy  becomes  .Cy,  —  C(,V  +  ^3^  +  BJt^  +  CgA^  &c.). 
Dz  becomes  Dz-y  ^  I)  {z  +  A^h  +  B^h^-  +  C,A*  &c,). 
.  ■.  u  becomes  m,  ^  .^Is  +  ii.  -  Cj-  +  -Os 

4-  (.-1^1  +  BA^  -  CA^  +-0A)  /*  +  &e. 
.  ■ .  i7u  ^  {AAy  +  BA^  -  CA^  +  DA^)  dx. 
-But       ^ii^a;  "  ds,       A^dx  =  du,       A^dx  =  dy,       A^dx  —  dz. 

.-.  du^  Ads  +  Bdv  —  Cdy  +  Ddz. 
And  the  rule  is  as  follows  : 

DiffererUiate  the  terms  successively,  and  take  the  alr/ebmic  sum  of 
ike  result. 

Remark.  If  a  constant  be  connected  with  a  variable  quantity  hy 
the  sign  +  or  — ,  such  constant  will  disappear  by  differentiation. 
Thus,  wlien  we  have  u  =  a-^  Fx,  then 

M,  =  a  4-  F{x  +  h)=a-^  Fx  +  Ah  +  Bh%  &c, 

=  u-\-  Ah  +  Bh^,  &c, 

.  • ,  du  ~  Adx,  the  eonstiint  a  haf  ing  disappeared. 
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11.     1-   To  differentiate 

J-  =  4j;=  +  Ix^  _  Sa  +  5, 
Applying  the  rule  for  powurs  to  eaeh  term  we  obtain 

rfy  =  4  X  3  xMx  +  7  X  2i^j:  -  Mx  -  (13*^  +  14s  —  S)dx. 
::  12^^+  14*  -8. 


■    ^  = 


2.  y=:  ax\bx  +  c)  =  <,hx'  +  acx\ 

Diffei'entiating  this  as  a  product,  we  get 

dij  —  2ax{hx  +  c)dx  +  ax%dx  =  {^abx'^  +  ^cx}dx. 

Or  by  first  performing  the  multiplication  indicated,  and  then  dif 

feryutiating  as  i\  sum,  ihe  same  result  is  obtained. 


3.  y  = 


Salix^  +  2aex. 


-  (6  +  ^^)^ 
Differentiating  by  the  rules  for  fractions  and  powers,  we  obtain 


12x^{b  +  x^ydx  -  3(5  +  x^y  X  4x^  X  2.tdx 
{b  +  x^f 
l-M^  +  ^^)-24.*       _  12.^(5  -  ^^)    , 


rfy  __  13a;=(a  —  x^) 
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—  1  +  a;2  -[-  ;k3  +  .r''  +  2j=  H-  3a=  +  3^^  +  Sx'^ 

y^ + -/r+i?  X  VM^^     2  ^1  -I-  i'2 


*,  _  -  ,1(1  -  ,^)'t  -  (1  +  -/r 


i:  +  -/i"- 


x{x  —  -/I  +  ^ 
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:•!  +  .=  + ..(1  +  .V*       2«.     l  +  2»'-2»^/r^ 

12. 

.)-»..,] 


V'-:^  +  ^(^^--=)^ 

13.    w  =  y*  a  +  .r  +  ^a  +  ^  +  y^a  +  x  &c.,  continued   in. 
itdy. 

Jcfl 

Were         v- —  -y/a  +  x -\- u,         and         . ' .  «=  ^  u  +  a:  +  w 

rfii              1 

V4a  +  4x  +  1 

The  functions  considered  hitherto  are  called  algehrair,  fiiiictioiis, 
because  they  require  only  the  perfomiance  of  the  common  algebraic 
operations  of  addition,  subtraction,  multiplication,  division,  raising 
of  powers,  and  extraction  .^f  roots.  There  is  a  second  and  very 
extensive  class  of  funeilons,  in  which  the  variable  enters  as  an 
exponent,  or  in  connecliou  with  logarithms,  sines,  cosines,  tangents, 
circular  arcs,  &c.,  of  which  the  following  are  examples :  a',  «^, 
loga,  einar,  (cosa^)"'"*,  sin-'*,  (logs)'-""^,  &c  These  are  called 
transcendental  functions,  and  they  will  be  considered  in  the  next 
chapter. 
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TRAKSCByCENTAI.    FUKCTIONS. 

12.    Prop.  To  differentiate  u  =  \ogX. 

Let  X  take  the  iiicrcinent  Aj,  converting  u  into 

^,:-log(,^+A). 
Tten  «i  =log  (^-1-/0^  log  [^  (l  +  ^)]  -^  '^S  '■  -I-  '"f?  ('  +  ^)- 

where  j1/  is  the  modulus  of  the  system. 

dx  dx  a:  ^ 

Hence  the  rule  is  as  follows : 

Mutti'fily  the  differmiial  of  Ike  variable  by  the  modulus  of  the  eys- 
tern,  in  which  the  logarithm  is  token,  and  divide  the  product  by  the 
variable. 

If  the  logarithms  belong  to  the  Naperian  system  whose  modulus 
ia  equnl  to  unity,  we  shall  have 

<((Iog.)  =  ^'. 

As  the  essential  properties  of  logarithms  ai-e  the  same  in  all  sys- 
tems, while  the  form  of  the  differential  is  simplest  in  the  Naperian 
system,   the  logarithms    employed    throughont    the   Calculus    will 
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always  be  the  Napei'iaii,  uiiJesg  the  contrary  is  distinctly  specified, 
and  tho  rule  for  differentiating  a  logarithm  wil!  be  aimply  this: 

Divide  the  differential  of  ike  quantity  by  the  quantity  itself. 

13.  Prop.  To  differentiate  an  exponential  function  as  m  =  o^,  the 
l)a3e  a  being  constant. 

I  to  ]ogarilhm,4  we  l:ave 

log  it  ^  a:  log  a. 

.   4log  %i)  -=  d{x  log  (/)  or  ~  =  log a.dx; 


And  the  rulfi  for  differentiating  an  exponential  is  this: 
MuWpli/  the  ex]ioiieii.liol  (a'}   by   the  differential  of  Ike  exponent 
(dx),  and  that  product  by  the  Naperian  logarilhTn  of  the  base  (log  a). 
Cor.  If  II  =  e,  the  Kapcrian  base,  we  shall  have  log  e  ^  1 ; 

. . .  d(e^)  =  e'<lx,         and         ^^  =  e'. 
dx 

Bemnrk.  The  rule  for  difTerentiatitig  logarithmic  functions  will 
often  be  fonnd  useful,  even  when  the  original  function  is  algebraic, 
since  by  passing  to  logarithms  \yq  may  give  the  function  a  simpler 


Esiamples  af  Logarithmic  <md  Exponential  Fwiationa. 
14.  1.  Let  u  =  log  (k  +  VT+T^). 

I  +(i  - 


-i 


l/T+  x'    '    '  <i-^     y^  4-  s2 
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g  «  =  log  .  +  log  (,.■  +  I')  +  i  log  (»>  -  I'). 


:  +  - 


-  +  s 


(ie         23:i?£  arrfa; 


—   fnS  4-^2'l     /,,a  _  ~3  J.  9^S  /n^  _ 


%/?  + 1  + 1 

Multiplying  numerator  and  denominator  hy  the  nnmcrator  we  have 


-log 


(iu      4j;  -  2  V^2  +  1  -  2g^(a2  +  1) 

dz  ^        3.f2  -(- 1  -  "ix  /^:nj; . 


log  (2#  +  1  -  fey^I+TJ 
*^ 3_ 

Then  log  ii.  ^=  a-^—  1  log  a:. 


T<?£ 


'ITius  tha  rule  for  diiTerentiatiiig  a  power  is  still  the  same,  when  the 
exponent  is  imaginary 
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6.  w  =  X'.     Then  log u^x log x. 

.■.^  =  log^.rf.  +  ..-^^(log.+  l)d. 


a  that  X  ia  raised  to  a  power  -whose  exponent  is  s'', 
and  it  must  not  be  confounded  with  {:rfY,  which  ktter  implies  tliat 
K*  is  raised  to  the  x*^  power. 

Then    log«  =  ^.logi.-.*=Iogi(logi+l)j.,fe  +  .,.* 

T.  «  —  c'^     where  e  is  the  Naperiati  base. 

log  «  ^  a.-  log  e  =  z-    ■ '  ■  £  =  ^"''-  ^'  (H  ^  +  !)• 

8.  u-  x'".  Then         log  m  =  e'^  log  z 

■    —  _  x-^^ii  (,  .  ■  i\  I 
■    ■  rf.j:  ^        I,    ^  '    "*"  kA  ' 

9.  'u  =  log  (m).         Then         du  ^  ^^^  =  — • 

This  result  is  the  same  as  when    u  —  log  a,  as  might  have  been 
anticipated,  shioe  log  (nx)  =  log  m  +  log  x,  and  log  n  is  constant. 


10.     M  =  log  (log a;).     Then 


d  (log  X 
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11.     u  =  (log  xY  ^  log  ■'X.     Then  du  ^  n  log  "-'  x .  rf(log  x) 
du      n  .  log  "— '  X 

13.  u^e  >°s  V^H^,     Then     log  w  =  log  yV' +  x^ 

14.  u  =  ~  X*  Iog%  _  g  sMog  ^  -f  —  «*. 

^_  ^=log^^  + ^^3I.g^__^M0g.  -  g^3  +  g^^  ^  ^3iog^^. 

15.  -u  =  ("{ji^  -  4«s  +  12^2  _  24^  ^.  g4j 

+  c*(4a^  ^  1  ac2  -t-  243;  -  24)  —  e' .  :);*, 

I'ngonomet/rical  Fv/nctiona, 

15.  The  trigone  metrical  functions  sin  a,  cos  a;,  tjin  k,  &c  will  nest 
be  considered,  but  the  determination  of  th«  forms  of  their  differen- 
tials will  be  facilitated  by  the  following 

Prop.  Tlie  limit  to  the  ratios  ^,  -, -,,    and    - — ,     when  the 

sm    chord  tang 

arc  is  diminished  indefinitely,  is  unity. 
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aiid  since  the  last  terin  in  this  equality  can  be 
rendered  smaller  than  any  assignable  quantity 
by  tailing  the  arc  sufficiently  snjall,  it  follow  a 


that  the  limit  to  the  ratio  - 


i  unity. 


But  both   the  chord  AS  and   the  aic  AS 
are   intermediate  in  value  between  the  sine 
£D  and  the  tangent  AT.      Hence  at  the  limit, 
indefinitely  small, 


sin       chord       tan        tan 
16,  Prop.  To  differentiate    y  =  sin  a;. 
Jn  the  well  known  trigonometrioai  formula, 


=  I. 


make  a  =  a:  +  /i 

Tten       1(«-S)=1;,, 

.-..ii,  (=,  +  ;.)-«. 


1  , 


-S)c. 


r,i' 


8«in-i.oos(i  +  -4) 


But  at  the  limit  wlicn  A  =:  0, 


■CO.  («+-i). 


cos  (x  +  -  k)  : 
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.     ^==:^^^^  =  cosx,       and       d(mnx)  =  co^x  .dx. 
n.  Prop.  To  differentiate    y  —  cos  «. 
Here  y  ~  cosa  =  sin  (g*  "  ^1 

wliet-e  *  ^  semi-circumferenee  of  the  circle  whoso  radius  =  1. 
.-.  dij  :^  dsmf^'jf  -  x\^eoJ-'t  -  A-dL't  -  x\=  -sm^dx 

'    '    dx~      dx     "  ' 

the  negative  sign  prefixed  to  the  value  of  this  ratio  signifies  that  the 
cosine  .deereaaes  ag  the  are  increases. 
18.  Prop.  To  differ  en  tiate     u  =  tan  a. 


du  =  (i(tan  x):rz  d~ 


dtt        d  tan  x 
'    dx~       dx 


19.  Prop.  To  dift'erenLiato   u  =  cot:t. 

du  =  d{cotx.)  =  dian{--!f-  x\  =  sec=f-^  -  A  rf(-ff-  »j 


'    '    dx  dx 

20.  Prop.  To  difl"wentjate   i(  =  see3;. 

Here  u  —  sax  =  — -  ■    .■ .  du  —  d- 
or,  dtt  ^  tan  a; .  sec  x.dx       s 


du       d  sec  J, 
'  dx~     dx 
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21.  Plop.   To  differentiate    u  =  coseea^. 


^ta„(i.-.).ec(i*-.)rf(l.-x) 


du       d  cosee  a: 


22.  Frop.  To  differer 


23,  Prop.  To  differentiate   u  - 


24.  Ill  ^ach  of  these  expressions,  x  represenis  tlie  length  of  an 
arc  described  with  a  radius  equal  to  unity,  and  the  radius  does  not 
appear  in  the  formulte :  but  it  is  nec«ssary  to  remember  that,  in 
each  ease,  fi  =  1  must  be  understood  to  enter  into  tlie  formula  as 
often  as  may  be  required  to  malte  the  two  members  of  the  equation 
homogeneous. 

{feoTnetrical  lUusiration. 

25.  The  results  just  obtained  may  be  illustrated  geometrically  in 
such  a  manner  as  to  convey  a  more  precise  view  of  the  compara- 
tive small  changes  imparted  to  the  several  trigonometrical  functions, 
by  an  arbitrary  small  change  in  the  arc  upon  which  they  depend. 


db,  Google 


TSABSCENDENTAL    FUNCTIONS. 

Thus  let  ah  represent  an  are  x  described 
■with  rad  ^  1,  and  bb^^  dx  a  small  in- 
crement given  to  x.     Then 

sij  i^  i/ .  sin  ft,  ^6  =  rf .  cos  x,  U-,  =  d .  tun  a:, 
rf■^:^  d .  see  x. 

Also  when  lb■^  is  diminished  con  tin  ii  ally, 
the  small  figures  h<<h-^  and  trt-^  will  continu- 
ally Hpproaoh  to  the  forms  of  right  angled  triar 
definitely  near  to  such  forms  at  the  limit.  Moreover,  the  two  small 
triangles  will  then  he  similar  to  cbe.  Hence  we  shall  have  the 
proportions 

eb  :  ee  ::  bti-y  :  b^n     or     \  :  coz  x  : :  dx  :  d  sin  x  =  cos  xdx. 

cb  ;  eb  ::  bh       hs     or     \  :  smx  ::  dx  :  dcosx  ^  sin  xdx. 

The  latter  le    It    lo  il  be  written     dtMfix  =  —  smx.dx,  be- 
cause the  cos    e  d  n      shea  as  the  are  increases. 

Again  we  ha^e  tl  e  proportions 

ca  :  ct  :  :  ft  :   tt^     1    .  '.  ca  X  cb  :    (clY  :  :   bb^  :   tt^ 
)r   1'  :  see'a:  ::  dx  :  titans. 


and      cb  :  ct  :  :  bb. 


Also  ea  :  at  ::  rl  :  rl-^    1    .■ .  ca  X  eb  :  at  X  ct  : :  bb-^  :  rt-^. 
cb  :  ct  ::  bb-,  :  rt   )    or  1'  :  tana:. sees  : :  dx  :  d  secx. 
.  ■ .  d  sec  X  r=  tan  x .  sec  x  .  dx. 
In  the   same   manner,  expressions  for    daoix,     cJeosecj:,    &e., 
could  be  obtained. 

Circular  JPhtncUons. 

26.  We  will  now  consider  the  circular  functions,  sin-'«,  tan-% 
&e.,  which  expressions  are  read,  the  arc  whose  sine  is  x,  the  aro 
whose  tanfjent  is  i,  &c. 
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In  these  eases,  it  is  the  arc  which  is  the  function,  or  <]epeiident 
variabie,  the  independent  variable  being  the  sine,  or  the  tangent,  &e. 

27.  Prop.  To  differentiate   y  —  sm'-'^x. 

Since  this  notation  is  intended  to  imply  that  y  is  the  are  whose 
sine  is  equal  to  x,  we  must  have  as  an  equivalent  relation 


1 


28.  Prop.  To  differentiate  y  =  eos-';r. 
Here  a;  ^  cos  y,  .-.  dx—.  ~  s'm  y .  dy 

.    ^y  _        ^  1  : 


d  COB"',t  1 


29.  Prop.  To  differentiate   u  =  taLi— ';b. 
a;  =  tan  M,  .• .  dx  = 


dx       seo%       I  +  tan^u       1  +  a:* 
^taTi-i.^  _       ^ 

dx  "".    1    +  3;2  * 

30.  /"rop.  To  differentiate  u  ^  cot-lr. 

a:  =:  cot  u,  .' .  dx^  ~  eoseo% .  rf« 

^_  _       1       __ 1         _  1 

rfa^  ~       cosec^u  ~       1  +cot''<u  ~  "~  T  +  -jfl 

d  cot-ij  _  1 

■    '        dir~  "^  "~  Y+x^  ' 
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31.  Prop.  To  differentiate   u  —  mn-^x. 

a:  ^=  sec  u,  .• .  dx  ^^  tan  y  .  sec  w  .  du 

du  \  1  1 


dx       tan  u  .  see  <i 


,e«V^.-l       .V^^-X 


32.  -P'-o;'.  To  differentiate  u  =  coseo-is. 

X  =^  cosec  M,  .  - .  dx  ^^  —  cot  «  .  coseo  u  .  du 


dx  cot  u . 


:C«V^0S^--1 


flj-V^-  1 

d  eosecr-^a;  _  1 

33.  Prop.  To  differentiate   u  =  versin-'a. 

a  i=  versin  m     ,■,   dx  ^  stnv  .  da  —  y'-J  versin  it 

'    '    dx~  i^versin  u  -  verih^hl  ~  -/; 

dver&m-'x  1 

)r, r^—  ~     -        =■  ■ 

-^^  V^^^  x^ 

34.  P!(>;t).  To  differentiate   n  —  coversin*-'^;. 

X  ^=  coversin  u 
.  ■ ,    dx  =  ~  cos  u  .  (fa  =  —  y*^  coversin  ji  — 


V^z- 
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35.  The  rlifferentiatioii  of  t^igonomt;t^(^al  and  circular  functions 
will  now  be  illustrated  by  examples.. 


du^S  x4sin%.<?sin9;  =  12siii=^.co9a>.<iar 
.  ■ ,  -J-  —  12  siii^s; .  cos  X. 


du  ^  (3  cos  Ss .  cos  2a;  —  3  sin  'Ax .  sin  2x)dx 

dii 
.-.  ^=::3cos3a!,eosaB-2sin3j:.sin2j,-  =  co33a;cos39;  +  2cos5z, 

5.  M  =  (siiiK)«.      Then      log  k  =  ,t  ,  1ng  (sin  s) 
.■.^=[k>g(.in..)+^cot.]^:..-.g=H.)^[los(sln.)+^cot4 

6.  'u  ^  (cos  afi"  '.     Then     log  u  -  sin  a  log  (cos  *■) 
■'■i^  ^""^  *^'"'''  ^"^'^ "  ^"S  ('los  !■)  -  sin  X  tan  a:]. 

7.  ^^.in(cos^),     rf«=.eos(cos^}rfo.o.^. 

■    ■  rf^^       sni^.cos(cos^). 
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•  !+»■ 


■  lia       1  +  a;^ 
li  =  log  tan  X. 


dx       tan  X      ein  a; .  i 


rf.-e       2  Ll  +  sin  a:       1  —  sin  a  J       1  -  ainSs       e(;s  s 
«  =  sin-i  (3s  —  4*3). 


du  3  -  12,1-2 


(/a:        cos  a:  + 


i/u=  —  b''      f_       lb  +  a  .  cos  x\^ 

»am(.  +  tco.a!)-i.i.it(i  +  .co.i) 
(..  -  i>)*  (.  +  S  CO.  .)[(„  +  S  cos  ,)'  -  (4  +  .  CO.  !)>]♦ 
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rfw (a^  -  i^)  sin  X 


(^2  _  s.)i^(„  +  s  cos  :.)[(«^  -  i^)(l  -  co.^,.)]- 


du  _      (1  +  .r^) 


w  ^  tan-i  (-v/l  4- a; 


"i^    1  +  (•rT^'5  -  s)>      2(1  +  ..'; 


=  J  log  (!  +  «)- J  log  (1-,,)+ 5  tt>- 


<;j^      4(1  +  a)      4(1  -  :k)  ^  a(i  +  a')       i  -  I 


1/:^       a'  +  1   1         ^ 
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DIFFERENTIATIOK. 

36.  When  we  diffci'cntiiite  a  function  u  =  Fx,  the  differential  co- 
efficient ~  will  usnally  he,  itself  a  function  of  «,  and  will  therefore 

dx 

admit  of  lieing  differentiated.  This  will  simply  be  equivalent  to 
examining  the  comparative  rates  of  increase  of  the   independent 

vfti-iuble  X  and  the  variable  ratio  — ■  This  differentiation  will  give 
rise  to  a  second  differential  coefficient,  which  may  also  be  a  function 
of  X,  and  this,  iu  its  turn,  being  diffijrentiated  will  give  a  third  differ- 
ential coefficient,  &c. 

37,  To  illustrate  this  subject,  let  m  =  :it5  be  the  proposed  function. 
The  first  differential  coefiicient, 

second  differential  coefficient, 


^©. 


third   differential  coefiicient, 


As  the  third  differential  coefficient  in  this  example  proves  eon- 
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staiit,  the  fourth  and  all  aucceudiiig  dilicroiii.iai  eoeffioieiita  will  iip 
equal  to  zero. 

38.  The  preceding  notation  of  successive  differential  coefficients 
being  inconvenient,  it  is  replaced  by  tlie  following  : 
du 

For  ^,     ,„  write      ^-li. 


the  ■^j  mliols  iP,  rf',  &o  ,  indicating  the  repetition  of  the  process  o 

difitrentJation  tv,  ice,  thnee,  &c ,  and  not  the  formation  of  a  power. 

On  the  ctinti  iry,  the  espressions  dx',  lix^,  &c,  represent  powei 

Th  d  dtf  ffi  

dx 

A  ahhdiff  ft  —     h      AS 


(    ' 


dfl 


dp 


m  rp    ^  q  m     rf  CO 

The  same  sHpposition  wiil  enable  us  to  derive  each  successive 
differential  coeffi;,ient  fioni  the  preceding  coefficient  by  a  similar 
process  of  diffeientiation  mid  division. 


»(»  -  1)(»  -  2)j?->,     -  =  .(„^  1)(»  -.  2)(,.  _s),,.-  &„. 
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This  operation  will  terminate  wliuii  m  is  a  positive  integer;  but 
if  ii  be  a  negative  integer  or  a  fraction,  the  tiiiriiber  of  vai'iiible 
differential  coefficients  will  bo  unlimited. 


2. 


1  apply  when  ti  is  odd,  and  tlie  lower  when  n  is 


and  the  succeeding  differential  coefficients  will  recur  in  the  same 
order. 

4.  y  =  cos  X. 

dy  .  d'^y  d^ff  _    .  d*t/  _ 

dx~       '       '     dx^'~  '     dx^~  '     Uj:^~~        '  ' 

and  the  cocflieients  will  now  recur  in  the  same  order. 

5.  n  =  tan  x. 

^  ^  ^ec%  ^  =  2  sec^s^ .  tan  ^,  xT  =  *  see^..  tac=^  +  2  seclr,  &c 
dx  d'jf  dx^ 

Here  the  law  of  formation  of  the  successive  coefficients  is  not 
obvious. 


dii  .  dht         ^         ^  d?u         I   1      3     Ar 


the  law  of  the  coefficients  being  very  evident. 
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7.  u  =  e'. 


the  coefficients  b«ing  all  equal. 

8.  «  ^  sin(«^). 

dx  ^     '      dx'  ^     ' 

llie  formation  of  successive  differentia]  coefficients  will  be  found 
extremely  useful  in  the  expansion  of  functions  by  the  methoda 
wJiich  will  be  explained  ir,  the  chapters  imracdiiitcly  suceeeJing. 


-d  by  Google 


CHAPTER  V. 


MAOLAUKIfT  S    THE  OB  EM. 


40,  The  theory  of  Mackurin  is  a  very  general  and  useful  formula 
for  the  development  ov  expansion  of  a  function  of  a  single  variable, 
ill  a  series  involving  the  positive  ascending  powers  of  that  variable, 
when  such  development  is  possible. 

41.  Prop.  If  y  ;=  Px,  whei'e  Fz  denotes  such  a  function  of  «  as 
can  be  expanded  in  a  series  containing  the  positive  ascending  powers 
of  If,  then  will  the  form  of  the  development  be  the  following; 

'  =  <')  +  (s)  I  +  y)  rs  +  y)  iTai!  +  *-^' 

in  which  the  parentheses  are  used  to  denote  the  particular  values  of 

dy    d^y 
the  quantities  y,  — ,  -r-j,  &c,,  enclosed  therein,  when  a;  is  taken 

equal  to  zero. 

Proof.  By  hypothesis,  y  can  he  expressed  in  the  form 

y  =  A  +  £x+Cxi  +  Da:^  +  Ex'^  +  &c.,         (1). 

in  which  A,  B,  C,  &e.,  are  unknown  constants. 
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Now  making   x  ^^  0    in  each  of  tliesa  expressions,  we  obtain 

These  values,  being  substituted  in  (1),  reduce  it  to  the  form 

which  agrees  with  the  enunciation. 

This  formula,  called  Maclaurin's  Theorem,  may  be  written  thus 

*  -  <'''■>  +  life  JT  +  I  iTJ  o  +  (  ATJ  17573 

+  U--)r.air4  +  *°-    (^)' 

or  again,  if  we  represent  the  1st,  2d,  3d,  &i;.,  differeutiy,!  coeffi- 
cients, which  are  functions  of  x,  by  Ii\x,  F^x,  F^x^  &e.,  the  formula 
may  be  written 

Fx  =  FO  +  Ffij  +  Fj)  ~  +  -^aO  j-^-7; 


42.  1 .  To  expand 
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Hence,  when  x  —  0. 

(S)  =  "("-''(»-  2)  (»  -  S)".",  to,  &». 

And,  tterefore,  by  substitution  in  Maclaurin's  formula, 

y  =  (»  +  r).  =  «.  +  „"^  +  !<i^i)  a-v 

.(■■-l)(.-2) 
^  1.2.3 

^.(■■-l)(.-=i)(.^„?)„.^,.^„. 


Tlius  we  havo  a  simple  proof  of  the  binomial  theorem,  applicable 
to  al!  values  of  the  exponent,  whether  positive  oi-  negative,  integral 
or  fractional,  real  or  imaginary. 

2.  To  develop  y  =  log  (1  +  x), 

the  modulus  of  the  system,  hcing  M, 

dy  _     M        ^  _  _       Jf  <^y  _    1 . 2.W 

fX.-  -  1.2.3J/ 

<;:i-»   ~         (1  +  a:)'"'        *^" 
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.  ■ .   when  x^O,      (y)  z=  log  1  ^  0, 

\dxhT  \d^}-~T  W)=^r'  m)^ r~'  '^'■ 

And  by  substituting  these  values  in  Maclaurin's  f  .rmula,  wo  have  ■ 

y  =  log  {\+x)=M{x~\x^ +  1x^-1^^  +  &c.) 

which  is  the  fundamental  theorem  used  in  the  computation  of  loga 
rithms,  and  is,  indeed,  that  which  was  employed  in  deducing  the 
riile  for  differentiating  logarithms. 

3.  To  expand  y  =  sin  x. 

Here  JTx  =:  sin  x 

.■..P,.i^  =  cos;r,     .F^r^-sin^,     F,x=~co5x,     F,u:  =  smx, 
and  the  succeeding  coefficients  recur  in  the  same  order. 

.•.#0-sinO=0,     i^,0  =  COsO=l,     F./)=0,     i^^O  :rz   -  1, 

FJ}  =  0,    F^O  -  I,    &e. 
.  ■ .  by  substifutioii  in   (4)  the  third  form  of  Machmrin's  theorem, 


l.a.3        I. a. 3. 4. 5       1.2.3.4.5.6.7 


+  &c. 


This  series  converges  very  rapidly  when  x  is  small. 

4.  To  ospand  y  ^^  cos  x. 

Fx  ^  cos  X,  F^x  -^  ~  sin  x,  F^x  =  ~cosx,  F^x  ^  sin  x,  F^x  =  cos  x, 
and  the  succeeding  coefficients  recur  in  the  same  order, 
.  ■ .  jro  =  1,  i^jO  =  0,  #jO  =  -  1 ,  F^S)  =  0,  ^,0  ^  1 ,  ^■'.O  =  0,  &c. 


.3.3.4       1.2.3. 
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5.  To  develop  y  =.  a^. 

Employing  Naperian.  logarithms,  we  have 

.-.i^O^  1,  -f,0  :=loga,  ^";0^1ogy  ^gO^log^a,  ^,0=log%,&p. 


This  is  calleii  the  exponential  theorem. 

Cqt,   If  a  =  e  the  Naperian  base,  then  log  a  =.  log  e  =:  1 

■     e^  =  1  4-  -  +  ~ 1 ^ 1-  — — — +  &( 

and  if    a;  =  1      also, 

,         1         ,  1 


.2   '    1.2.3       1  .2.3.4  ' 

a  formula  for  the  Naperian  base. 

Cor.  If  a:  ::^  I,  but  a  not  equal  e.  then 

..  =  1  +  log  .  +  jig  lo...  +  r-i-^  log-a  +  j^g- I„g-„  +  to. 

a  formula  for  a  number  in  terms  of  its  Napcrian  logarithm, 
Pvo^.  To  express   the   sine  and  cosine  of  an  arc  in  terms  <if 

imaginary  exponentials. 

In  the  series  giving  the  value  of  e^,  put  successively 

sj—  1,       and      —  eV—  1  for  x. 
.•.e=V-=l  +— y  172  ~"r  273" ''"1727374 
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'  ^  ■*         i         iTa  '*'  1.2.3 


1 


-  &0, 


1.2.3.4       1.2.3.4.5 

^  L      i.a^  1.2. a. 4 


=  2  /-I 


1  .a.S'^  1.273.4. 


But  the  first  series  witliln  the  [  ]  is  tlie  development  of  c 
tiie  second  that  of  sin  e, 


■  im. 


V- 


These  siDguIur  formulje,  discovered  by  Euler,  are  vory  useful  in 
the  higher  hranches  of  analysis,  especially  in  the  tievelopment  of 
functions. 

Cor.      If  we  divide  [B)  Ly  (.4),  there  will  result 


r_^./rr 


2.v/^_l 


-  i[e'V=-'  +  e-W-^]      y--  l[.^=V^>>  1] 


■{0). 


Got.  If  we  make  e  ^  a;-/^  iu  {A),  (B),  and  (C),  we  can 
express  the  sine,  cosine,  and  tangent  of  an  imaginary  aic  in  terms 
of  real  exponentials  ;  thus  : 


-:)  =  _=...(.),..(. 


->)  = 


■'  +  e^ 


.{E) 


tan(iV—  0  = 


V-  U-^ 


"v'-Ai  +  «") 
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Gor.  If  we  square  {A)  and  {B)  and  add,  there  will  result 

C08^  +  sm%  ^  — ^- "- —  *■■ 

And  dmilarly     ^\\\^{x^ -  1)  +  eos^C^y^^)  ^  1; 
two  results  obviously  correct. 

43.  The  applications  of  Maulaurin's  theorem  are  often  much 
restricted  by  the  great  labor  necessary  in  forming  the  successive 
diiferential  coefSdents.  This  may  sometirties  be  avoided  by  ex- 
panding the  first  diflerential  coefficient  by  some  of  the  algebrtuc 
processes.     For  example, 

To  expand  w  =  tan-'*. 

d^i  1 

^Pfg  —        — ., 

wliicli  gives  by  actual  division,  the  quotient 

1  -  K^  +  a:*  -  ^^  +  «^  -  &c. 
.  ■ .  Fx^  tan-i:K, 

F^%  ^  \  -  z^  ■\-  x'^  ~  x^  -^  0?  —  &c. 
J'ja^  =  —  2j;  +  4a^  —  Qifi  +  ^x'  —  &c. 
^^3^  ^  —  2  +  3.4a;=  —  5.6k^  +  T-S^^  -  &e- 
F^x  —  ^.Z  .A.X  —  ^.'a  .^x^  -f-  6  . 7  .  8a;5  -  &c. 
/■^a  =^  3  .  3 . 4  -  3  . 4 .  5 .  6s^  +  5 .  6 .  7 .  Sa;^  -  &0. 
^gfl:  =  —  2 .  3  . 4 .  5 .  6a:  +  4 .  5  .  6 . 7  .  83;3  -  &a 
^',r  ^  —  2 .  3 .  4 .  5  .  6  +  3 .  4 .  5  .  6 .  7  .  8iE^  -  &c. 
i^g»  =  2.3.4.5.6.7.8a:  — &c 
&c.,  &c. 

.  ■ .  7?'0  z^  tan-'O  —  0,     J^iO  =  1,     F,^  zz:  0,     /"3O  ^  -  1 .  2, 
/'',0  =  0,     ^sO  =:  1 .  2 .  3  . 4,     ^gO  ^  0, 
ii',0  =  -  1  .  2 .  3  .  4  . 5  .  0,     ^gO  =  0,  &c 
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Therefore,  by  substitution  in  Maolaiirjii's  formi 

F«  =z  tan— '■a;  =  a-  —  --cc^  +  -^x^  —  -x^  + 


If,  ill  tMs  formula,  we  make     u  ^  -'g  =  arc  of  45°, 
4 

th™  cc  =  tan  45°  =  1. 

.■.^.  =  0-^  +  1^^  +  ^.), 

"nd  w  =  4(l  -1-1- 1-1+ &c.); 

a  foriMula  for  determining  the  ratio  of  the  diameter  to  the  eir- 
cumforonce  of  a  circle. 

This  series  converges  so  very  slowly,  that  even  n  tolerably 
accurate  approximation  to  the  value  of  or  catmot  be  deduced  from 
it,  without  employing  a  great  number  of  terms. 

44.  Prop.  To  deduce  Euler's  more  convei-gent  series  for  the 
ratio  of  the  diameter  to  the  circumference. 

If  in  the  trigonometriail  furmula 

,     ,    ,,  tan*  -j-  t.inS 

tan  {a  +  b)  =  j  „tano.t^V 

we  put         «  +  *—-*,         then         tin  (a  +  6)  z=  1, 

.  ■ .     1  —  tan  u .  tan  h  ~  tan  a  +  tan  h ; 

whence  we  deduce  tan  b  = '- 

And,  therefore,  if  any  value  be  assigned  to  tan  «,  that  of  tan  6 
can  be  determined. 

Let  tani(:=-,        then  tani^— — -  =  ^- 
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'i-i-m-m-\g-^'- 


'    ■  4         2       3 .  23       5 .  2^       7.2' 

By  taking  six  terms  in  the  first  set,  anc!  four  in  the  second,  and  mul- 
tiplying by  4,  wc  get  the  common  approximation, 
■r  =  3.1416. 
Cor.  Wo  might  estend  this  m,ethod,  obtaining  series  stil!  nmre 
convergent.      For  if  we  take  four  arcs  c^,  e^,  cg,  and  c^,  sueli  that 

cj-f  Cj— tan-'-  andc3  +  C4=  tan-i^.    Then  Cj  +  e^+C3+ Ci—-jir. 

and  if  we  assume  the  values  of  tan  e,  and  tan  Cg,  those  of  tan  c^  and 
tan  e^  can  be  determined.  Moreover,  the  values  of  tan  Cj,  tan  cj, 
tan  C3,  and  tan  Cj,  can  all  be  rendered  less  than  J,  and  therefore  the 
series  for  determining  ^  if  will  be  more  convergent. 

45.  P^op.  To  obtain  more  convergent  series  for  the  value  of  v, 
2  tan  a 
1  -  tan%' 


If  in  the  formiila  tan  2a  ~ 

ye  put  tan  a  ~  -,     then 


tan  2a  - 
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Now  this  resulb  is  very  little  greater  th;in  unity,  and  tlierefore  ' 
must  be  slightly  greater  than  45°. 


Thoii 


=  Un(4o-i^)=- 


1  +  tan  4« .  tan  -  <!t 


(a39     a .  au;")^  '^  5 .  239^      '^'^■j 

By  taking  three  tonus  in  the  first  line  and  one  in  the  second,  we  get 
the  common   approximation     ir  ;=  3.  141t);     arid  by  taking  eight 
terms  of  the  first  line  and  three  of  the  second,  we  get 
or  :^3.  I4159265:;5S»793. 
46.    1.  To  expand  k  ^  siii-ij;. 

Fx    =  sin-'  X. 


1.3      .    1.3.4    ,  ,    1.3.5.6 


l.SJiM! 
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F^x  =  - 

1 .  2 .  3^  4         1  .  3 .  4 .  5^  0 

I  .  3  .  2^       '      1 . 2 .  a .  2=   ■ 

F,x  =  - 

P. 3. 3^4       1.3^4.5=.C 
1 . 3  .  2=      1       1 . 3 .  !i .  2' 

1 .  2  .  3'^  4 .  5^  6       ,    . 

.  2 .  ;-i .  2^ 


P.  3.  3^4.  5^0    , 
1.3.3,2^ 


.^0  =  0,  i^iO  ;^  1,  i^^O  =  0,  /^aO  ^  1",    Ffi  =  0,  F^O  =  1 

FgO  =  0,  i^,0:zzp.3^5«,  &0. 

_    ■  -1     „       ,     P-i^a  P  ■  3^ .  ,^ 

.'.  «_sm     ^-»+  123 +  13345 

1^.3=.  5^. iE' 
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TAYLORS    THEOREM. 


47.  Taylor's  Theorem  is  a  general  formula  for  the  development 
of  a  function  of  the  algebraic  suni  of  two  variables. 

Prop.  If  y  =  Fx,  and  if  x  be  supposed  to  receive  an  increment 
A,  converting  y  into  y^  =  F{x  +  h)  ;  then  will 

'PF^        h?  d*Fx         A* 

'^  dx^  ■i.2.a+i^-iT2:3:4  +  *''- 

To  prove  the  truth  of  this  formula,  we  first  establish  the  following 
principle  : 

If  in  the  expression  y^  ^  F[x  +  A)  we  suppose  first  that  x  is 
Tnrialile  and  A  constant,  and  then  suppose  A  variable  and  x  constant, 
the   first  dilTercntial  coefficient  will    be   the   same  in  both  cases- 

tiat  is,  ^  ^  ^. 

dx         dh 

This  is  almost  aelfevident,  for  when  a  given  increment  is  assigned 

to  x^  or  to  A  the  same  increment    must  be  imparted  to  x -\-  h,  and 

therefore  F{x  +  A)  =  jij  will  undergo  the  same  change  in  the  one 

case  .'IS  in  the  other.     Hence  the  ratio  of  the  corresponding  chnnge, 

of  X  and  y-y  is  equal  to  the  jatio  of  the  changes  in  h  and  y-y.     This 

is  true  whatever  may  be  the  magnitudes  of  the  iccrements  im 
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parted  to  x  ov  k,  provided  that  magnitude  be  the  same  ia  both 
cases.  But  when  we  suppose  these  increments  indefinitely  smaJl,  it 
is  no  longer  mcessary  to  consider  them  equal.     For  since  the  ratio 

~  does  not  contain  dx,  it  will  have  tlic  same  value  whether  dx 

and  dh  be  supposed  equal  or  unequal. 


Similarly, 


da  dx  dh  dv?        dli? 

A.d  generally,  3?  =  7^' 

Now  (iMsume 

y,  =  F{z  +k]  =Fx  +  Ah  +  Bh^  +  Ck^  +  Bh^  +  &c.       (1), 

thit  being  the  general  torm  in  which  F(x  +  h)  can  be  deveJoped, 
19  «hown  n  Art  4  The  coeflicients  4  £,  f,  i>j  &c.,  are  fiinc- 
tioai  ot  X  but  lie  mdipendent    f  k 

It  «e  dffeientnte  (1)  fii  t  with  respect  lo  h  ;ind  then  with 
re'pc  t  to  ^  and  place  the  result  o;  d  if  i  iti  1  coefficients  equal, 
we  shall  oblin 

A  +  2fiA  +  3  Ch-'  +  4-OA3  +  &c. 

dFx  ,  dA  ,        dB  ,„      dC   ^ 

which  equation  being  true  for  all  values  of  h,  it  follows,  by  the 
principle  of  indeterminate  coefficients,  that  the  coefficients  of  the  like 
powers  of  h,  in  the  two  members  of  the  equation,  must  be  sepa- 


ntely  equal. 


dFx  dA      „^      dD       _      dO  ^ 
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•■•  ^  =  ^'    ' 

dx 
_  1     dB  _       1         dflFx 
""  3  '  i^a:  ~  1  ,  2 .  3  '  d,t=  ' 

loiice,  by  subsEitution  in     (1), 

dFx  h   ,   d:^Fx     1)?        d^Fx 


I  dA         1      d'^Fx 
'id:c~  \.2'   dx^   ' 

1     dO               \ 

d*Fx 

4     dx        l.a.3.' 

t    rfa;'' 

F[x+  k)  ~  Fx 
+ 


dx     I    '     (^fl:^     1 . 3        i;.r3     1,3.: 


yi  =  3/+;^-T  + 


<f^   /i      i^V      S^        i^^y 


rfa;  1       .^z^    1 . 2      rfa:^    r.  2  .  3 


+  «^-1.2.3.4+*^°' 

we  denote  the  sticeessive  differential  coefficiaiits  liy  F^x, 

n^, 

F^x,  &c.,  tlie  series  may  be  written 

i!'(.  +  *-)  =  ft  +  #„5+F,.j^  +  #,,^l^ 

1   r,-.        '**       ,   (          fn-K 

Cor.  Tlie  formula  of  Maclain-in  may  lie  readily  deduced  froi 
that  of  Taylor ;   for  if  we  malte  k  =  0  in  (2),  there  will  resnit 

Fk  =  FO  +  Ffij  +  F,0  ^  +  F,0  y^^ 
which  is  Maelauriii's  theorem. 


48.  1.  To  expand    sin  {x  +  h),    in  terms  of  the  powers  of  the 
txoh. 

F{^  +  k)  =  Ein(^  +  A), 
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.  • .    Fx  =  ain  X,       FjX  ~  cos  x,       F^  —  —  sin  x, 

F^x  —  —  cos  w,       F^x  =:  sin  ;i;,  &c. 
.  ■ .  By  substitution  in  Taylor's  formula 

sin  (ai  +  k)  =  sinar  +  cosj;-  —  sinK— -  —  oosa:  j-n";  +  ^'^- 

=:  sin  a;,  cos  A  +  cos  a:,  sin  A,    a  well  known  fonnula. 
2,  To    expand     cos  (x  +  A),    in    terms    of  the    powers    of  the 

arc  h. 

F{x  +  h)  =QOS  {x  +  h), 

.  ■ .    Fx=<'-osx,     F^^~  sin  a,     F^x  =  -  cos  x, 

F^x  =  sin  X,     F^x  =  cos  s,  &c. 

,  - .  By  substitution  in  Taylor's  Theorem  we  have 

.      h  -^^  .  h" 

cos(.  +  /0^cos.-sn=.--cos.— +  sm.----- 


/(' 


^1.2.3.4 

=  COS  X  .  COS  A  —  sin  x  .  sin  A,  ,  .  .   a  well  known  formula, 

3,  To   expand     log  {x -\-  h),    where  M  is   the   modulus  of  the 

system. 

M  IM 

Fx  =  log  X,     F^x  ^  — ,     F^x -, 

1.2M      ^,  1  .  2  .  3jy   , 
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Ih  li?  h^  h* 

4.  To  expand  u^  =  tau-'(«  +  h), 

1  1 


M  =  l<in    a;  =  ya;, 

^i-'  -  x-r^  -  ^^^  -  '-''"  '*• 

j;^  =  —  2siu  i( .  CO 

'^ "  5^  ^  ^  ^'" 

F.^x=  (-2eos2«. 

cos^M  +  2siii  2u  .  cos  a .  sin  m)  - 

=  —  2eo3  M  .  ci 

3s  3tt  —  ^  —  2cos  3m  .  cos^u. 
dx 

ir,:.  =  2.3(sm3«. 

cos'«  +  cos  Su .  cos% .  sin  «)  -— 

—  2 .  Scos^w .  si 

n4«^^2.3.sin4M.eosX 

&c,, 

&c. 

tan-'(.i:  +  /0  =  Mi=- 

.  +  c„.4-.n2......^4 

-00.3.. 00...^  +  . 

11  4h  ,  cos*ii  -7-  +  cos  5m  .  COS'^M  — 

5,  To  e^ipaiid  w  =  tan(a  +  A). 

.f  j;  =  tan  x,       FyX  —  sec^a^,       F^  —  2  see^a .  tan  x, 
F^x  ^  2  sec^j.'  (1  +  3  taa?x).      &0.,     &c. 

.  • .  tau  (a;  +  h)  =  tan  x  +  sec^a:  -+2  see'a; .  tan  x  - — ~ 
+  2  stc%  (1+3  taii^a:)  p^^^  +  &c. 

/•/■op.  Having   given      u  =  i^y,      and      y  —  (pa;,      to    form    the 

differential  coefficient  ^-  of  m  with  respect  to  x,  without  eliminating 
ax 

y  between  the  equations,  in  which  the  ohiiraoCors  F  and  9,  denote 

any  functions  whatever. 
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Let  X  take  an  increment  A  eonverting  y  into  ^j  ^  ip  (s  +  A), 
Then  if  h  denote  the  increment  received  by  y,  "we  shall  have,  by 
Taylor's  theorem, 

^^       ^      ofK    1  ^  <fe2    1 .  2  ^  <^3    1 .  2 . ; 


■r-.-ii  +  &-     (!)■ 


Also  wlien  y  takes  the  increment  h,  it  imparts  to  li  =  Fy,  an 
increment 

,„      ,    ,,        _,         du    k       ^u      iP     ,    (Pu        P 

or  by  substituting  for  k  its  value,     (1). 

Dividing  both  members  by  h,  and  then  passing  to  the  limit  by 
making  A  =  0,  in  which  case     -^ =  -—-     we  ffet 

du      du    dy  , 

dx       dy    dx  ^  '' 

Thug  it  appear?  ihit  the  diffeiential  coefficient  of  u  with  respect 
to  «  IS  fjund  b\  diflerentiatmg  u  as  though  y  weie  the  mde 
pendent  varidble,  then  difterentiatuig  y  as  thi  ugh  x  wuc  the 
uidcpendent  vnrnble,  and  finally  iiultipjjnig  thi  fust  f  tho  co- 
oftieiuits  so  fonnd  bv  the  second 

49  It  might  perhaps  seem  at  first  \iew  that  the  equibjou  (2)  is 
necessaiily  and  identically  true,  and  therefore  that  the  preceding 
iu\estiT<itLoiiis  unnpcessxry  But  it  must  bL  borne  m  mini  that  the 
dy  whLch  ippcais  in  the  coefficLent  -j-  lad  which  represents  the 
increment  given  to  y  by  assigning  an  arbitrary  small  increment  dz 
to  the  variiible  x,  is  not  necessarily  the  same  as  dy  which  appears  in 
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— ,  since  this  latter  increment  of  y  is  arbitrary  (though  iikewisp. 
small). 

1.  u  ^  ay,  y  ^:  J^,     lo  find      -J— 

Here  ^  =  «?' .  log  a,     -£  =  b"  log  b. 

•■■S  =  5^-f  =  "-"-'°S«-l°g»-  =  »'    .4-.log-. log 5. 

2.  u  =  log  p.     y  —  log  ar. 

i^M  _  1     <^y  ___  1        .'''*_  ^    '  „      ^ 
^y~y'     dx~  x'      '    '  dx~  y    x~  xUi^x 

50.  Taylor's  Theorem  may  be  employed  in  approximating  to  the 
roots  of  numerical  eijuations. 

Let  Fx  —  0  be  the  given  equation,  and  a  an  approximate  valuo 
of  one  of  its  roots  found  hy  trial ;  then  we  may  put  x  =  a  -\-  h,  in 
which  A  is  a  small  fiactioii  whose  higher  powers  will  be  smali  in 
comparison  with  h,  and  may  therefore  be  neglected  without  great 
error.     But 

.fa:  = /"(«  + /<)  - -fa  + -fi^ .  Y  +  i'>  j^  +  i^s"  j-^  +  &o.  =  0. 
.  ■ .  By  neglecting  the  terms  involving  h^,  h?,  &c.,  we  get 

Fa+F-fi^  =  (}       and       .  ■ .  A  =  -  ™- 
Adding  this  approximate  value  of  h  to  a,  we  have 

ft 

Call  this  value  Sj     and  put     a;  =  «j  +  Aj. 

Then  by  similar  reasoning  we  shall  find 

Fa^           .                       Fa, 
Aj  :=  —  -p — ,     and     x  r=  a■^ ^ —  z=  a^,  a  nearer  approximation, 

and  the  same  process  may  be  repeated  if  necessary. 
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51.   Find  the  positive  root  of  the  equation 

X*  ~  V23:^  +  12j;  ~  3  =  0, 
to  three  plaoea  of  decimals  inclusive. 
Here  we  find  by  trial  tliat 

ar  >  2  .  6         and         s  <  3. 
Put  0  =  2.8. 

.■ .  Fa  =  a*  -  120^  +  12a  -  S 

=  (2.8)'-  12(2.  8)=  4-  12(2.8) -3  =  -2.0144 

—  2  0144 

.-.h- jv-r-^iTTzr-  ^  0. 062  nearly.  .  ■ .  «  =  a  +  A  =  2. 862  nearly. 

To  test  the  accuracy  of  this  approximatjon,  put 
Oi  =  2 .  862         and         ^  —  a^  +  h^. 
Fa^  ^  (2 .  862)*-  12(2 .  362)^+  12(2.  B62)-3=0 .  144674  nearly. 
F^a,_  =  4(2.  862)3  _  24(2.  862)  +  12  =  37  .083072  nearly. 
_  0. 144674  _ 
■   ■    '-       37  .  OSa072  " 

.-.  a  =  ai  -i-  Ajzz:  2.862  -0.003901  =  2.858099  =  2.858 
to  three  places  of  decimals. 

If  the  process  were  repeated  it  would  he  found  that 
x  —  2.  85a08  ; 
fio  that  the  second  approximation  is  true  to  four  places  of  dEcimals, 
and  the  fiftli  place  is  slightly  erroneous. 

2.  Given  x'  =  100 

to  find  the  value  of  x  to  the  place  of  hundredths. 
Passing  to  the  common  logarithms,  we  have 

« log  a;  =  log  100  =  2.      .  ■ .  ^  log  i  -  2  =  0. 
Also  3T  >  3,       and       x  <  i. 
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!*«'  a  =  ?..&,       and       x  ^  a  +  A. 

.-.Fa  Malaga-  3,        F,a  ^  ^^  ^  Wa  +  M, 
da  oil 

where  M—  modulus  of  the  common  system  ^  ,  43430448 

-fa   =3.  5  log  (3.5)  -3^  .544068x3.5-2^-0.005763 

F^a  =  .  544068  +  .  434204  ~  0 .  978302. 

. 095702 


^  3 .  5  +  .  038  =  3 .  508 


=  3.60  iicariv. 


We  shdl  now  apply  Tnjlor's  Theorem  in  deducing  rules  fi.r  the 
expansion  and  differentiation  of  functions  of  reoro  complicated 
forms. 

52.  Prop.  To  establish  a  general  rule  for  differentiating  any 
function  of  two  qnantities  ^)  and  q,  which  quantities  are  themselves 
fiinetioQs  of  the  single  independent  variable  a:. 

Let  u=F{p,q),  where  p~fa,  and  ?  =/,a;,  the  characters 
F,f,  and/,,  denothig  any  f.iuction  whatever,  and  let  s  take  the 
increment   h.   converting  p  {»  p -^  k  ^  p^^   ^  i.^o  ^  +  ;  ^  5^,  ^^3 

Then  wj  =  F{p  +  k,q  +  l)=F{p  +  k,  q,)._ 

wbicli  maj,'  be  devch.ped  by  Taylor's  Theorem  as  a  function  of 
p  +  A,  observing  that  g^,  which  does  not  contain  A,  will  appear  in 
the  development  as  would  a  constant : 

•■•»>  =  ^ (/.  +  *,  J.)  =  J? (ft  3.)  +  '-^^jjJiL  .^ 
«Xp,5,)      i' 

But  iF'(,,,  ,,)  =  i?(^,  J  +  i),  which  dovslopod  .is  >  function  of 
q  +  l,  giv«. 
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And  similarly  the  ooefficient  of  k  in  the  second  term  of       (1). 

may  also  be  developed  as  a  function  of  g  +  i,  and  will  give 
dF{2\g+  l)  _'IF 

And  in  like  manner 

d^F{p,q,)    ^  d^F{p,q  +  l)  ^  d^Fjp,  q)     ^     dVd^Fip,q)-\  _^ 
dp^  dp'  dp^  dq\-      dp^       J 

,'  .   By   suhstitiitlon  in      (1). 

,    dF{p,q)     I       dF{p. 


dp  dq  u        dp       j\ 


F{p  +  k,q  +  l)=F{p,q)  + 


dq  \^        dp 

involving  h^,  kl,  P,  /t',  &c 


dphix    l^  dx^    1.2^        'J^ 

Now  dividing  by    A,  and  then  passing  to  the  limit,  by  mailing 

i  =  0,  in  which  casft    '  ,    -  —  -^,  we  olitain 
h  dx 

du      dii    dq      du   dp 


^    dx      dp    da 
du   dq  ,        du    dp  ,  ,„, 

dq    dx  dp    dx 
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TJius  it  appears  thiit  we  must  dJfferenLliite  v,  with  respiict  to 
each  function,  as  though  the  other  functions  were  eonstaiit,  and 
add  the  results. 

53.  It  is  very  important  that  the  precise  signification  of  tlie 
notation  here  employed  should  be  distinctly  understood.  By  au 
attentive  consideration  of  the  miinner  ia  which  the  several  oxpros- 
siona  einpkiyed  in  the  formula  (2)  and  (3)  arise,  it  will  appfiir 
that  the  expression  —in  (2),  represents  the  ratio  of  the  chiiitge 
in  X  to  the  entire  change  in  u,  which  latter  is  produced  |inrtly  by 
the  change  imparted  to  p,  and  partly  by  that  imparted  to  </: 
that  the  expression  —  ■  -^  represents  the  ratio  of  the  change  in  x 

to  that  part  of  the  change  in  ji  which   is   comraunicated  through 

,    ,       du    dp 
q:  and  that  -j- ■ -j-    represents   the  ratio  of  the  change   in   a  to 

that  part  of  the  change  in  m,  which  is  communicated  through  p. 

We  must  be  careful,  therefore,  not  to  confound  —  ■  -^,  with  ~, 

dq    dx  dx 

or  to  suppose  that  the  first  of  these  expressions  can  be  brought 

to  the  form  of  the  second  by  the  ordinsry  process  of  algebraic 

reduction.      This  will  appear  evident,  when  it  is  recollected  that 

the  du  which  appears  in  —  refers  to  the  total  change  in  u,  while 
the  du  which  occurs  in  -7^  ■  x",  refers    only    to    so    mitch    of  the 

change    in   u,  as   is  communicated  through  q.     Similaily.  —  .-? 

''     dp  dx 

must  not  be  confounded  with  — ,  ^or  a  like  reason. 

54.  To  differentiate  a  =  F{p,  5,  r,  s,  &c.)  when  p,  g,  r,  s,  &e. 
are  functions  of  the  same  variable  x. 

By  attributing  to  x  an  increment  k,  and  reasoning  as  in  the  last 
proposition,  we  readily  prove  that 
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du    dr      d 
dr   dx      a 


°-]I 


+  terms  in  h^,  h^,  &c. 

Trai.sposing  u,  dividing  by  A,  and  then  passing  to  tlie  limit,  \ 

du      du  dp       du   dq      du    dr      du    ds 
dx      dp    dx       dq    dx       dr  dx       ds    dx 

du  ,  ,         dv.  dp     ,     ,  du   do  du    dr 

.• .  -r-dx  t^  dw  =^  -J- •  -j-  •  dx  -} — -  ■—^•dx  -r  -T'-j-'' 


tliat  is,  we  must  difforentiato  u  witti  respect  to  each  of  the  functions, 
as  if  the  other  functions  were  constant,  and  add  the  results. 
55.  Prop.  To  differentiate  u  =  F{p,  x),  where  p  —fx. 


lere  u  is  directhj  a  function  of  x,  and  also  : 

indirectly  a  function  ol 

irough  p. 

^ow  if  in  the  equiitioii      u  =  F{p,  g), 

which  gives 

du       dii-  dp      du   dq 
dx  ~  dp  dx      dq  dx 

put  q  —  X,  there  will  result 

dii       du    di) 
u  =  Fip,x)     and     ^^^-^ 

du    dx 
'^  dx'  dx 

d._d^_dj>      du 

dx       dp    dx^  dx       ^  '■ 

'-'    £='• 

The  formula  (1)  is  that  required,  but  we  must  distinguish  care- 
fully between  the  differential  coeffident  -^  ia  the  first  member,  and 

the  similar  expression  in  the  second.  The  latter,  called  tlie  partial 
differential  coefficient  of  u  with  respect  to  x,  refers  only  to  that  part 
of  the  change  in  u  which  results  directly  from  a  change  in  x,  while  p 
is  supposed  to  remain  constant  j  and  the  former,  called  the  lolal  ilif- 


db,  Google 


72  DIFFERENTIAL    CALCULUS. 

ferential  coefficient  of  u  with  respect  to  x,  refers  to  the  entire  chfinge 
in  u,  which  is  partly  the  direct  result  of  a  change  in  x,  and  partly 
an  indirect  effect  produced  through  p. 

To  distinguish  the  total  from  the  partial  dilferraitial  coefficiCTt,  it 
has  been  agreed  to  enclose  the  former  in  a  parenthesis ;  thus  we 
write 
rrf«"l       du    dp       du  rdiil  ,         du    dp    ,       du  , 

Here  again  there  is  a  necessity  for  caution,  so  as  not  to  conlimnd 
du 
-j-'dx  with  du;  the  former  being  only  a  part  of  the  change  ira- 

parted  to  u  by  a  change  iu  x,  while  the  latter  is  the  symbol  of  the 


entii'e  change. 

Cor.  !f  there  were  given 

U  =  F{p,q,^) 

where  p  and  q  are  functioi 

IS  of  a:,  then 

Ci«~|      du    dp      du    dq      du 
dxj  ~  dp    dx        dq    dx 


and  similar  expressiojis  would  apply  if  there  w 
of  functions. 


(P  —  3)1     where    p  =  Zx     and     5  =  4a^, 


du       du    dp       da    dq              3  —  12x^ 
'  dx^  dp    dx       dq    die  ~  ^1  1  {^T— "^^ 
_ 3  -  I'ij:?  _ 3    _ 

-/r~- 9^^  +  2ix^  — "ifeB  ~  yr^^ 

2.  u=pq,  where  J)— f'',  and  5  -  a'*  —  43:3+ ISa;^  —  24^  +  24. 
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dii      du    dp       du    dq 
'  dx      dp    dx       dq    dz 


du 

dp- 

~    2         8 

dp_ 

'     dx 

1      du 

1]^ 

"  dp    dx 

du        ^ 
dx~''^ 

$->l 

^  ..(,.. 

--x^{\o^^Y 

w  =  ^ 

"{P  -  l) 

where 

,=..„«, 

and      5 

du 

p  —  <i) 

~^F+~ 

I'     dx 

'     dx 

[d!i~\       du    dp       du    dq       du 
dxj       dp    dx        dq    dx       dx 


Diffm'entiaUon  qf  Implicit  .Fmictions. 

57-  Iti  the  various  eases  hitherto  considered,  we  liave  supposed 
,he'  fiiiiction  to  he  given  explkilly  in  terms  of  tlie  variable.  It  is 
now  proposed  to  establish  rules  for  differentiating  implicit  functions. 

Pi-np.  Having  given  F{x,  y)  ^=  0,  to  form  the  differential  cneffi- 


Put  u  =^  F {x^y);    then  u  will  be  a  function  of  x  directly,  and 
also  indirectly  through  y. 


trfii"!      dii    dy      du 
dx  A       dy    dx       dx 
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But  siDco  M  remains  constantly  equal  to  zero,  Ihc  total  diffei'eti. 
tial  coefficient  of  u  with  respuct  to  x  must  be  eipal  to  zero  also. 

du    d;/       du  d,i  d^ 

■    ■   -;-  ■  3-  +  T~  =  "'         whence         ^  =: r-  • 

di/    dx       dx  dx  du 

Thus  it  appeara  tliat  we  muat  form  the  partial  differential  co- 
efficients —  and  -J-,  then  divide  the  former  hy  the  latter,  and 
prefix  the  negative  sign  to  the  quotient. 

Ex.  1.  y2  -  'iaxij  +  a;^  —  6=  =  0,  to  form  the  ditJcreiitial  coeffi- 
cient of  y  with  respect  to  x. 

o  =  J-  -  Sojy  +  x'~l',    ^=  -  2a!i  +  2.,,    *  =  2j  ^  2„,, 

dy  ^        ~  '2ai/  +  3»       «!/  —  a; 
'    '    dx~  2i/  —  2'ix     ~  y  ~  ax' 

2.  Given  3?  +  Zaxy  +  y' ^  (i,  to  form  the  1st  and  Sd  difleren- 
tiai  coefficients  of  y  with  respect  to  x. 

.-.    u^x''  +  ?.axy  +  y\     ^  ^  Zx^  +  ^ay,     |^  =  3aa:  +  3y=. 


"^'^^   ^"  ^'i '    ''^^'^  ^'   ^'^'^  ^'^  ^  function  of  ,1;  directly,  and  also 
indirectly  through  y. 

'    '  ix^  ~Ldx  J~  dy     dx      'dx' 
But 


-d  by  Google 


IMPLICIT   FUNCTIONS.  V5 

Hence  by  substitution  and  reduotloti 

d'^y  _  ^y^^  +  a-y''  —  a'x        l      a^  +  ay\        a^y  -  ax'^  -  •Z.cy'>- 

2a^xy  —  2xi/{x^  +  Saxy  +  y^)  2a^J!y 

=  (™  +  s>)>  =  («»  +  !/")'' 

58.  Since  it  is  possible  to  form  the  successive  differential  cweffi- 
eieuts  of  y  with  respect  to  a',  without  solving  the  given  equation,  it 
will  be  possible  to  expand  y  in  terms  of  «  bj  Maelaurin's  Theorem. 

1 .   Givea  y^  —  3y  +  x  ^  0, 

to  expand  y  in  terms  of  the  ascending  powers  of  », 

Expanding  the  last  expression  by  actual  division,  we  have 

•  ■■2=5  (%+  4?'+  »?■+  to.)  E = ^  (2y  +  6j'+  i2y'+  «'«■) 

i?  =  p-(2+18.v'+80y+&o.)J  =  i  (2  +  2O../'+80y'+  &o,) 

i5  =  ST  ("s  +  »»"  +  «">•)  s  =  F  <">'  +  ^™''+  *"'■) 

^  =  Jf  (40  +  1080y>  +  &c.)  5  =  1^(40  +  1120j+  &o.)  te 
But  when  a;  =  0,  [y]  =  0, 

■  ■LeJ=5'  Lsd""'  LsrJ=SJ'  L35!-J=»'  Li.>J  =  3S'*" 
.-.By  substitution  in  Maelaurin's  formula, 
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2.  To   expand    y  in   lerma  of   the  descending  powers  of  x,  fro 

the  relatioL] 

o^a  —  x^y  —  oa^  zzz  0. 

Put  X''  =  -]         then         ay^v  ^  y  —  a  ^^  0. 


■M— >  Gi]-«'.  Ga— .* 


.-.  y  -  - 
r  by  replacing  i;  by  — , 


The  use  of  this  method  is  much  restricted  hy  the  great  labo 
usuaJlj  reijuired  in  forming  the  sueeessive  differential  coefficieiita. 
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59.  It  freqiientlj  occurs  that  the  substitution  of  a  partieiiliir  value 
for  a  variable  x  in  a  fi-actional  espression  will  cause  that  espre^jsion 
to  assume  the  indetevininate  forra  ~      Such  expressions  are  oflcn 


callecl  Vanishing  Fractions,  and  they  may  be  regarded  as  limits  to 
[he  values  of  the  ratios  expressed  by  these  fractious,  when  the 
variaWe  value  of  x  is  caused  to  approacli  indefinitely  near  to  some 
particular  value, 

Thas  in  the  example  m  =  -j ~,  the  value  of  which  can  usually 

be  determined  when  that  of  a  is  given,  by  a  simple  substitution,  we 
find  that  it  assumes  the  form  -  when  ^  =  1.  But  the  value  of  u 
is  even  then  determinate ;  for  if  we  divide  the  numerator  and  de- 
nominator  of  the  fraction  by  a;  —  1,  before  making  a:  =  1,  we  get 


i  general  value  of  «,  and  this  becomes 

1+1+1+1       4  ,  , 

— —  -       when       K  =  1. 

1+1+1  3 

Jere  we  see  plainly  that  it  is  the  presence  of  the  common  fJictor 
-  1  in  the  numerator  and  denominator  which  causes  the  fraction, 
issume  the  indeterminate  form.     In  this,  and  in  all  similar  oases. 
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the  removal  of  the  common  fa<^tor  serves  to  dettrmine  the  value 
of  w.  But  it  usually  occurs  that  the  discovery  of  this  factor  is 
attotiiled  with  considerable  difficulty,  and  hence  the  necessity  of 
some  more  general  method  by  which  to  estimate  the  values  of  frac- 
tions which  assume  the  indeterminate  form  -,    when  the  vamhle  x 

tal(M  a  particular  value.  Such  a  method  is  reiidily  supplied  by  the 
Differential  Calculus, 

It  should  be  observecl,  however,  that  there  are  other  indeterminate 
forms  besides  -,  such  as  the  following ; 

§^     05  X  0,      «  -  CD  ,     0«,      OB  ».      1^  , 
each  of  which  will  be  considered  in  succession, 

60,  Prop.  To  determine  the  value  of  a  function  which  takes  the 
form  —  for  a  particular  value  of  the  variable. 

Let  Ji  =  —  = be  a  function  which  tahea  the  form    -   when 

Q         ifix  0 

X  =  a;  that  is,  let  Fa  =  0,  and  ipd  —  0  :  let  it  be  proposed  to  find 

the  particular  value  [m]  assumed  by  11  when  x  ^  a. 

Suppose  x  to  take  an  increment  h,   converting  w,  .^/  and    Q 

into  «i,    ^i,   and    Q„   respectively,   and    let  F^  —  F  {x  +  h)    and 

g,  =  (p  (cK  -f  A)  be  expanded  by  Taylor's  Theorem  :  then  denoting 

tlie  successive  differential  coefficients  Fx  by  F^x,  F^,  &c,,  and  those 

of  (px  by  f^x,  (f^,  &e,,  we  have 

or  when  x  r=a 

Fa  +  i?,«  '  +  F,a  -j^  +  /!■/.  pI^  H-  &„. 

''~       ;      TT       ;?"T        ;•" r^ 
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But  by  hypothesis.  Fa  =  0,  and  (fa  —  O.  .  ■ .  Oraittiiig  the  first 
term  in  the  numerator  and  denominntor,  aiid  then  dividing  each  hy 

Now  making  A  —  0,  we  convert  n,  into  [w],  and  thus  obtain 

Hence  it  appears  that,  in  order  to  determine  the  value  of  a 
function  —  which  takes  the  form  -  when  ix  —  a,viQ  must  replace 
Fx  and  ifx  by  the  values  of  their  first  diflerential  coefficients,  iind 
then  make  x  ■=  ain  each. 

It  will  sometimes  occur  that  this  substitution  will  reduce  to  zero 
both  Fin  and  (pi«,  in  case 


[•u]  =  — ^  =  jj  remains  still  undetermined, 
we  then  omit  F/i.  and  (p,a  in  equation,  (1)  and  divide  the  n 
and  denominator  by  y—^,  thus  obtaining 


.(2) 


.'.  when  the  first  differential  coefficients  both  reduce  to  zero,  they 
must  be  replaced  by  the  second  differential  coefficients.     If  F^a  and 


-  F^-\-Fsa-  +  &C. 

ip^a  +  ipju  -  +  &c. 

A-hich  becomei 

when 

h  =  0. 
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9,a  both  "become  zero  also,  we  omit  tln:iii  in  (2),  then  divide  by 
-,  and  finally  make  A  —  0,  obtaining 

F..<i. 

And  since  the  same  reasoning  may  be  extended,  we  have  the  fol- 

lowiti"  '■ule  for  finding  the  value  of  [1(1=  —  —  77,  viz. : 
°  "  '-  ■•        9a       0 

Sul>sCitute /or  Fs  and  ipx   their  first,  secokd,  third,  <&c.,  differential 

eoe^cients,  and  make  x  —  a  in  each  remit,  until  a  pair  <■/  coefficients 

is  obtained,  both  of  which  do  not  reduce  to  zero ;  the  fntc/ion  thus 

found  will  be  the  true  value  of  [u]. 


Fx  =  -jfi  ~  ],     and     Ofx  ~  x  ~  \.     .  ■ .  F^x  —  5.e',     and     (p^x  =  I. 

.    .     ,a  _  ,),     tf^a  -    ,     an       ["J  -  —  -  j  ~  '  ■ 

This  result  is  easily  verified  by  division,  before  making  x  t=  1 ;  thus 
by  actual  divisitm 

^    ^       :^x^  +  x-i  +  g:^  +  x  +  1  =b     when      ib  ^  1. 

2,  ^^'^^=1     when     .^0. 

F,x        log«.n--]ogS.?.^  Ffi       .  ,      ,       r  1 

■^-■^ r^ .-.  — =  log.-log6^H. 

Tiiis  result  is  easily  vei'lficd  by  expanding  a'  and  6*. 
l  +  l„g„.5  +  log%j''-l  +  &e.-l-log6.j-Iog'4.jij  +  ie. 


db,  Google 


FUNCTIONS  HAVIKG  TUB  INDETERMINATE  rORM, 

.  ■ .  «  =  log  a  -  log  6  +  ^  {log'a  -  log^S)  +  &C. 

.  ■ .  [u]  =  log  a  —  log  6       liy  making       a;  =  0. 

u  — _  when       a:  =  0, 


Here  the  first  differential  coefficients  prove  equal  to  zero,  and 
therefore  they  must  he  replaeed  by  the  second  differential  eoeffi- 
oients.    But 


--2Z-M- 


0 


<:_  _  2ax  —2(K         _    F^a  _  2ac  —  2ac       0 

>;  ~  2*a:  -  26c  ■     ■    ■  (pjd  ^  36c  -  24c  ~  o" 

-F>  _  2(t  _    ^^a  _  2a 


a^ 

-03? 

-  a^x  +  0? 

'J? 

■  —  a^ 

Z^IS 

S.r^ 

-%t. 

r-o^ 

<P1^ 

'Zx 

ax 

-a:^ 

a*- 

2a-'a: 

+  2«*3  _  ^1 

«- 

-2x 

26       b^ 
F.a        0 


w. 
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7.  «=        '^"^ 


-?(l^ii*^„  =  „. 


Differ ciitiating  s  times,  we  get 


w     H«-i)('-2)-- 


.(.~l)(.-2) IS.2A 

tan  x  —  s'lnx        0 


=  M- 


F^a  _  seo^O  - 


"  3  sin^O  .  cos  0      0 
nx  +  sin  x 


_  2  sec'Q  ■  tiiLi  0  +  sin  0  _0 
""esinO.cos^O  — asin^O  ~o' 

30^3! .  tailor  +  2  see'a;  +  cos  a: 


-F3I  _         4  see^O .  taii^O  -f  2  sec^O  4-  cos  0        _  3  _  1 
*   '    f^a  ""  6 cos^O  -  13  sin^^O .  eos 0  —  9 sin^ .  cos 0  ~  6  ~  2  ^  1^"^* 

62.  The  method  just  explained   and   illnstrated,  ceases   to   be 
applicable  when,  we  obtain  a  differential   coeffieient  whose   value 
5  infinite  hy  making  a:  —  «;    for  such  a  result   shows  the 
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impossibiiitj  of  developing  tlie  coiresponding  function  I  [r  +  h)  by 
Taylor's  fheorem,  foi  that  partiuular  value  of  x,  and  then,!  >re  the 
process  founded  on  such  development  fails 

The  expedient  adopted  in  such  cases,  is  (hit  ol  substituting 
a-\-k  foi  X,  then  expanding  numeiatoi  and  denommatoi  by  the 
common  algebraic  methods,  then  dividing  nunieratoi  and  dcnoml 
natoi  \y\  the  lovtcst  power  uf  k  found  m  either,  and  haaily  making 
A  ;^  <l      4  k\v  Kxaniplps  will  illustrate  this  method 

.4 


^^^^>- 

the  first  difl'erential  coefficients  reduce  to  zero 

.,  and  nil  sue- 

coefficients  become  infinite  when  x  —  a.     We 

therefore  put 

i\-  X  and  expand. 

(a^  _  d^-^ah  -  h^)^        {2a  +  hf.(- 

-jt 

■"-      (.-,-.)»     ^      (-"« 

=  (2.  +  J)*=(2<.)*+|(2<.)*/.  +  te 

.-.    W  =  (2a)*. 

V5^  v^+  /T^i     0  . 

V^"'7      -     -»■""'•' 

a-fA     for     X 

{a  +  h)^~J+{a  +  h-a)^      ft^+|, 

A-*. 

«!_                                                                                   _           -    -- 

■ + «)* 

(2«)* 
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Memark.  This  method  may  be  used  even  in  those  eases  to  which 

the  method  of  differentiation  is  applieahle.     We  will  now  coasider 

the  uthei'  indeterminate  forms. 

64.  Pivp.  To  find  the  value  of  the  function  m  —  —  ^  —   which 
Q       (pa 
assumes  the  form  31.  when  x  =z  a. 

Put  /*  =  —  and    G  ^  —     Then  wn  have 


^=^^vhen^^a 


Thus  the  fQuotion  being  reduced  to  the  ordinary  form  -,  its  value 
may  be  fuund  by  the  methods  already  explained. 


■•■i«]=^^ 


{^_(Fal 


{Faf 


Fa        ^.a        ,  Fa       F.a       ^   , 

.-.  I~— y-fi-    whence    ■ —-^  —  M. 

(pa       J<,i,  ipi       ipja      ■■  -' 

Hence  it  appears  that  the  ti  Imary  direct  process  of  substituting 
for  numerator  and  dLunminator,  their  iiist  differential  coefficients 
will  apply  when  the  function  takes  the  tjim  5°.  But  since  when 
P  =  OD  and  Q  =  £>,  then  differential  coefficients  will  also  be  in- 
finite, the  reduced  fiaction  will  still  taKe  the  form  S2_,  and  therefore 
will  not  servo  to  determine  the  true  value  of  u,  unless  we  can  dis- 
cover a  fwtor  common  to  the  numenUn  md  denominator,  or  caa 
trace  some  relation  bet'ween  the  numerator  and  denominator  of  the 
new  fraction,  which  wdl  facilitate  the  determiuatioii  of  its  value. 
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65.  Prop.  Tofind  the  value  of  the  function  M  —  PX  (2— ^'-s 
which  takes  the  form  co  X  0  when  x  =  a. 

VuiP---     ThcnM  =  — ^^    when    a:  ^  a,  the  common  1 

,,        .  1  .dp  1     dP  F,x 


.■.\_u-\^-(FaY 


F.a 


But  since  when  P  =  Fx  =:  (a,iis  differential  coefficients  will  also 
be  infinite,  the  value  ut  u  will  take  the  form  ^  unless  the  infiHite 
factor  should  disappear  by  division. 

66.  Prop.  To  find  the  value  of  the  function  u  =P  —  Q  —  Fx  —  ifx, 
which  takes  tlie  form  od  — cc  when  a  =  d. 

Put  P^~  and  Q=--     Then 


1       !       q—2'       0 


and  the  value  is  to  he  found  by  the  ordinary  method. 

67.  Prop.  To  find  the  value  of  the  function  v,  ^  f  ~  (/^a;)^"  which 
takes  either  of  the  foi'ms  0",  co  ",  or  1"     ,     when      x  ~  a. 
1st.  Let  the  form  bo  m  =  0",     Passing  to  logarithms  we  have 
log  ic-  Q.\ogP  -  <px.  log  {Fx) 
■.  []ogu]^cpa.\os{Fa)  =  -Ox<^. 
which  is  one  of  the  forms  already  provided  for. 
Thus,  having  found  log  u,  we  have  w  =  e^°«  ". 
2d.  Lettheformbe™=i»°.  Then  log  m^  Q.  log  P^!fx.\og(Fx). 
.-.  {]ognJ=<pa.  log(i^«)  =  Oxa>. 
a  form  already  considered. 
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3d.  Let  tlm  form  ho   1-"  . 

Then  log  li  ^  Q  log  i'  =  93; .  log(j^'a). 

.-.  [logM]  =  ifa-log(i^«)=^  ±<»  X  0, 
and  the  form  is  still  the  same. 


i8.  I.     If  —  (1  -ar).tanla^.-l=  0  X  K>      whan     x 
3ere  i^a;  =  tiiila: -M         and         fx  —  l  —  a, 

.■.[.]  =  -  (A)'  if-  =  to>  (1  X  I)  _^ 5- 


2      2 

■i  —  e'".  sill  a;  =  03  X  0     when  x  =  0. 

<:  =  e%     (px  =  sin  a:,      ,  ■ .   ^^s  =  -  ^ 

Here  the  function  still  tattes  the  farm   oo  X  0 ;  but  the  true  v 
s  easily  found  bj  expanciing  ^. 
For         ;-...  =  (,+  1  +  ^_  +  -.^A_  +  &e.)  «= 

=  ^'  +  -'  +  n2+i:ra;  +  *°- 

.-.       .*  X  0' =  «  =  [«]. 
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Differentiating  n  times,  we  get 

|.^^  ^  .(.-l)(.-2).... 3.2.1  _ 


w"     "■<»■ 


:^  -;     when  s  =  1. 


/b" 


when     a;  =  1. 
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■    ■     L  J       log  I  +  1  —  1      0 ' 

Differentiating  immeratoi-  and  denominator  of  tVie  valu(    of  i 
second  time,  and  making  a;  —  1,  we  get 

7.    M  =  a'  =:^  0"     when     a;  =  0. 

log  u  =  x.  log  a;  =  —  0  X  <» ,     when     x  ==  0. 

log  a:             GO 
or,  log  M  =  —f—  = when  x  =  0. 


Then  Fu;  =  logx,         and         !})«  =  -• 

1 
,-.   :^^_^__a:.       .-.    [log«l^^-0,   and    [«!  =  1. 

8.  M  =z  fli»i""  ^  0",     when     x  =  0. 

Since  ^=  1  when  a:  —  0,    .  ■ .  s^''"  ^  =.  x'  ^  1  when  a;  —  0. 

a- 

And  similarly     sin  x""  '  =  x'  =  I  when  x  —  0. 

Again,  since        sin  a: .  log  a  =  sin  a; .  log  x  .  log  e. 

.-.   a;""*  ^  e*'"*-'''^;' ~  1    when    a:  —  0. 

,  ■ .   sin  «  .  log  ar  =  0,  when  x  ~  0. 

And  similarly     sin  x .  log  sin  a;  =  0  when  x  ~(i. 

9.  M  =  cot  a:='°  *  =  CO  0  when  a;  =  0. 

logu  =  sin».log-r— =  sina:(logcos»  — logsina:). 
=  0-0  =  0     when     x  —  Q,         .■.\u'\  —  \. 
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10.     a  =  (1  +  nxY  =  1"     wlian     i  =  0. 

.  • ,  By  differeiitiatioD,    [lug  m]  =  y  =  h,     and    {«]  =  ^''. 

This  result  is  easily  Yerlfied ;   for  by  expanding  {1  +  y^3^)'•     by 
the  binomial  thooi-em,  wo  -oljtain 


" 

=  '+;( 

-)+J(^ 

-)^ 

^-le- 

-oe 

71.3.3 

=  1  +  « 

+  o('- 

-^)  + 

l."..3('- 

-Ss- 

2i«)  &o. 

•  ■■  M  = 

a  +  n 

■  +  ri!  +  i 

.3.3 

+  S.0., 

fhich  series  is  the  expansion  of  e". 
11,  M  =  (w>s  oa)  ™°'""'     =1",     wlieti     X  —  0. 

_  _5 —  _     when     X  =  0. 


10. 

eosei;-ra,iuf; 

Binges 

0 

Put 

log  cos  ax 

=  Fx 

and       .in'a 

= 

:9aT. 

.  F^x  -- 

=  —  a.  tan  a 

■X,    ■ipii 

J^ifl       0 

" 

.. 

Diffi; 

rentiatlng  again  W( 

'  get 

F^=~< 

,'..«/ 

■,a,     ,.it  =  1i' 

,« 

>s  2eJr. 

.•M 

^  - 

£•   ••■M  = 

:,■ 

a3 
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69.  If  «  be  a  function  whose  value  depends  on  that  of  a,  variable 
K,  so  that  u  ^  Fx,  and  if,  when  x  takes  a  certain  value  a,  the  cor- 
responding value  «!  of  u  he  greater  than  the  values  which  immedi- 
ately precede  and  follow  it,  then  the  value  Wj  is  called  a  maximttm  ; 
but  if  the  intermediate  value  be  less  than  those  which  precede  and 
follow  it  immediately,  the  value  Mj^  is  said  to  be  a  minimum. 

Suppose  for  example  that  when  »  ^  «,  the  general  value  u  =  Fse 
becomes  «,  —  Fa,  that  when  x  =  a  ±hu  beeotnes  u^  =  F{a,  +  A), 
or  v^  ^  F{ii,  —  A),  and  suppose  that  for  some  sdihJ!  but  finite  value 
of  A,  and  fur  all  \alues  between  that  and  zero,  the  corresponding 
values  of  both  n^  and  Wg  shall  be  less  than  Uj,  then  will  Uj  be  a 
maximum;  but  if  %  and  M3  be  both  grtaicr  than  iij,  then  the  latter 
will  be  a  minimum. 

70.  In  order  to  discover  the  conditions  necessary  to  render  a 
function  (m  =  F£)  either  a  maximum  or  minimum,  the  following 
pi-inciple  will  be  established. 

Pro-[i.  In  any  aeries  Ah"  -)-  Bh''  +  Gh"  ■\-  &e.,  arranged  according 
to  the  positive  ascending  powers  of  7i,  a  value  may  be  assigned  to  h 
80  small  as  to  render  the  first  term  Ah^,  {which  contains  the  lowest 
power  of  A),  greater  than  the  sum  of  all  the  sueoeeding  terms. 

PvQof.  Assume  A  >  BK''-^  -j-  Ch"-"  +  &e.,  a  condition  always 
possible,  since   by  diminishing   h  the   second   member  may  be  roil- 
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dered  less  than  any  assignable  quiuitity.  Multiply  eactt  member  hy 
If  ;  and  there  will  result  Ah"  >  m*  +  Oh'  +  &c.,  as  stated  in  the 
enunciation  of  the  proposition. 

Cor.  The  valne  of  k  may  be  taken  so  small  thiit  the  sign  of  the 
first  term  shall  control  that  of  the  entire  sei'ies, 

71.  Prop.  To  determine  the  conditions  necessary  to  render  a 
function  k  of  a  single  variable  x.  either  a  maximum  or  minimum. 

Let  u  =1  Ji'x,  and  suppose  x  to  receive  successively  an  increment 
and  a  decrement  h.     Then  developing  by  Taylor's  Theorem,  wo  get 

u,^F(x-^K)=Fx ^-■T  +  -r^TTV  — m-i-Ti-0+'^'^     (2)- 

'        ^         '  dx     \        da:^    l.a        d.c^     \.-i.6  ' 

Now  in  order  that  Fx  may  exceed  both  F{x  +  A)  and  F[7:  —  It), 
it  ia  obviously  necessary  that  the  algebraic  sum  of  the  terms  suc- 
ceeding the  first  term  in  each  of  the  series  (I)  and  (2)  shall  be 
negative;  that  is,  we  must  have  by  employing  the  usual  notation, 

-P,^  ■  T  +  K^  -fr,  +  F^^-  r^  +  &c.  <  0  .  .  .  .  (3), 


and    -Fjx 


1         *'   1. 


Now  the  s  n  f  the  h  st  terni  in  each  of  the  series  (3)  and  (4) 
will  coatro!  tl  at  of  the  e  t  e  series  when  h  is  taken  sufficiently 
small,  and  since  the  fi  st  terms  of  (3)  and  (4)  have  contrary  signs, 
it  is  inLpossible  tlat  both  of  these  series  shall  be  negative,  so  long  aa 

the  tenn  F^i       h  s  a  fi    te  lalue.     Hence  the  first  condition  neces- 
3  that  F,x ,  -  —  0,  or  since  h  is  fiaite 
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Now  omitting  the  first  terras  of  (3)  and  (4),  we  have 

-^2-^  Y^  +  J^iX  p-^  +  &c.  <  0  .  .  .  .  (6), 
and  ■^a^~--^3'g-j    2    g  +  &G.<0  ....  (7). 

The  signs  of  the  series  (6)  and  (7)  will  be  controlled  by  those  of 
their  first  temis,  which  terms  have  the  positive  sign  in  both  series ; 
and  therefore  each  series  will  be  negative  when  F^  ■ — .  is  an  essen- 
tinlly  negative  quantity,  or  when  F2X  is  essentially  negative,  (since 
l72  IS  always  positive). 

Thus  the  two  eonditlons  which  usually  characterize  a  maxiumm 
value  of  Fx  are 


d)^'' 


On  the  contrary,  when  Fx  is  a  minimum,  we  nmst  have  Fx  less 
than  F{x  +  k)  and  F(s:  -  h),  and  therefore  by  a  similar  couiee 
of  reasoning,  the  necessary  conditions  are 

-T-  =  0,       and       — — -  >  0. 

The  conditions  here  obtained  are  those  usually  applicable :  the 
exceptious  will  now  be  considered. 

72.  The  results  obtained  in  the  last  proposition  indicate  the 
following  as  the  ordinary  rule  by  which  to  discover  those  values  of 
the  independent  variable  x,  which  will  render  any  proposed  function  u 
a  masirnum  or  minimum. 

1st.  Form  tie  first  differential  coefficient-j—,  place  its  value  equal 

to  zero,  and  then  solve  the  equation   thus  formed,  obtaiuing   the 
several  values  of  x. 
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2d.  Form  the  second  differential  coefficient  -^,  and  substitute  for 
a,  in  the  viilue  of  that  coefficient,  each  of  the  values  found  above. 

Then  all  those  values  of  x  which  rendur  ■ negative,  will  corres- 

pond  to  maximum  values  of  u  ;  but  those  values  of  x  which  render 
-^  positive,  will  correspond  to  minimum  values  of  u.  And  when 
the  proper  values  of  x  have  been  ascertained,  the  niaximura  or 
minimum  values  of  m  are  found  by  simple  substitution  in  the 
equation  u  ^=  Fx. 

73.  I-  Intheapplieationof  the  preceding  method, it  may  occur  thata 

value  of  X,  obtained  by  making  -=-  =  0,  will,  when  substitued  in  — ■. 

cause  that  coefficient  to  reduce  to  zero  also.  In  fiat  case,  the  signs 
of  die  series,  (6)  and  (7),  in  the  last  proposition,  will  depend  on  the 
terms  which  contain  the  third  differential  coefficients ;  and  sinca 
these  terms  have  contrary  signs  iu  the  two  series,  the  value  of  x 

which  rendei-s  -—  =  0,  and  -5-—  =  0,  cannot  render  u  either  a  niaxi- 
dz  ax' 

mum  or  minimum,  unless  it  should  happen  to  render  -^  —  0  also. 
When  this  occurs,  we  must  examine  the  sign  of  the  fourth  differential 
coefficient,  which  now  controls  the  sign  of  each  series,  and  if  this  be 
negative,  the  value  of  m  will  be  a  maximum ;    but  if  positive,  a 


And  since  the  same  reasoning  could  be  extended  when  other  difj'er 
ential  coefiicients  reduce  to  zero,  we  have  the  following  more  general 
rule  for  the  discovery  of  maximum  and  minimum  values  of  a  func- 
tion of  a  single  variable. 

1st,  Form  the  first  differential  coefficient,  place  its  value  equal  to 
zero,  and  deduce  the  corresponding  values  ai  x. 

2d,  Substitute  each  of  these  values  in  the  succeeding  diffcrertial 
coefficients,  stopping  at  the  first  coefficient  which  does  not  reduce  to 


db,  Google 


94  DIFFERENTIAL    CALCULUS. 

zero.     If  this  coefficient  be  of  an  odd  degree,  the  corresponding  v 
of  n  will  be  neitner  a  inasiraum  nor  a  minimum  ;  but  if  it  be  of  a 
evt'ii  degree,  the  value  of  u  will  be  a  h 
iiig  as  the  sign  of  that  coefficient  it 
The  annexed  digram  will 


illusliute  the  fact  that  the 

same  function  may  lia\  e  sev 

eral  maximum  and  seveial 

minimum  values,  and  that      o    F     Q        R  3  X 

one  mmimum  miy   CTCeed  another  iiiaximuni.      Thus,  if  the  curve 

CBEFGH  be  the  locu^  of  the  equation  y  —  Fx,  then  will  D  Q  wnA 

Fb  lepreaent  maximum  vilues  ot  the  ordinates  y,  whiie  CF,  F7i, 

and  (yXwill  be  minimum  values  of  the  same.     Also  the  miiiimum 

GA  exceeds  the  maximum  DQ 

74  The  substitulion  of  1 1  due  c  =  a,  derived  from  the  equation 
^  ^  0,  in  the  succeeding  differential  coefficients,  will  sometimes 

ciuse  the  fiiBt  of  these  coefhcienta  which  does  not  reduce  to  zero,  to 
become  inhtiite. 

This  happens  only  when  the  development  of  F  {x  +  k)  in  the 
ordinary  form  {by  Taylor's  Theorem)  is  not  possible  for  that  piirti- 
cidar  value  of  w.  We  must  then  find  hy  other  methods  {such  as 
algebraic  development)  the  true  value  of  the  term  which  catmot  be 
obtwned  by  Taylor's  Theorem.     If  it  be  found  to  contain  a  power 

of  /(,  which  will  change  sign  with  h,  such  as  A     or  k  ,  the  value  of 
«  will  be  neither  a  maximum  nop  a  minimum  ;  but  if  the  power  o 

A  be  such  as  will  not  change  with  k,  as  k    or  A    ,  the  vo.lue  of 
will  be  a  maximum  when  that  term  is  essentially  negative,  and  a 
minimum  when  the  term  is  essentially  positive. 

75.  Finally,  it  may  occur  that  when  a;  has  a  particulur  value  a, 

the  first  differential  coefficient  —  will  become  infinite,  and,  therefore, 
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m  order  t  j  complete  the  search  for  maximum  and  minimuin  valuea 
of  If,  we  ought  to  solve  the  equation  ~  —  co  ,  and  if  a  be  a  root  of 
that  equation,  we  must  substitute  a  +  /i,  and  a  —  A  for  x  in  u  =  Fx. 
Then  if  the  term  containing  the  lowest  power  of  h  be  found  to 
ehtinge  sign  with  A,  there  will  be  neither  maximum  nor  mmimitm; 
but  if  not,  there  will  be  a  niaximum  when  that  term  is  negative,  and 
a  minimum  when  it  is  positive. 

76.  Prirp.  To  determine  the  maximum  and  miniiiuini  values  of 
an  implicit  function  of  a  single  variable  x. 

Let  F  {x,  y)  ^  0  be  the  relation  connecting  x  and  y, 

„  -. ,      -.       ^        ■  dy  dx 

p..  .  =  J.' (.,!,)  =  0i     the.     J  =  -s- 

But  when  ?/  is  a  maximum  or  minimuni,  ^  =  0 ;  .  ■ .  -r-  =  0  also, 
and  we  have  the  two  following  conditions  by  which  to  determine  the 
values  of  x  and  y,  viz, ; 

l^-'-^^O,..!!),    «d    .  =  F(,,!/)  =  0....» 

Having  found  the  values  of  x  and  y  which  correspond  to  either  a 
maximum  or  minimnm,  we  distinguish  one  from  the  other  by  sub- 
stituting the  same  values  in  the  successive  differential  coefficients, 
and  stopping  at  the  fiist  which  does  not  reduce  to  zero,  if  this  be 
negative,  y  will  be  a  maximum ;  if  positive,  a  minimum. 

The  successive  differential  coefficients  arc  fonned  without  difficulty 

from  the  value  of  -j-  already  found,  and  their  particular  values,  when 

-^  =  0.  become  much  simplified. 

^  du  dv,  dhi  (fti  ,  ,  , 

Thus,  put  -^  =  p,  -T-  —  ?i  -r-  =  Pzi  -r~  =  Sai  ^'^■■>  ™d  employ 
'^      dx  dy       '^  dx^         '    dy^ 

the  [  ]  to  represent  tlie  particular  values  of  the  ijuantitlcs  enclosed, 
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when  —  =p^  =  (i.     Then  ohscrving  that  pi  q^  &c.,  are  usually  func- 
tions of  both  X  and  y,  we  have 


-ft   j7  +  ^-j; 


-ft  ?"-^f-v 


■  U'J  -     Is,]-       1,,]  ■ 


And  in  a  similar  manner  the  higiier  differential  coefficients  can  be 
fornied,  although  the  operation  is  more  laborious. 

77.  The  following  considerations  will  facilitate  the  application  of 
the  preceding  principles  to  particular  examples  ; 

1st.  If  a  quantity  which  is  a  raaxiranm  or  minimum  contain  a 
t  fiictor,  that  factor  may  be  omitted  and  the  result  will  still 


2d.  If  M  be  a  maximum  or  minimum,  then  m  ±  a  is  also  a  max- 
imum or  minimum,  but  a  ~u  will  be  a  minimum  when  m  is  a 

id.  If  M  be  a  maximum,  -  will  be  a  minimum ;    and  if  m  be  a 

vill  be  a  maximum. 

4th.  If  u  be  a  maximum  or  rainimum  and  positive,  then  it^,  u^, 
and  in  general  u",  will  be  a  maximum  or  minimum  where  u  is  any 
positive  int^er  -.  but  if  v,  be  negative,  »=,  «*,  and  in  general  iP", 
will  be  a  maximum  when  w  is  a  minimum;  and  a  minimum  when  u 
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5th.  If  u  te  a  niasimum  or  minimum  and  positive,  log  u  will  also 


6th.  If  the  power  u^"  be  a  maximum  or  minimuro,  the  rout  m  is 
not  necessarily  either  a  maximum  or  minimum;  for  it  may  be 
iinaginary ;  and  even  when  m^'  ^:  0  and  a  maximum,  the  cor- 
responding root  u  =  0,  aJthongh  real,  is  not  admissible  as  a 
maximum,  because  the  adjacent  values  of  w  are  imaginary. 

7th.  The  value  x  =  <a  cannot  correspond  to  a  maximum  or 
minimum  value  of  u,  because  a  cannot  have  a  preceding  unci  a  suc- 
ceeding value;  but  u  =  cc  -mfty  be  a  maximum  provided  the  pre- 
ceding and  succeeding  values  of  u  have  like  signs. 

8th.  In  determining  whether  u  is  a  maximum  or  minimum  by 

the  sign  of  -r-^,  when  j-  has  the  form  of  a  product  v-^.v^.v^ y„, 

and  a  —  a  causes  one  factor  v,  to  become  equal  to  zero,  the  only 
term  in  -r-^  necessary  to  be  exammed  is  that  involvnig  —— ,  smoe 
the  other  terras  disappear  with  v„. 

78.  1.  To  determine  the  values  of  the  variable  x  wliich  render 
the  function  !i  ~  6a;  +  3a^  —  Ax^  a  maximum  or  mitiimuiu,  and 
the  corresponding  values  of  the  function  v. 

Here       ss  =  6j>  +  3a^  -  Ax^.     .-.^-^Q  +  Gx-  Igs^  ^  0, 

ax 

II  13,  1 

or  ---j-  =  2      .■..  =  j±j=  +  l     or     ^ ,. 

ricuoe  if  M  have   maximum   or  niliiimuiri  values,  they  irnist  occur 

when  ic  =  1  or  when  x——-^ 

To  discovei'  whether  these  values  are  maxima  or  minima,  we 

form  the  second  differential  coefficient :  thus 

■ —  fi  —  34a  —  0  --  24  z=:  —  18       when       a  —  1 

dx^ 

=  6  +  12^  +  18       when       x  = -h 
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.  •.  when  x  =  l,     u  =  &  +  d  -  4,  ^  5     a 

whe,  «  =  -!,    „=_3  +  ?  +  l  = 

2.  u  =  ic*  —  8^3  +  22sS  —  243:  +  12,  a  inaxr 

-^  —  4x^~  24k*  +  44a;  —  24  —  0     or     a=  —  Qx^  +  11a;  ~  6  =  0, 
dx 

The  value  a;  =  1  is  obviously  a  root  of  this  equation,  and  by 

dividing  the  first  member  by  a;  —  1    we  have  for   the 

«*  —  6iK  +  6  —  0.     .  ■ .  a;  =  2,     or     x  —  3. 
Hence  the  values  requiring  examination  are 

x'=l,     X  ~2,     and     a:  =  3. 
But  ~  =  Vix^  —  48«  +  44  ^  +  8     when     a^  =  1, 

=  —  4     when     x  —  2, 
=  +  8     when     x  -  3. 
.  when  «  ^  1,     w  ^  3 

when  a;  =:  2,     m  =  4 

when  X  —  3,     m  =  3 

3.  «  ^  ;s5  -  5a;*  +  5a^=  +  1 

^  =  5a*  -  20j;3  +  153;2  ^  0      or      a*  —  4j;=  +  Sa;^  ^  0  .  .  .    (J ). 

.-.  x^^O,     or     a:^  -  4»;  +  3  =  0, 
and  the  four  roots  of  (1)  are  0,  0,  1,  and  3. 

Jl  :=  20.i;'-60z^-^0^=  0     when  a;=0  ;  /.  ■ .  let  us  examine  — V 
=  —  10  "     a:-l ;  then,  «  ^  2,  a  max. 
=  +90  '■     ar=3;  then,  m  ^  -  26,  a  mln. 
-r^  =:  QHx'  ~  120a  +  30  ^  30     when     x  ^  0. 

. "  ■  «  ^  1  is  neither  a  niasiraum 
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79.  In  each  of  the  preceding  examples,  the  condition  ---'=:<«, 

renders    m  =  ao ,  and  therefore  not  applicable  to  a  inasimum  or 
minimum. 

Bemark.  In  forniing  the  second  differential  coeffident,  it  will  save 
labor  to  omit  any  positive  numerical  factor  common  to  every  term 
of  the  first  differential  coefficient,  and  the  sign  of  the  second  differ- 
ential coefficient  will  not  be  affected  by  such  <: 

80.  M.X.  1.  u-j^^^^ 

du  _  Z{x  +  ^Y(x  +  2)  -  a  (.r  +  3)3  ^     du_ 

dx~  [x  +  'Zy  ~    '      °^'    dx~"'' 

But,  when  ~  —  Q    we  have  3{x  +  3)=(a;  +  3)  —  2(ie  +  3)^  = 
•.  a:  +  3:zz0,  or,  3{x  +  2)  =  2{x  +  S),  .- .  x  =  ~  3,  ot,  x  ^ 
f^ -  G  (a^  +  3)(ar  +  2)^-  12  {x  +  3)^(.-e  +  2)+  6  {x  +  3)^ 
dx'  (5! +  2)' 

=  2    when   a  —  0,  and  .  ■ .  u  ~ —-  a  mmimiim. 


Now,  without  actually  forming  the  3d  differential  coefficient,  it 
is  easily  seen  that  it  will  contain  one  term  (and  only  one)  which 
will  not  reduce  to  zero  when  x  =  —Z;  and,  therefore,  the  ci>rres- 
ponding  value  of  u  is  neither  a  maximum  nor  miinroam. 

The  value    x  =  0,     gives     u  =  ~  a  minimum. 

Now  takmg  the  equation  -r-  =  — ^ -^ '  ,     ^ '-  —  go  , 

°  ^  dc  {x  +  2y 


and  by  putting  successively  a;  —  —  2  +  ''      and      x  —  —  2  —  k 
in  the  value  of  ths  original  Junction  m,  there  results 
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_{-2  +  k  +  &y_  (I  +  hy 


and   since  both  of  these   are   positive  values,  and   less   than  that 
I  to  3T  :=  —  2,  "wc  have  m  ^  a^ 


*.  _  2(«-1)(.+  1)'-3(j:+1)'(^-1)'_  iu_ 

d,  -  («+!)•  -     •      •   dx'        • 

.-     i^  — 1-0,    or,     2(,T  +  1)  —  3(k  — 1)  =  0,    or,    a:  +  !  -  0. 

.-.  a^-  1,     or,     X-  5,     or,     a:=  -  1. 

J%  ^  2(a;+l)'-lg(»  +  l)(i-l)+  12(^-1)' 

.  ■ .    -;-j  =  -  wlien  a:  =  1,  aud  m  —  0 


^  CO  ,    whith  is  neither  a  i 


...,_.).(=A=_p<„. 


-  =  ^(a^-«f=0,     ,-.«^a,     and     m  ^  6. 
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Henco  wc  cimnot  develop  by  Taylor's  Theorem.      Put    a±h, 
fov  X  ill  the  YaliiG  of  m. 


This  last  value  is  imaginary,  and  therefore,  u  =  b  is  neither  it 


.-.    o,  =  S  -  (- i)*<  S,      una      II,  =  6-(+ *)*<*,  ■>'»»• 


0.     M  i=  6  +  (s  —  a)  +  c  (a  —  a)^,  a  maximum  or  minimum. 
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a,  and 

.= 

=  i,  0 

,,:,=. 

3125 

d^^~ 

10 
9 

.- 

)-*+.. 

—  00  ,       when 

.= 

. 

= 

r  >»«■■" 

.= 

125 
"      216c3 

^  when 

a, 

=  « 

125 
2!6c^ ' 

=  * 

3125 

In  order   to  examine  the  value  of  a:  —  a,  put   a  ±  Ji  for   i 
the  original  value  of  m. 


il^-i. 


lA^-i 


.  ■ ,  u  =:  S  is  neither  a  maximum  h< 

7.  To  inscribe  the  greatest  rectangle  iti  a 

given  circle. 

Put  the  diameter  AC  =  a,  and  the  side 

AB  =  x;  then 

^U=y«^^^i=~ana    AB-kAD—x 

.■.u={ABxADy^x^ia^-^^)^:y 

=  2a2:t;  ~  4a:=  —  0.      .  ■ .  a:  =  0,     ur     a:  —  (i\ 


—  =  2o.^  —  132^  —  2a^     when     a:  =  0 


.■.J5 


f^^la'^^a     fl  =  i 


I 


and  the  rectangle  must  be  a  square.     Its  area  is  -  o?. 
8,  To  inscribe  a  manimum  cylinder  in  a  given  rig 
a  circular  base. 


e  having 
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Put  A  0  the  radius  of  the  cone's 
base  —  6,  CO  the  altitude  of  the 
coue  —  a,  DF  the  altitude  of  the 
cylinder  —  a. 

The»  from  the  similar  triangles 
COA  and  QQ.D  we  have 

Oq  X  OA 


CO:CQ::  OA;  QD^- 


00 


_(a 


,•06 


*(a  —  X 


.  ■ .  u  —  (o  ^  «)%  =r  ffl=a;  _  2a^2  _|_  3^  - 
.  —  =  a^  —  4(Y»  +  33^2  =^0,     or    x^  -^ 


—  =  —  4a  +  Os  ~  2a       w 
0  the  altitude  of  the  cylinder  is 


sequently 

4  4 

volume  of  cylinder  =  —  itab^  —  -  volume  of  cone. 

9.  Find   the   greatest   and   least  ordmates  of  the  curve  whose 
equation  is  a^y  —  ax''  +  x^  r=  0. 
Put.  u  =  ahj-ax^  +  x^  =  0 (1). 

Then  ~  =  -  2ax  +  Sic^  =  0  .  .  .  .  .  {2). 

Combining  (1)  and  (2),  we  get 

3  4 

a  =:  0     and     1/  —  0,     or     x  ^^  -a     and     */=;—«. 
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■•■GI]=~[S]-[|H-» 


,  '.When  2  =  0,  ?/  ^  0,  amin,,  and  when  a:  =  t:",  y  =  ^7; 
10.  To  find  a  nuraliRr  x  such  that  its  a:'*  root  shall  be  & 


-  log  «  =  0. 
=:  0     the  seeonci  log  x 


The  first  of  these  equati 
whence  x  t^  e  and  ?!  =  e'  ^  max   n 

In  this  and  in  many  simihr  ex  mpies  ve  may  draw  the  final  in- 
ference  without  forming  the  9eeo  d  d  iierential  coefficient,  it  being 
obvious  from  the  nature  of  the  ^ 

question  that  there  is  one,  and 
only  one  masimum,  and  it  be- 
ing easy  to  decide  wliich  of  the 
values  of  x  is  that  applicable 
to  the  maximum, 

11.  To  cut  the  greatest  para- 
iDola  from  a  given  right  cone 
having  a  circular  base. 

Put  AB  the  diameter  of  the  '' 
base  =:  a^'AC  the  slant  height 


=:i,  and^ff^^a; 
Then  AG  =  a- 


ind  by  the  property  of  the  circle, 
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Also  by  the  similar  triangles  BAO  and  BGD,  w 

But  the  area  of  the  parabola 


=3(u;2_4^3_o,  and   x—O  < 


the  second  value  being  obviously  that  required,  s' 

the  area  of  the  parabola  zz;  0. 

. ',  area  of  maximum  parabola  =  —ahy'6. 

12.  To  form  the  greatest  quadrilateral  with 
four  given  lines  taken  in  a  given  order. 

Put  AB  =  a,  BC=h,  CD  =  c,  I>A  =  e, 
angle  BAD  =  x,  and  BCD  =  x^,  the  latter  an- 
gle 3^  being  obviously  a  function  of  a:,  since  the 
two  are  connected  by  the  relation 

[BDf  ^(fi  +  e'-  2ae  cos  x  ==  !>^  + 
But  area      ABCD  ^  AABB  +  ABOB  ^  ^. 

,<? 
Now  by  differentiating  (i),  we  have 


'  dx        bc.i 


{-be.i 


.-.  8iii3;coa!ri  +  sina:iGoss  =  0,     or     ain(a;  +  ^i)-= 
.■.a!  +  a:i  =  0,     or     «  +  aii  =  180°. 
The  latter  is  plainly  the  required  solution,  and  oonf:eque 
quadrilateral  must  be  such  as  can  be  inscribed  in  a  cii-cle. 


itly  the 
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■al  that  ciui  be  contained  within 


13.  To  fiad  the  greatest  quadi 
a  given  perimeter. 

Suppose  ABCD  to  be  the  required 
figure,  and  suppose  two  of  the  sides  x  and  y 
to  vary,  while  the  other  two  aides  v  and  2 
and  the  dij^onal  t  remain  unchanged. 
Then,  since  ABCB  is  supposed  to  be  the 
greatest  quadrilateral  which  can  be  formed 
with  the  given  perimeter,  the  Wiaogle  AB  0 
must  be  greater  than  any  other  triangle  having  thi 
the  sum  of  tlic  sides  =  x -^  y  ~  b  &  constant. 


But  if 


x-k-y  +  t^s. 


,1,,  „ea  of.ie  .^i,a=4:(>;r;,)g,_,)(!,_,) 

Therefore,  by  squaring  and  omitting  the  constant  factors 
2«     and     Ti«  ~  t,     we  have 

that  is,  the  sides  AB  and  BC  must  be  equal.  Similarly  it  may  be 
shown  that  x  —  v,  v  =  z,  z  =  y. 

Hence  the  figure  must  be  equilateral,  and,  consequently,  either  a 
rhombus  or  square.  But,  since  the  lengths  of  the  sides  are  now 
given,  the  quadrilateral  must  admit  of  being  inscribed  in  a  circle. 

.  ■ .  The  figure  must  be  a  squai-e. 

H.  To  find  the  greatest  figure  of  n  sides  contained  within  a  giv(^n 
perimeter. 
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11)7 


By  supposing  two  aides  AB  and  BC  to 
■vary,  while  tlie  other  sides  remaia  fixed  in 
magnitude  and  position,  wo  prove,  as  in 
the  last  example,  that  AB  =^  BO;  and 
similarly  that  ^C^Ci?,  CD  ^  DU,  &;o. 
Thei'efore  the  required  Ggiti'e  must  be 
equilateral. 

Then,  supposing  the  three  equal  sides  RA,  AB,  and  BC,  to  vary 
in  position,  while  the  other  sides  remwn  fised,  we  show,  as  in  a  pre- 
ceding example,  that  the  circumference  of  a  circle  oau  be  described 
through^,  A,  5,  and  C;  and,  similarly,  that  a  circumference  can 
l>e  drawn  through  A,  5,  C,  and  D.  But  only  one  circ\miference  can 
be  drawn  through  the  same  three  points  A,  B,  and  C.  Therefore 
the  same  circumference  passes  through  R,  A,  B,  0,  and  i>.  And, 
similarly,  it  may  be  shown  that  this  circumference  passes  thrfiugh 
^,  F,  G,  fee.  .  ■ .  The  polygon  must  be  equiangular,  and,  conse- 
quently, regular. 

15.  To  divide  a  line  a  into  n  parts,  x,  x-^,  x^,  &o.,  and  determine 
the  relations  between  those  parts  when  the  continned  pi'oduct  of 
their  numerical  values  shall  be  a  maximum. 

Let  two  of  these  parts  x  and  x^  vary,  while  aj^,  a-j,  &e.,  remain 
constant. 

Put     %  +  3^3  +  &o.  =  6,  and  x^X  ^3  X  :c^  &e.  =  c 

Then  x  -\-Xi  =  a—b,  and  xxj-x^-x^  fee.  =x{a  —  b  —  x)  c. 


Similarly,  %  —  3i,  a: 
equal. 

16.  To  determlD. 
nuuibcr  a  must  Lo  ■ 


X3  ^^  w,  &c.,  and,  therefore,  the  parts   are  all 

the  number  of  equal   parts   into  which  a  given 
ividod,  so  that  their  continued  product  may  be  a 
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Let  X  —  iTqiiircd  number  of  parts ;  tten  -  =  value  of  one  part. 
. ' .  --  X  -  X  -   &C.  to  a;  factors  -^  j-|  ^  a  n 
.',.=Iog(j)'=,{l„g„-l„g:,)=ar 

.  ■ .  log  -  ^  1.    —  =  e,     and     a;  =  — 
This  is  a  solution  in  the  urithmeUcol  sense  only  when  q  is  a  mul- 
tiple of  e,  fiir  otherwise  »  would  not  he  an  integer. 

The  general  solution  belongs  to  tlie  following  problem.     To  find 

&  number  x  such  that  the  a:     power  of  -  shall  be  a  maximum, 

17.  To  determine  the  point  P,  in  the  line  joining  the  centres 
C  and  Cj  of  two  unequal  spheres,  from  which  the  greatest  amount 
of  spherical  surface  cai 


Put  CO  ^  r,   Ci  Oi  =  j-i,    CCi  =  a  CP  =  x,   C\P  =  .i-j  =  c 


D^E^  =  - 


.  Surface  of  zone  OEQ  = 


....^(^-'O 
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• ,  x-= X ,  and  surface,  seen  :^  2 *  p-  +  r-^ ' 

a         I'  L  a  J 

r'-V  r^ 
which  is  always  less  than  the  entire  sui-fnce  uf  tlie  two  spheres. 

18  A  riqht  [iism  whose  haae  is  a  regular  hexagon,  is  truncated 
bj  thiee  jlanes  ciiawn  through  the  alternate  vertices  of  the  upper 
base,  and  intcrsectnig  at  a  common  point  in  the  axle  prolonged. 
Eeqmted  tht,  mclmation'i  of  the  phnes  to  the  axis,  when  the  truncate 
prisni  shill  (with  i  given  Tflumt)  he  contained  under  the  least  surface. 

Let  ABCDEF  be  the  lower  base  of  the  prism,  and  ahcdf,  tlie 
upper  base. 

Join  fh,  bd,  and  df,  and  through  these  lines  draw  planes  inter 
secting  the  axis  Br  prolonged  at  some  point  v. 

The  plane  >6  intersects  the  edge  Aa  at  Oj,  cutting  off  from  the 
prism,  the  triangular  pyramid  fbaa^.  Prom  r,  the  centre  of  the 
upper  base,  draw  rf,  to,  and  rb.  Then  fabr  is  a  rhombus,  whose 
diagonals  hiseet  each  other  at  o  perpendicularly.  Join  ua^;  it  will 
be  perpendicular   to  fh,  and  will  pass  through  o.     Then   no  =  or, 

.  ■ .  Pyramid  fbaa^,  is  equal  to  the  pyramid  fhrv. 

.  ■ .  The  volume  of  the  prism,  when  terminated  hy  the  three  planes 
which  intersect  at  v,  is  equal  to  the  volume  of  the  ra-igiual  prism, 
for  all  inclinations  of  the  planes. 

Put  M  =  a,     AB  ^  b,     the  angle  rvo  =  x. 

Then     to  =  oa  ~  -b,    o■a^■=-b  cot  x,    oa^  =  qv  ^-h  coseo  x, 


of.:roh  =  -b^^, 
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.■.  Surface  ^iJ6ai=-fi  {2a;  — -6. cot:);). 
Surface  a^hvf^fb  x  I'o  =  ^  t^  yScoscca;. 
Hiffloe  by  the  nature  of  the  question,  we  shall  have 
QABha.^  +  Za^bvf=  3i(2a  -  i  6  cot  s)  +  ^S^  VScosec 


=  2a  . 


I  , 


--  6  l/3  a 


1  , 


—  =  -6(eoscc*a;— -^acosec^  cot3;)=0, 

.  ■ .  a;  =  54°  44'  08". 
This  is  the  celebrated  problem  relating  to  the  form  of  the  cells 


V3 
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OBAPTER    tX. 

JiraCTIOfltJ    OP    TWO    INDEPKNDEWT 

81.  Itilherto  it  has  been  supposed  that  the  function  u  depended, 
either  directly  or  indirectly,  on  a  single  variable  w.  But  the  valua 
of  w  JTiay  depend  on  the  values  of  two  or  more  variables,  entirely 
independent  of  each  other.     Thus,  if  there  wei-e  given 

u  =  X!/+  i/%  .  .  .  .  (1). 
we  might  suppose  x  to  vary  and  y  to  be  constant;  or  y  to  be 
variable  and    x  constant;   or,  lastly,  x   and    y  may  vary  simulta- 
neously.    These  three  suppositions  lead  to  three  essentially  difierent 
changes  ia  the  function  a. 

Thus  when   x   becomes    x  +  h,  and   y   is   constant,  u  becomes 
M,  —  K(/  +  Ay  +  f'- 

When   p  becomes    y  +  /c,  and  x  is    constant,  u  becomes 
Wj  —  xy  -|-  xh  ■\-  y"-  ■\-  '2yh  +  k^. 

And  tiiially,  when  »  and  y  become  respectively  x  +  h  and  y  +  k, 
u  becomes     u^  =  xy  +  hy  +  kx  +  y^  +  2ky  +  A^  +  hk. 

The  general  case  is  presented  in  the  following  propositiuQ. 

82.  Prop.  Having  given     m  ^  F{z,  y) (I).,     to    develop 

11^  =  F{x  +  li    y  +  &),  the  variables  x  and  y  being   independent 
of  each  other. 

Since  a;  and  y  are  supposed  to  have  no  mutual  dependence,  they 
may  be  supposed  to  vary  successively. 

Let  X  take  an  increment  h;  then  u  becomes  u^  =  F{x  +  h,  y) 
which,  developed  as  a  function  of  it  +  A  by  Taylor's  Theorem,  gives 
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'    die    1    '    dx'   1.3   ' 


which  M,      ^. 


Now,  if  in  every  term  of  (2),  we  replai 
eouvert  w,  :^  F{z  +  A,  y)  into  1*3  =  F{x 
eacli  term  in  the  second  membei-  of  (2) 
of   y  +  t,  we  must  replace 


dx^  1.2. S  ' 

of  both  a 


by 


du   &      ^      F 


!  y  by  y  -f  i,  we  shall 

■f-  ft,  y  +  A),  and,  since 
will  then  be  a  function 


dy      1^    dy^      1.2^ 


But  we  put  foi'  eon 

that  two  differentiatloi 
respect  to  a 

^1.         d^ 


dHi 


,  and  the  s 


dy         dxdy  '  ° 

of  V.  have  beco  performed,  the  firs 
ijond  with  i'ospeot  to  y.  Similai'ly  \ 
,dH 


dhi. 


the   first    expression     indi- 
followed  by  two  with 


dy^         dxdy* '  dy  d^dy ' 

eating  one  diffeienfiation  with  respect  t 
respect  to  y;  and  the  stcond  implying  two  differentiations  with 
regard  to  (c,  follotied  bj  one  with  regiird  to  y.  And  generally,  we 
denote  the  result  of  n  Uiffeientiations  with  respect  to  x,  fi;IIowed  by 
m  difFereatiations  with  lespect  to  y,  by  the  symbol. 

dx^dy'^ 
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Now  let   the   iieccsaaiy  substitutions   be  maclo  in    (2),  and  i 

shall  get 

^  dx    1       di/    I        dx^ 

dx^'  1.2.S      dx^d^'  1.2      iixdi)'^"l. 2      dy^  '  1.3.3  "' 

whieji  is  the  proposed  expansion. 

If  we  had  supposed  the  variable  y  to  receive  its  increment  first, 
we  should  have  obtiuued  the  following  series  for  u^. 

f  du    k      du    h       d^a     k'^         d^w     kh      d^u      1i? 

dh^       F  dH      FA         tfit     Mfi_      d^u        hi 

*■  rfy3  ■  1 .  a .  3  ''"  dyadic  '  1 . 3  "^  dydx^ '  1 . 2  "^  rf^'  1 . 3 .  S  ''' 

The  two  series  must  obviously  give  equal  results,  and  being  true 
for  all  values  of  h  and  k,  the  coefficients  of  the  like  powers  and  pro- 
ducts  of  h  and  k  must  be  equal. 

d?u         d^it         d^u  d'u  dhi  d^u     . 

dzdy       dydx      dx^dy        dydx^       dxdy"^        dyMx 
Hence  the  result  of  n  differentiations  with  respect  U>  x,  followed 
by  m  differentiations  with  respect  to  y,  will  bo  the  same  as  that  pro- 
duced  by  performing  the  differentiations  in  a  contrary  order. 


E  =«"'*■    T,  =  ''  +  ^''   lli  =  ""' 

-Hi'"'' 

dxdy                           dydx 

d^a         .        dhi        „         &>%          „             dhi 

dxdy"^  ~      ~dyHx 

d*u                   dhi.                     d*u            dHi 
dx-^         '       dx^Uij          ~  dydx^ '     dx'^dy^  ~ 

»-.'v,.' *"■'*■"• 
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y      dx       x^  +  y'^      dy  x''  +  y^' 


o  .  da  da 

a.     M  =  sm  « ,  cos !/.     -p  =  aoax.cos  y  ~ 


■  &c.,  &C. 


-dy  is  the  (oial  differential  of  m 


d^u    _    .        .       _^   d^    _     dhi 
dx^dy~^'"^^''^~d^^--did^^^- 

In  general  the  order  of  the  differentiations  is  immaterial,  pi'ovided 
we  always  differentiate  the  same  number  of  times  with  respect  to 
die  same  variable. 

The    ejtppfissions    —  and  —   are  called  partial  differential  co- 
efficients:   -r-dx    and    ~dy   are    called  partial  differentials,  and 
du  ,     ,   du  J 
dx  dy 

84.  Similarly,  if  m  —  ^"(.1;,  y,  s),  where  x,  y,  and  z,  arc  inde- 
pendent variables,  then 

,        du  ,        du  ,        du  , 

du  =  —  dx  +  —  dy  +  ~  dz. 

dx  dy   ^       dz 

And  generally,  to  differential*  a  function  of  several  independent 

variables,  we  must  differentiate  successively  with  respect  to  each, 

and  add  the  results. 

85.  If  it  were  proposed  to  develop  w,  —  F(x  +  A,  y  +  i,  s  -f  I), 
where  u  —  F{x,  y,  z),  we  should  obtain,  by  supposing  x,  y,  and  s 
to  vary,  and  reasoning  as  in  the  expansion  of  F{x  +  k,y  -{-  k), 

^"'^'^  dx'  \       dy'  \      dz'  \^  dx^'  \.%      dxdy  'T      d^Ts 
,    <Pu      hi    _   dhi      P     ,    d^u     H    ,   -"■■        '■! 


dxdz  " 

\    '^  dz^    \.%'^  dydz     1    "^  5^   1  . 2  .  3 

#« 

h?h         dH      m-^      d^u       A=           rf%      hn 

dtc^dy  ' 

l.S"^  dxdy-i'  \.%'^dy^'\.'i.-i^  dxW\.% 
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Remark.    The  formula    du  —  -r^dx  4-  -r-  d>/  -i-  -^  dz  +  &c.,  far 
dx  dy  dz 

differentiating  a  function  of  several  variables,  may  l)c  deduced  im- 
mediately ftx)m  the  pi;ec«ding  development. 

For  put  k  =.rh,  ?  =  r-Ji,  &c.  where  r,  rj  &c.  are  arbitrary,  since 
X,  y,  z,  &C.,  are  independent  of  each  other.  Then  by  substitution 
and  reduction,    . 

11.  — u      du   _      du   ^       du ,       ,    ^  ■     I    , ,    . 

-i- — =  —  +  r-j-  +  ri-r&c.  -I- terms  m  A,  /i\  &c. 
A  dx         ay  dz 

and  by  passing  to  the  limit,  making  ft.  ^:  0,  neglecting  terms  (."Oti- 

taining  k,  h\  &c.,  and  finally  malting 

«[,  —  jt  =  du,     h  ■:=  dx,     rh  =z  k  ~  dy,     rji  =^  I  izz  dts,  &c.,  we  get 

du  ^^ -r- dx  -\-  -r- dy  4-  -^-  dz  -i-  &c. 
dx  dy  dz 

86.   Prop.  To  differentiate  successively  u  =  ff{x.y). 

We  have  already  found  the  first  d 


Differentiating  this  and  observing  that  -y"!  ^^d  -j-   are 
functions  of  both  x  and  y,  but  that  dx  and  dy  are  constant,  "> 


<Pu 

+  iSS-"»  + 

t^yc^;' 

■  dydx- 

or 

d^u 

^  did} 

■«^+s 

■  dy^: 

and 

by  di 

ffereDtiating  again,  w 

e  have 
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and  similarly  may  ^  rf%,  &o.,  be  found,  the  numerical  coefficients  of 
the  several  terms  proving  the  same  aa  in  the  powers  of  the  binomial. 

Implicit  Ftinotions  of  two  Independent 

87.  Prop.  haF{x,y,z)z=  0,  so  that  s  shall  be  an  implicit  function 
of  the  two  independent  variables  x  and  y,  and  let  it  be  proposed  to 
form  expressions  ds,  (Pz,  &c.,  without  solving  the  equation  with 
respect  to  e. 

Put  u  =  S'{«,y,z)  —  0-  then,  observing  that  u  is  directly  a  fuuc- 
tion  of  the  independent  variables  s:  and  y,  and  'also  indirectly  a  fimc- 
tiou  of  x  and  y  through  z,  we  shall  have  for  the  total  differential 
coefficient  [^]     and     [|] 

Cdul      du   dz       du  r,;,n      du   ds     du 


.■.dz=~d^+:^.dy^~"±dx~^dy. 
dx  dy      "  da  du    •' 

de  dz 

Nest  to  forin  dH^  we  have 

dH  (/■%  J«? 

d'^.,^  dx^  +  2^.dnly  +  ~d,/. 

d.('  dxdy  dy^    ■' 

But  by  differentiating  (1)  with  respect  to  a,  (2)  witli  respect  to  y, 

aiid  (1)  or  (2)  wJti  regard  to  y  or  x,  respectively,  and  observing  that 

du  dw  du         ^       ,  „ 

-r-,  -y~,  -7-,  are  functions  or  x,  y,  and  s,  we  tret 

dx  df  ds'  '  J'  !        t, 

~dxdz  ' dx        d%^'  dx"^"^  dz  dx'^'^ dx^'~ 
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di/(k    dy       ds^    dy^       dz    dy^       dy^ 

d'u    dz       dhi   dz   d^       dii     -^^          (fti          d^u      dz 

:0. 

d^"^'^  d£i' dy' dx'^  didxdy   '^  dxdy'^    dxih   '  dy  ^ 

whence  -r-v>  Wi  an<l     ,    ,     may  be  found  in  terras  of  the  ] 
rfs^'  dy^'           dxdy         ■' 

aart 

differential  coefiieients  of  the  first  aad  secoad  orders  of  u,  with 
respect  to  »,  y,  and  E,  all  of  ■which  are  easily  formed. 

88.  Prop.  Having  given  w  =  (p2,  and  2  =  i^(a:,y),  to  difierentjatc 
«  without  previously  eliminating  e. 

If  we  suppose  a;  alone  to  increase,  it  will  impart  a  change  to  « 
through  e;  and  a  similar  change  will  be  transmitted  to  u,  when  y 
a]one  varies ;  thus  we  shall  have 

du       du    de  du       du    dz 

dx  ~  dz    dx  dy~  dz  dy 


Elimination  ly  Differentiation. 

89.  When  a  constant  is  connected  with  a  function  by  the  sign 
+  or  ~,  it  disappeai-s  by  differentiation  ;  but  when  it  is  a  coefficient 
of  the  function,  it  will  appear  in  the  diffefential  also. 

Thus,  if  u=.F{x,  y)  =  0  ...  (1)  be  a  rplation  connecting  x  and  y, 
into  which  the  constant  a  enters  as  a  factor,  then  a  will  also  be  found 
in  the  equation. 

r-A,-!     ij     A.  ^         /       « 

Ud      dx^dy     dx         >\  '  "' «  ^  ' 

Now  a  may  be  elimmated  between  (1)  and  (2),  and  the  resulting 
equation,  called  adijh-ential  equation,  will  contain  x,  y,  and  — 
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If  it  were  required  to  eliminate  two  cotstants,  we  might  c 
tiate  twice,  tlius  obtaining  three  equations,  including  the  primitive, 
{l),with  which  the  elimination  could  be  effected,  nnd  the  resulting 

,,—-,  -..«  -j-,-     Sards  and  transcendental 
ax  ax" 

quantities  may  also  he  eliminated  by  a  similar  process. 

90-  1.  Given  y^  =  Sos,  or  w  =  y^  —  Hax  ^  0,  to  eliminate  2a, 


rd,n    „  d 


-2a  =  0.     .-.■ia- 


an   equation  in  whieli  2a  docs  not  appear,  hut  wliieli  irapllos  the 
same  relation  between  x  and  y. 

3.  Eliminate  the  surd  from  the  equation  y  ^  {cfi  -^  x^)    ....  {!). 


'a 

dx 

-l^ 

„.  +  .,»..,= 

3.  (.'  +  . 
a'  +  .:• 

a'= 

3XT/ 

.-.   (.'  + 

T- 

S.  Elimlnrto 

a  and  4  from  ihe  equation  y 

=  a.. 

•>  +  s» 

dx 

=  2.,  +  6...(2) 

s-» 

(3). 

■  •■  BjM 

:(jml>i 

„ing  (1),  (S),  an. 

a  (3). 

,    1  <^'/    , 
'  =  •'■2-1?  + 

'\d. 

^-?  * 

?l  =  „ 

4.  Eliminate  the  exponential  from  the  equation  y  =;  2fle". 
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5.  Eliminiitf.  a  and  h  from  the  equation  ?/  =  a  cos  2a;  +  6  sin  2«, 


#;/ 


+  4j  =  0. 


91.  /"rop.  Let  u  =  i^s,  and  g  ==  ip(9:,  y),  where  !B  and  «/  are  in- 
dependent  variables,  and  let  it  be  proposed  to  eliminate  the  func- 
tion F. 

Differentiale  «  first  with  respect  to  se,  and  then  with  respect  to  y. 
du       da    dz  _  dFa  rf?(cK,  ^) 


dx       dz     dx 

dv>      da    dz       dFz  dif{x^  y) 


.  (1). 


^ ;_  "■V\-^<  y)  (2") 

dy'~  dz     dy~    dz  dy 

dFz 
Now  divide  (1)   by  (3),  observing  that  the  common  factor  — 


dv,      di^{x,  %j) 

ds  _       dx  du    da^ix,  y)_  du    daf{z,  y) 

'  du~  dip  {x,  y)  '      dx         dy  dy        dx 

dy  dy 

n  which  equation  F  does  not  appear. 

1.  Eliminate  the  function  F  from  the  equation  u  ~  F(m;^  +  6i 

Put     ax^  +  by^  —  z.     .■.-^=^ax\      and       -j-—2hy. 
■'  dx  dy 

du      ,         du   „     „ 
.  ■ .  rr-  ■  2bi/  =  T-  ■  mx\ 
dx        "       dy 

2.  Eliminate  the  funotioa  F  from  the  equation  u  =i  - Fy-y 

dn  1     ^M       1  ^M    1  ,      du  1  „(x\x 

dx  x^      \y/      X    ^\y)   y  dy  x    \yl  y^ 

Vdx       xA      L—  y^J "       xy'"     \y}  ~  dy      xy 
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3.  Prove  that  if  y  ^as.mx  +  b sin 2^.  then 


g  +  5g  +  4,  =  0. 

+..i.2.....{.).  !=.„ 

^3a:  +  2ieos2a^. 

-46,mat....(2).  ana  ^'=om 

is  +  lO&smS^.. 

Multiply    (1)   "by  4,  and   (S)   by  5,  and  add  the  results  to   (3); 

(to*         dx^         ^ 
92.  J'rop.  To  determine  whether  any  proposed  comhinatioii  of 
X  and  y,  as  F(x,  y),  is  a  function  of  some  other  cora"bination,  as 

vC*,  ?/)■ 

Put     u  =  F{x,  y),     and     z  =.  <f{x,  y);  then  if  m  be  a   function 
of  a,  we  must  have 

du_dudz  d-u       du    ds 

dx       dz     dx  dy~  dz    dy' 

a    .  du    dz       du    dz 

'  dx    dij       dy    dx 
which  is  the  required  test. 

1.  Is  M  —  x^—  &3?y+  Vixy^—  6if,  a  function  of  z  n:  2^  +  a  —  «  ? 

^=:3x^-  12xy  +  12yK     ^  =  _  6^'  +  24a;2,  -  24y\ 


dx              '               dy  ' 

.     du    dz                             ,    o,  ,  du    dz 

■    ■  -T-  ■  -^  ^  6a;5  —  24xj/  +  24«*  =  -^ ^• 

dx    dy                        '  dy    dx 

flence  u  is  a  function  of  g, 

2.  Is  M  =  log(^=)~21ogy,afunetionof  z  =:  sinL + 

iu      2      du  2      (^s 


A    ^xjx^      dy      ''°T'^~^ix 
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'    '    dx    dy  ~  3?        \        XI      dy    d% 

Hence  «  ia  a  function  of  z. 

S.  \?,  u  —  'j?'  -\-  if,  a  function  of  g  =  tan  [x  +  y)? 


'   '    dx    dy  V    -r  y;,  ^^    ^^ 

Hence  u  is  not  a  function  of  z. 

Developtnent  of  Funotions  of  Tioo  Independent   VariaUes. 

93.  Prop.  To  extend  Maclauriii's  Theorem  tu  functions  of  two 
independent  variables. 

If,  in  the  general  development  of  F{x  +  h,y  -\-k),  wc  inalte 
«  =  0,  and  y  =  0,  and  denote  the  particular  resulting  values  by  the 
use  of  the  [  ],  changing  h  and  Jc  into  x  and  y  respectively,  we  shall 
obtain 

,        ,        ,  _,        rdu'A    X       Vda~\     y       frf^al       s? 


+ 


+ 


\.dxdy}'  I    "'"Uj/^J  ■|.2'*"U#J     1.2.3 
LdxHyJ     1.2       Ldirf^y     1.2^  UyU     1,2,3 


■Ixdy^j     1.2       Li^^y- 
Mxample.  Expand     u  =  e"siny. 

^-  _   ^  -  ^—   I  ■  '^'^ 

~  _  -  e^sm  ?,     ^  -  e'sni  y,    ^^^^^ 


e*sm  y,    ~- 


^s'co&y. 


dxdy"  '  '    dy^ 
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■■  H=»' [a-.  [|]-.  [S]=».  cs]-. 
[$]=«.  GS]-.  Ky-.  [5^]-. 

Ld~^J~  ~  ^'  '^**''  ''^'^  ^^^  being  quite  apparent. 


1-2      l-2-3^  1-2-3 


1-2-3-4  ^ 

94,  In  a  similai-  maimer  we  might  apply  the  general  formula 
deduced  in  the  last  proposition  to  the  expansion  of  any  functJon 
of  two  variables,  .-b  and  j/,  but  among  these  funetions  there  is  one 
of  peculiar  interest,  in  consequence  of  its  frequent  occurrence  in  the 
application  of  the  Calculus  to  Physical  Astronomy,  The  formula 
for  tie  expansion  refeiTed  to,  is  knawu  as  Lagrange's  Theorem. 
It  will  be  deduced  in  the  next  proposition. 

Prop.  Having  given  m  =  Fz,  and  s  —  y  +  xi^z,  wliere  F  and 
ip  denote  any  function,  and  y  is  independent  of  x,  to  expand  u  in 
terms  of  the  ascending  powers  of  the  vnriiible  x. 

We  observe  fii'st  that^-u  is  a  function  of  x,  and  therefore  if  we 

denote,  as  usual,  by  [u],  j^J  ,  I —J  &c.,  the  particular  values  as- 

,  ,  d>i.  dH    „ 

sumedby  M,,— ,— ,  &c.,  when  k  =  0  we  shall  have,  by  Maclanriii's 

Theorem, 

NoWSilMO  Z=J  +  <,,S,   ....(I). 

.  ■ .  when         x-%     H  =  J/,     a.id     .  - .  [h]  =  Fy. 
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du 

dx  ~ 

du 

dz 
dx 

and 

du 
d^~ 

d,i 

^y 

different 

Jatiiig 

(1) 

with 

respect  to  x 

we 

get 

c/s 

=  <pz  + 

^"rf^ 

d^ 
'  dx 

whence 

dz 
di~ 

93 

dx 

d^z 

(1). 


"And  by  diffevcntinting  (1)  with  respect  to  y  -^ 


dy  ~ 

'     dz     dy      '       '""     di/                  d^z 

Dividmg 

(2)  by  (3)  and  reducing,  we  obtain 

dz              dz 

du      du    dz       du         dz             du 
■'•di'=^-di  =  d^-^"d^~'^"d^' 

Hence  wh 

,„      ,^0.     and     .^,,  g]  =  ,,^. 

Now  assii 

,     ,                 du       du, 

me  «,  such  that     ^s  ■  -—  =  — — 

'                               dy        dy 

du  ___  du^                d?u  _  (Pmi  _  d^u^  _     \dx  } 

'  dx        dy                 dx^       dydx  dxdy           dy 

„           du.       du.     dz       du,            dz  dii,        ,     ,„    du 

dx          dz     dx         dz     ^       dy  dy          "  '      dy 

'  d^^                 dy                             \_dx^  A  dy 

And  similnrly  it  may  be  shown  that 

UkO                     dy-^             '      \_dx*\  df 
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But  to  show  that  this  law  of  formation  of  the  difftsrential  coelS- 
cieuts  is  gfimral,  suppose  that  it  has  been  proved  that 


[(")-'-g 

■-  ■'-' (4). 


Put  (m^)—!.--^— ^1-      .-.Ij-TT^     ,1  n-T- 

ay         ay  dx"—^         % 

d"V  C?""n-i  (^''Mn-i  \    dx    / 

'  dx"       dy"—^dx       dj.dy'^-^  dy"~^ 

T,       duo-,       du^-,    dz       dun-\  dz  dwa^-i       ;    ,     dit 

lint    — ;—  —  —z —  =  — z ifjg  ■  -  —  (p3  ■  -- —  =  Ub)"  .  — - 

(M  dz       dx  da  dy  dy  ^  dy 

*|M  _  L'     '      dyA  ,^, 

dx"  dy"-^ 

Thus  the  form  (4),  if  trite  for  any  value  of  n,  is  also  true  for  the 
next  higher  value.  Now  it  has  heea  shown  true  for  m  r^  1  and 
m  =  2;  and  hence  it  is  true  when  n  —  Z,  »  =  4,  &c.,  or  it  is  uni- 
versnlly  true. 

Now  making  a  ;^  0  and  e' =  y  and  the  expression  (5)  becomes 

Making  the  substitutions  for  [i(] ,      -r-    >      y-j-    ,  &c.,  in  the  expan- 
"OB  (J),  we  get 

L'"'      iy}      «■.  ,  ,,, 

+ ij' Ta3  +  *"---W- 

This  formula  is  called  Lagrange's  Theorem. 
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dFi, 
dy 

a  formula  for  tlic  expansion  of  z  wlien  wu  have  given  e  ^=  y  -\-  ^z. 


when  we  make 

-  :z=  y,    -  =z  T,     and     z^  = 

Ilenoc  by  sub; 

dy 
IiUi-odiiciiig  these  values  into  the  formula  (M),  it  hecomcti 


If  6  be  very  small  in  comparison  with  a  this  scries  will  converge 
very  rapidly, 

2.  Given  2/^^  +  22  +  ^34.^1  +  &<,., 

to  revert  the  series,  that  is  to  express  z  in  terms  of  y. 

By  transposition,      z  =  y  —  (2^  +  ?^  +  i'^  +  ^"^ 

Put  X=   —  1,      (ps  —  si  -,-  23  +  2*  +  &c. 
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Then  9^^^3  +  ^3  +  3,4  +  &c. 

=%^+i/^+y'+&c)(2y  +  %2^4y  +  &C.) 

=2(2j'3+5/+%HH!/«+  &a,) 
(w)'  -  (y^  +  »/'  +  /+  &c.)^  ^  J/^  +  V  +  Qy"  +  &c 


W  -  (y^  +  2/'  +  y*  +  &c.)'  =^  !/^  +  4y5  +  &c 

n. 


6.7.8y=  +  4.7.8.V  +  &e. 


(w)*  =  (/  +  y^  +  y  +  &c.)s  =  2,10  +  &c. 

-^  =  7.8.9.  lOy''  +  &c.        &o.,  &c. 


.  • .  By  substitutioa  in  formula  (i/). 

^=y-jl>^  +  y'  +  y*  +  y=  +  y^  +  &e.] 

+  f-g  [2  ■  2y3  +  2 .  5y'  +  2 .  9^.^,  +  2 .  14y6  +  &c.] 
-  J— y— 3  [5 .  6*/-'  +  3 ,  6  .  7y^  +  ft .  7 .  8y=  +  &0.J 
+  TTs!^:  [0  ■  7  ■  8j»  +  4  .  7  .  S  .  yy«  +  &C.J 

-h  &e.  =  ^  —  ?/^  +  1/3  —  y»  +  ^6  _  j^  ^  ^5^0^ 

3.   Given  I  ~z  +  t'^Oio  expii.id  2«. 

Hore     z  =  1  +  e'.     Put  j;  ==  1,  y  =  1,9^  —  e',  ^b  =  z", 
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^,Y-^-^^ 


dy  Vr^^       dy  J  dy 

=  2ne^!'.y'-^  +n{n~l)  e^v.y^^  n{n+  l)e\ 

-/y^L^™  '    dy  J~  dy^ 

=  9.e=^  .  3/"-'  +  6..  {n  ^  1)  e=» .  y"-2  +  «  («  -  1)  (»  -  2)  e^v .  y-^ 

^!i(«2+3»  +  5)«3.      &c.  &c. 

Hoiici;,  by  substitution  in  formula  (i),  we  have 
,.  _  ,  a,  .,.  a-  ■(■  +  ')  ..  ^  «(«l+_3»  + 5)  ..  ^  „. 


i.a     "   '        1.2. 

3 

^ 

■ 

4.  Given  s  ^  y  +  e.sin^,  to  expand  2  and  : 

in,. 

Put 

;,  =  ,,,.  =  sin  ^,  ft  =  . in 

^■ 

.  ■ .  $^  ~  sin  1/ ,  (^y)2  =  sin  ^,  (9^)^  = 

--im'g 

&0. 

...^t<^«...in,.en.,., 

.in2y. 

^ 

KW)"]       i(3.in»s.0OBj) 

»''?- 

-3  s' 

dj'                       Jj,               -6»ni</.< 

in^y. 

=  3.ins(l  +  o<..%,.-l  +  ieoi 

'2y) 

3  .        ,   9/1    .    „        1   ■      \ 

~-j^\^Zy  —  --  sin  7/.     &o. 

Hen 

CO  by  substitution  i^i  {M). 

'  = 

y+,in!,;+™2sJl  +  g,i„3j^5.i„ 

^)d 

rs 

+  & 

Aga 

».,= 

1  , 

■i2y. 

db,  Google 


niFFJCKEKTIAL   CALCULUS. 


dy 


N--f]-^^=T^^^ 


Jy J  ■■■'   -»    -    J  "■'  '■ 

df  L'"'  ■  "dfl  =  — 5j^ —  = -if- 


!!!li:!!!i=.., 


oiby  Butstitution  in  formula  (/^), 


+  (2  sin  4y  - 


A  in  tijrms  of  m  and.  ita  difierentiiil  coefficients. 


p;  ,,.-—.'■—'"-,.3  '1.2.3'- 


Now  if  a  be  a  root  of  tiie  equation  u  —  0,  and  x  an  approximate 
value  of  a,  so  that  a:  +  A  =  a,  we  may  use  this  series  in  finding  a 

3 
more  exact  value  of  x.     Thus,  if  »  ~  -  =  1  .  5  be  an  approximate 
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root  of  the  equation     u  —  x^  —  2x^  +  4x  —  B  =  0, 
then  1 .  5  +  A  —  «     and 

.         (  ^  3^"-l  J^ 

UV-^+t)      3V-«+l)'  '1.2 

Here  m  ^  -  —        .  ■ .    h-.W    and  a  -  1 .  5  +  .  II  ^  1  .  61 
IC 

nearly.     And  if  we  repeat  the  operation  by  putting  a;  =  1 .  61,  a 

nearer  approximation  will  h 


CHAPTER  5. 


MAXIMA    AND    MINIMA    FUHOTIONS    OF    T 

96.  A  function  m  of  two  independent  variables  x  and  y,  is  said  to 
be  a  maximiim  when  its  value  exceeds  all  those  other  values 
obtained  by  replacing  x  hy  x±h  and  y  by  y  ±  A,  when  h  and  k 
may  take  any  values  between  zero  and  certain  small  but  finite 
quantities ;  and  u  is  said  to  be  a  miniinum  when  its  value  is  less 
than  all  other  values  determined  by  the  conditions  above  described. 

97.  Pro^}.  Having  given  u  =  Fix,  y),  when  x  and  y  are  inde- 
jiendent  variables,  to  determine  the  values  of  ic  and  y  which  shall 
render  m  a  maximum  or  minimum. 

Suppose  X  to  receive  an  increment  ±  k,  and  y  an  increment  d^  k, 
the  value  A  and  k  being  small  bat  finite  and  entirely  independent  of 
each  other  ;  and  denote  by  Wj  the  value  assumed  by  w,  so  that 
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Then,  by  Taylor's  Theorem,  as  applied  to  functions  of  two  in( 


dx'      I      ^dy'  ~~\  ^  ■     1  .2 


-  +  &c.<0  .   .  .   .   (1); 


Now  in  order  that  u  may  exceed  u^  foi'  all  small  values  of 
A  and  k,  whether  positive  or  negative,  it  is  obviously  necessary 
to  have 

—    (^^0    .  ^    (±-^)       rf^    (d=  A)'      _^    (±/t)    ( ±J0 
rfa:        1  (^y        1  rfi^       1 . 3         (iai%        1  1 

+  _.__ 

in  which  series  we  must  be  at  liberty  to  make  A  and  h  both  positive, 
or  both  negative,  or  one  positive  and  tlie  other  negative  ;  or,  finally, 
either  may  be  taken  equal  t«  zero,  the  other  remaining  finite. 
Now  when  i  =  0  the  series  (!)  reduces  to 

in  which  A  may  be  taken  so  small  that  the  aign  of  the  first  term 

.  V_    >    which  contains  the  lowest  power  of  A,  shall  control  the 

aign  of  the  series.     But  this  term  obviously  elianges  sign  with  A, 

since  —  does  not  contain  A ;  and  as  we  are  at  liberty  to  make  A 

alternately  positive  and  negative,  it  is  impossible  that  the  series  (2) 

should  remain  negative  so  long  as  -j-  •  -i^ — '-  has  any  value  other 
"  °        dx         \  ■' 

We  have  then,  as  a  first  condition  necessary  to  render  u  a 
maximum, 

du    (±7i)       „  .      ,       du  ,    , 
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Omitting  the  first  term  in  (2)  we  have 

-  &c  <  0  .  .  .  .  (3). 


Here  again  the  sign  of  the  series  will  depc  d  o  i  tl  at  ot  thi  first 
term  when  h  is  small,  and  since  that  term  d  es  i  t  han^e  s  gn 
when  we  substitute  —  A  for  +  /*,  the  series  (3)  will  icmam  negative 
for  small  values  of  A,  when 

g.i±5!<0,      cv  .imply  ,.h„       ^<«. 

Hence  ^  <  0  ....  (5) 

dx^  ^    ' 

is  a  second  condition  necessary  for  a  maximum. 

98.  Returning  to  the  series  (T)  and  supposing  A  =:  0  while  h  re- 
mains finite,  we  prove,  by  a  course  of  reasoning  entirely  similar, 
that  the  following  conditions  are  i 


1  =  0....  (C)    -    ||<o....w 

Now  omitting  the  terras  in  (1)  which  contain  the  first  powers  of 
h,  and  i,  and  which  it  has  been  seen  must  reduce  to  zero,  we  obtain 

d-'u    (±  A)^      _^  (±fi)    (±A)      iPu_    {^'kY      fu    (d-  A)  a 
^'     1.2         dxdy       i     '      1  dy^'     1.2         tfe^'  1.2.3 

dx^dy  1  . 2  dxdf-  1  . 2 

dy^     1 . 2 .  vS 

or,  by  making  -^^r,  where  r  is  entirely  arbitrary,  since  A  and  h 
have  no  necessary  dependence  upon  each  other. 
A^  Vdhi  ''^"    ,    s  '^""1 

A3       \^ri„    dht     ,„„    rf%    ^    i-^'"!.,*     ^n  ^j\ 
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wbioh,  when   h 

is   small,  the   sign  of  the   series  will   dcpe 

that  of 

3  this  must 

ecjitne  tor  all  \'ilueo  of  r,  whether  positivB 

negative;  whso  u 

We  must  uon  search  for  thi,  conJition  necessary  to  rendei 

1^  ^  '';ji^  +  ^  ;^  < «         f-^)  ^-  ^1  ™'"-  of  '■■ 

Put  for  brevitj     J^  ^  J,      ~  ^  B,     and     -"f^  =  G 

Then  A,  B,  and  C  mu-t,  if  posaible  lie  so  related  to  each  other 
that  A  ±  2Br  +  Cj^  'ihall  be  negative  for  every  real  value  of  r. 

Now  it  is  known,  iiom  the  thetij  of  ec[iiationa,  that  if  we  sdve 
the  equation  ^  ±  3Sj  +  fr"  =  0  with  uspect  to  )-,  and  obtain  the 

_  ^-g+y/A-'^-ylC  _^l£~^/^^^C 

-    ^  '     and      ,■,  „  —-  , 

and  then  substitute  in  the  polynomial  A  ±  2£r  +  Cr'',  for  r  values 
alternately  a  little  greater  and  somewhat  less  than  r^  or  r^,  the  sign 
of  the  poljiiomial  will  imdergo  a  change.  If  therefore  the  proposed 
substitution  be  possible,  the  condition  A  ±  2Br  +  Cr'  <  0  for  all 
valuM  of  r  will  be  impossible. 

And  so  long  as  the  values  of  r^  and  r^  are  real  and  unequal,  this 
substitution  can  be  made;  but  if  those  values  of  r  prove  imaginary, 
it  will  no  longer  be  possible  to  substitute  for  c,  real  quantities  alter- 
nately gre-ater  and  less  than  such  values,  and  therefoi-e  the  polyno- 
mial coTiuot  change  its  sign. 

Now  by  examining  the  values  of  j-j  and  r^  it  will  be  seen  that  the 

condition  necessary  to  render  f-j  and  c^   imaginary    is  B^  <_  AO. 

Hence  we  have  a  fifth  condition  necessary  for  a  n 

ilht    d^ii       I  d^uV' , 

dx^    dy'       \dxdy} 


■   {E), 
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whea  this  condition  is  satisfied,  the  condition  (5)  will  also  ba  satis- 
fiecl,  since  (5)  is  true  when  r  ~  0. 

It  ought  to  be  remarked,  however,  that  when  S''  =  AO,  the  two 
roots  f'l  and  r,  become  real  and  equal,  and  therefore  in  passing 
over  one  of  these  roots,  we  necessarily  pass  over  both.  Thns  the 
sign  of  polynomial  will  not  change,  so  that  the  fifth  condition  would 
be  more  correctly  stated  as  follows  : 

dx^    dy^        \dxdyl  > 
By  a  course  of  reasoning  entirely  similar,  we  can  prove  that  the 
five  conditions  necessai'y  to  render  u  a  minimum  are  the  following : 

di-^'d^~'  dx^^    '  dy^^    '   d:o^'dy^        \d^dy)  >    ' 
99,  If  _J.=  0,  when  -^-  —  0,  there  can  be  neither 


-;^  ^  0  there  can  be 
dy 

There  are  othei 

neithpr  maximum  nor  minimum  unless  — 

cond  tions  liliewL'ie  nefessary  to  render 

m-iximum  oi  mui.Ti 

lum  m  such  ct^c-'    but  the}    are  usually 

complicated  a  thar 

ictiT  j.-i  to  be  unfit  foi   uic 

EXAMPLES. 

100.  I.  To    determine  the  values   of  x    and    y    which    render 
M  :=  a^  +  2/8  —  Za%y  a  maximum  or  minimum. 

g  ^  S^^  -  3«y '^  0,  .  .  .  .  (1).       ^  =  3J/''  -  3«^  -  0,  .  .  .  .  (2). 
From     (1),'  y  =  — ,  and  this  substituted  in  (2),  gives 

a;4  _  d^a  —  0 ;       .  ■ ,  a:  —  0,      or,      x  ^.a, 
the  two  other  roots  being  imaginary. 
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But  when  a  —  0,     y  —  —=  0, 

and       wlicn  a  =  a,     y  ^  a. 

Now  forming  the  second  differential  coefficients,  we  get 

-j^  =  Qx  =  0     when  3:  =  0,        —^  —  6'/  —  0     when  v  —  0. 
=  Qa  when  x  —  a,  =  6a  when  y  —  a, 

d^u  „       d^u    d^u       /  d^u  V> 

J    ,-  =^  —  od,   ^—  ■  -j-T-  —  ( - — —     ^:  ~Qa^  when  ic  ^  0  and  w  ~  0, 

=  27u^  wlieii  x  =  a   and  y  —  a. 

.-.  The  five  conditions  necessary  foi-  a,  minimum  are  fulfilied 

when     3T  :=  a     and     y  ^^  a,  viz. 

.  • .  M  =  a3  +  flS  ^  3a=  =  —a\ 

But  when  ai  =  0  and  y  ^  0,  —  and  —-  reduce  to  zero,  whiJe 
■v-j  and  —  do  not  reduce  to  zen      Hi    e  tl  1  e      —  ft    's 

ne  ther  a  r  ax  nun      or  a  m  n  mun 

'>  T  hni  tie  k  gtls  of  th  t!  e  el  es  of  a  ta  ul  par 
alleloj  ped  n  vh  h  shill  c  i  j  g  ve  \  lune  a'  u  der  the 
IcAst  s    flee 

Let     X,  y,  and  s,  be  the  required  edges,     .  • .  an/z  =  a^,  .  .  .  (1). 

And     u  =  2{xy  -\-  a^  +  yz)~  surface  =  a  minimum. 

But  from  {]),     xz  ^  — ,  and  yz^^ 

...    «^2(.y+^  +  -^)....(2). 

...    ^»^2y-^  =  0,...(3),andJ^2.-^  =  0,....(4) 
.  ■ .  a^*!/  —  o3  =  a^2^     _  -  _   X  =  y,     and  eonscqnently  a^  —  a^, 
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--TT,-,   .-T   ■  ^12>0, 

uj.-     03/*       \axayl 
.  ■ ,    M  —  a(a'  +  «=  +  a=)  =z  6a=  =  a  minimum,  and  the  parallelo- 
pipedon  must  be  a  cube. 

3.  Given  x  +  y  +  «  ~'i,  to  find  tlie  values  of  x,  y,  and  z,  when 
cosarcoaycose  =  w  =  a  maximum. 

Regarding  a:  aud  y  as  independent  variables,  and  z    a  function 
of  a:  and  y,  we  obtain  by  differentiating 

a;  +  y  +  2  =  *,  ■with  respect  to  x  and  y  successively. 

1+ J-0,     and      l+#-0 (1). 

dK  dy  ^   ' 

But  since  w  ^  maximum, 

log  M  =  log  cos  «  +  log  cos  y  +  log  cos  : 

'    ' .\    dx    /  dx        ' 


(d]ozu\  dz      „ 

— -^   -  ^tany  —  tans  — :^0. 
dy    J  -^  dy 


—  tan  a:  +  tan  z  —  0,     -—  tan  y  +  tan  3  —  0, 
,  ■ .    tan  «  :^  tan  Si  ^  tan y,     and     x  =^y  =:e  =-* 


4.  To  find  the  greatest  rectangular  parallelopipedon  which  can  ba 
inscribed  in  a  given  ellipsoid. 

Let  a,  6,  and  c,  be  the  semi-axes  of  the  ellipsoid,  x,  y,  and  z, 
the  co-ordinates  of  one  of  the  \ertices  of  the  parallelopipedon. 
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Then  2a:,  Sy,  anJ  Sz,  are  the  three  edges  of  the  pai'allelopipedon, 
and,  therefore,  2T.2y  .2z  —  maximam,  or 

M  =  j:!/2  :=  maximum (1). 

But,  since  eaiih  vertex  is  in  the  suiface  of  the  ellipsoid,  the  Co- 
ordinates  x,  y,  e,  must  satisfy  the  er[uation  of  the  surface. 

•■■  5+-!3+l=' p)- 

Differentiating  (2)  with  respect  to  at  and  y  successively,  regarding 
e  as  a  function  of  the  independent  variables  x  and  y,  we  get 

^+^-?=«.  %+-,-'r  =  o m- 

a'        c^    dx  fis       c^    dy  ^  ' 

But,  from  (1)  we  have 

or,  by  introducing  the  values  of  —  and  ^  from  equationa  (3). 
y^  —  ^2/  ^  =  0,       and       xz  —  a:y'^-^  =  <i. 

Hence  from  (2),  ^  4.  £.  +  ^  =  i      ^nd      a:  ==  -^  ■    in    like 

«        a  ^ 

maimer  it  may  be  shown  that,  y  —  —    and  z  =  ~- 

Thus  the  edge"?  of  the  parillelupi]  edim  must  be  proportion  il  to 
the  axes  to  whjch  they  aie  paiallel  In  earh  Dt  the  last  two 
examples,  the  formation  of  the  scmd  differential  coefBeicnt  has 
bei,n  omitted  as  unnecessaiy,  it  be  ng  easily  seen  that  the  pi  jposed 
quest  on  admitted  ot  the  maxmmm  01  miuimum  =ought,  md  al=o 
that  tht  loliieo  iouud  weie  the  onlj  suitable  ^•llueb 
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!01.    Hitherto   we  have   employed    the   differential   coefficienta 

dy    iPy  du   <Pu 

j-^  --J,  &c.  or  -J-,  —,  &c.  exclusively  upon  the  hypothesis  that  s 

was  the  independent  variable.     But  there  are  many  cases  in  which  it 

is  moK  convenient  to  adopt  some  other  quantity  (  upon  which  both 

X  and  y.  or  le  aniJ  w  depend  as  the  independent  variable,  and  perhaps 

to  pass  from  one  supposition  to  the  other  within  the  limits  of  the 

same  invi^stigation, 

I.,  .u      v  .  <%    d^V    „  dw  d^u 

it  then  becomes  necessary  to  express  -^,  -—^,  &c.  or  — , ,&c. 

to'    dx^  dx    dx'' 

\a  terms  of  the  differential  coefficients  of  a;  and  y,  or  those  of  a:  and  u 

taken  with  lespect  to  the  new  variable  t. 


„  dx  d?x  dy   d?ij    , 
terms  of  -r,  -w,  -r,  — ^,  i 
dt '  di^'  dt'  dfi' 


Since  yi. 

i  a  liiuction  of  x,  ; 

and  X  ; 

1  function  of  (,  ^ 

dy 
dt' 

-±.^....,n 

and 

.     dy 

dy 
_  dt 

i 

Now  differentiating  (1),  and  obse 
through  X,  we  get 

srving  that 

dy   . 
dx 

d^y       dhj 

*-4- 

dy    d^x 
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d^_di/    d'^      d^y   dx       dH   dy 
d?y  _  dfi      dm~d^      'dfi"dt~'dfl"di 


df^  W 

The  two  formula  (A)  and  (£)  resolve  the  problem. 

Cor.  In  a  similar  manner  we  might  form  expressions  for  --^  ^ 

dx^'  dx* 
upon  the  same  hypothesis,  but  they  are  seldom  required. 

Cor.  If  y  be  taken  as  the  independent  variable,  then 

d(^l\ 

t=y,'i='/=l      and     .-.flJ^^o. 
ai        dy  dfi         dt 

fx 
.     f^y         1  1  -,     dhj  dy^ 

•    ■  zr  —  "T-  ^  -r-      ana     — i  = i- 

dx       da:       dx  dx^  dx^ 

dt       dy  d^ 

Cm-.  If  X  be  the  independent  variable,  then 

dx      dx       .,  ,     ^x 

'  57  ""  ^  =  ^     "^^    -rf^  ^  0,  and  (^)  and  {£)  reduce 

dy       dy         ,   dP'y       d^y 

'°         s  =  S'  "*  e  =  sp'  "■°  °""""J  <■»"»•■ 


103.  1.  Transform  the  differential  equation 
dhj  X        dy 


independent  variable,  having  given  fl 
Here    x  =  qo&&.     .'.  -7:=^— sii 


dy  _  rffl  _ 
dx~  dx~ 
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d^    die     '  d?x  dy 
^  _  ^'^~^^'^      _I_    d-'y  _  cos fl     dy 
dx^  ~  rfa^3         ""—  ^j^  ■  ■;^  —  sin  3^  ■  ^ 

rfP" 
eiice  li/  aubstitutiiiii  iu  the  given  equation, 

'        ^        cos  J     dy        cos  J    rfi/  y     _  . 


This  example  iJlustriites  the  important  fact,  that  a  change  of  the 
independent  variable  will  sometimes  simplify  the  form  of  fhe  differ 
ential  equation, 

2.  Transform  -^-y  +  ~  ^  0,  so  as  to  render  r  the  independent 

variable,  where  c^  ~  a^  -f-  y'^, 

ri  ^        n        ^  dx        r  d^x        d  /  r  \ 

■'  d/-       x'  d,-^       dr\x} 


dmilarly     ^  ^  I-       ^  =  _  ^. 
dr        y  '         dr^ "  y'^ 

rf%    dx       d^x    du 
d^tf        dr^     dr        di-^    dr        a?    <Pw 


.  ■ .    By  substitution   in  the  givca  relation  — ] =  0,  and 

da?        dy^ 
1     ,.                           (^M  ,    \    dv, 
reduction,  --—  -| -—  :=  0. 

104.   I'rop.  Haying   given   u  =  F  {x,  y)   when   x  =  (p  (r,  6)   and 

- ,    ,,  du       ^    dii  . 

y  =/  ('■. ");  to  express  ■■-  and   —  in  tei-ms  of  r  and  1 
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Since  «  i 

s  a  function  of  x  and  j/,  each  of  which  is  a 

.  function  of 

chave 

du       dii    dx     .  dv,   dy 

And  sim 

liiirly,  X  and  y  heing  functions  of  &, 
du        du    dx       du    dy 
d6  '^  dx'  dS'*'  dy'  dS ^  ' 

Multiply  (1}  by  -— ,  and  (2)  by  —  and  subtract;  then  multiply  (1) 
by  -J-  and  (3)  by  ~  and  subtract.    We  shall  then  obtain 


du   dx 

du    dx 

du  (dx     dy       dy    dx\ 

dr    d6 

S     dr 

dy  \dr     di        dr    d6l 

du    dy 

du    dy 

duidx    dy       dy    dx\ 

dr     dA 

'dA'dr 

dx\dr     d&        dr     dd) 

du    dy 

dr  ■  d6 

"  dx    dy 

du    dy 

~di"d^ 

dy    dx 

du    dx       du 

,      du             dr'  d6        d6' 

and      -—  —  ~  -z ; 3— 

dy             dx    dy        dy 

'  dr 
dx 

dr    dS 

dr     d& 

dr     dS        dr 

dS 

105.  These  form\il£e  become  much  simplified  when  we  hi 
X  =  r  COS  6,  y  ■:=  r  sin  i,  the  common  formula  for  passing  from  r 
tangular  to  polar  co-ordinates.     For  we  then  have 

—  ^  cos   ,     ^  ^  sm   ,      —  _  —  r .  sm   ,     —  _  r  cos   . 


dx    dy 
dr  '  dl  ' 

"K'S  ='(""'* +  ■"'*>  ='■ 

du 
°^     dr 

.iiil    *.        _,    d,        .    .du   ,  e 
—  ■di    "^    d-,  =  "°'lt+- 

Ex. 

Havii 

ig  given  X 

*-"; 

the  variables 

i  r  and  6,  where  x 

du 
"dy 

du 
■^di-- 

=™.-(,i. 

't^- 

=  (eos^O  + 

.M)^ 

-  ~  o,  to  transform  the  cc[uation  to 
)s  6   du\         .      /        du      sin  S  du\ 
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106.  It  has  lieon  shown  that  the  general  development  of  F{x  +  h\ 
so  long  as  the  value  of  h  remains  unassigiied,  13  of  the  form 

F{x  +  h)  =Fx  -{'  Ah  +  BK'  +  Oh^  +  icn (1), 

contaiaing  none  but  the  positive  integraJ  powers  of  7i. 

But  although  this  he  true  for  the  general  value  of  x,  it  is  possible 
in  some  eases,  to  assign  certain  particular  values  to  x,  which  shall 
cause  fractional  powers  of  h  to  appear  in  the  development;  and  to 
Huch  cases  Taylor's  Theorem  does  not  apply,  because  its  proof  de- 
pends upon  the  assumption  that  the  series  (1)  holds  true.  If,  for 
example,  we  assign  to  x  such  a  value  as  shall  cause  fractional  powers 
of  h  to  appear  in  the  undeveloped  function,  we  may  expect  to  find 
similar  powers  in  the  development,  and  we  therefore  cannot  expect 
Taylor's  Theorem  to  give  the  correct  expansion.  Now  when  the 
particular  value    a;  =  a  introduced  into  the  undeveloped  function 

the  fractional  power  h",  there  must  have  been  in  the  general  ex- 
pression for  Fx  (before  a  was  substituted  for  x)  a  term  of  the  form 

{x  —  aY  which  becomes  {x  —  a  -{-  A)"  In  F{x  +  A),  and  reduces  to 

ft"  when  X  =:  a. 

When  this  occurs  some  of  the  differential  coefficients  will  cer- 
tainh"  become  infinite,  if  we  make  x  ^:  a. 
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To  illustrate  this  fact,  take  the  example 

Slid  suppose  a  to  rMeive  the  increment  k,  couvertiiig  u  into 

»,  =  i?(»  +  i)  =  S  +  (.  -  o  +  hf  +  (!-.  +  h)\ 

Now,  for  the  particular  value  s  ~  a,  «,  becomes  b  -\-  h^  -\-  !t\ 
But  by  forming  the  successive  differeiitiaJ  coeffiuicnts  of  «  with  re- 
spect to  X,  -we  get 

and  since  the  exponent  of  a;  —  a  is  diminished  by  unity  at  each  dit^ 
ferentiation,  it  must  eventually  become  negative,  rendering  the  co- 
efficient infinite  when  x  ^=  a.  Moreover,  all  the  succeeding  differen- 
tial coefficients  will  likewise  become  infinite. 

It  may  be  observed  also  that  if  the  lowest  {and  therefore  the  first) 
frnotional  expoiient  which  appeirs  m  the  de\el  pment  be  interme- 
diate in  \ftlup  between  the  ntej,ers  j  and  >  -f  1  then  the  first  dif- 
feiential  coefficient  wh  ch  I      jrie^  infinite  will  be  the  {r  +  l)t't. 

It  appears  then  that  th  -i  peeiilurity  will  ati^e  whenever  the  value 

assigned  to  ^  causes  a  lUU'd  (sach  as  (s  —  a)'  )  to  dis'kppear  m  Ji'x, 

while  the  corresponding  surd  [(,t  — a+A)"]  eontmuos  to  ippear 
in  Ji'(x  -i-  h)  in  the  form  of  a  fractional  pcwi  cf  h  This  inappli- 
cability of  Taylor's  Theorem,  improperly  call  d   i  fxUu  f    'f  tiie 
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theorem,  occurs  precisely  when  the  development  is  ijnpossible  in  the 
genera!  form,  and  therefore  does  not  result  from  any  defect  in  the 
theorem  itself. 

Again,  it  has  been  shown  that  the  general  development  does  not 
contain  negative  powers  of  k,  because  we  would  have,  (if  there  were 
such  a  term  Ck-')  F{x  +  h)  =  Fx  =^  <d  when  A  =  0,  an  obvious 
absurdity.  But  %vhen  we  assign  to  a'  such  a  value  a  as  shidl  render 
/"ar  ~  K  ,  the  above  argument  ceases  to  be  conclusive.  In  this  case 
Ji  —  X  ,  and  the  differential  coefficients  will  be  infinite  also.  Thus 
Taylor's  Theorem  will  be  inapplicable. 

Hero  also  we  see  that  the  presence  of  a  negative  power  of  h  in 


the  development  must  result  from  a  term  of  the  form 


(:,  -  a)- 


which  becomes — - — rr  in  Fix  +  h)  and  reduces  to  -^r-  ~  B/r 

(x  —  a  +  k)^  A" 

when  X  —  a. 

We  conclude,  therefore,  that  tiiere  are  two  cases  in  whic 
Taylor's  Theorem  is  not  applicable,  viz. : 

1st.  When  a;  =a  causes  a  surd  to  disappear  in  Fx,  thereby  ii 
troducing  a  fractional  power  of  k  into  F(x  +  h). 

2d,   When  x  =i  a  renders  Fx=:  <a. 


107. 

Isi. 

(7«s«.  Given    ^ 

:  =  »+(.  +  r)= 

+  («- 

a)'=ft, 

paud 

1     ., 

=  F(!,+  i)  = 

i  +  (a; -to +  /.)■+ (I - 

„  +  ;.,*. 

7S 

=  20 

2    2    2^           ' 

..2^1 

.|C^-.) 

■I 

■.  By  substitution  in  Taylor's  Theorem, 
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Now  this  development  is  entirely  truo  for  all  values  of  x,  except 

x  =  a,  which  renders  the  term  I  "  ■  ^  +  o  '  2^*^  ~  "'  J  T^'  ^^  '^'^ 
suoeeeding  terms,  infinite  ;  the  true  development  in  this  case  being 
tfi  =  fi  +  {a  +  c  +  A)^  +  /**:=  l'+{a  +  cf  +  2{a  +  <:)h  +  h^  +  h^, 
which  agrees  with  the  series  (1),  only  so  far  as  to  include  the  term 


du  _      _  '  ■  2^^    '^y  -      -  4-  ^  ■  ^— 

^  -  ™'  ^  -  (^^r^   -dx- ""  ■  ■  ■"'"'  "^  +  (.■■:■  ay' 

dH  1  .  2 .  3  .  4c 

_-  ^  -  cos  a:  ~ --J-,  *;<■  -         to, 

.'.By  subslitntlon  in  Taylor's  Tfteoiem, 

This  development  is  correct  except  when  x  =  a,  the  true  devel 

opment  then  being  (Art.  48) 

c  k^ 

u,=  h  +  sm{a  +  ;.)+_=  i  +  sina  +  c/i-«+COsa./i-sina—   &e. 
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Here    the    vfsry    first    term    given    liy   Taylor's    formula,  viz.: 
Fx  =:  6  +  sin  (t  +  -. — Tj'     if  incorrect. 

108.  Prop.  Jf  the  true  development  of  F{x  +  A)  contain  posi- 
tive integral  powers  of  h  to  the  (»  —  l)(/t  power  inclusive,  followed 
by  a  term  containing  h'  where  s  ia  a  fraction  intermediate  in  value 
between  «  ~  1  and  n,  the  first  n  terms  of  the  expansion  will  be 
given  correctly  by  Taylor's  Theorem,  but  the  (n  +  1)/A  term  will 
.  not  be  given  correctly. 

Proof.  Let  the  true  development  of  F{x  +  A),  when  x  ^  a,  be 

Fix  ■^h):=A  +  Bk+  Cli^  +  i>/i= +  Mh"-^  +  Ph'  +  &c., 

where  s  denotes  a  fraction  grLater  than  n  —  1  and  less  than  n. 

Then,  since  the  differential  coefficients  of  ^(s  +  S),  talten  first 
with  respect  to  x,  and  afterwards  with  respect  to  h,  are  erLual,  we 

ax  ah 

+  ()»  -  l)iVA'-^+  sPh'-^-{-  &c. 

^&±^U^<;±A)  =  i.M  +  2.8m 

+  (K-2)(n-l)i\^/i''-=  +  (s-l)sP^'-2  +  &C. 
'^^-^  =  1.2.,D +  (,.  _  3)(,  -  .)(„  -  !,«« 


■~-^  =1.2.S...(n-  S){n  ~  2){n  ~  1)^" 

±A)  ^  (,  _  „  +  1){,  _  „  +  2)(.  -  „  +  3) .  .  .  . 

(s  -  2)(s  -  l>PA=-«+  &c 
■  when  h  =  0,  the  preceding  expressions  reduce  to 
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-^„-=r  =  1  -s.  3 {n-  3)(«  ^  3)(«  -  i)jv; 

-^,-  =(.~«+l)(.-«+2){.-^+3) (.-2)(.-l>^  =  0.. 

Thus  each  of  the  terms  A,  Bh,  Ch^,  ikc,  of  the  true  development 
will  be  given  correctly  by  Taylor's  Theorem  as  far  as  the  term 
JVh'-^  inclusive  (that  is  to  w  terms),  but  the  (»i  +  l)lk  term  of  the 
true  expansion  is  _PA«,  while  hy  Taylor's  series  it  would  appear  to 
be  infinite. 

The  results  established  in  th's  proposition  arc  important,  because 
it  frequently  occurs  that  the  first  or  leading  terms  of  an  e;iipansion, 
are  those  only  which  we  have  occasion  to  consider. 
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APPLICATION  OF  THli  DIFFERENTIAL  CALCULUS  TO 
THE  THEOUY  OF  PLANE  CQRVES. 


CHAPTER    I. 

TAK0ENT9    TO    PLANl    CURVES. NOKMALS, ASYMPTOTES. 

109.  In  the  application  of  the  Differential  Calculus  to  the  investi- 
gatiun  of  the  properties  of  plane  curves,  we  regard  the  two  variable 
co-ordinates  a:  and  y  or  S  and  r,  which  serve  to  fix  the  position  of  a 
point  on  the  curve,  as  the  independent  variable  and  the  dependent 
(unction  respectively. 

These  two  quantities  are  connected  by  a  general  relation  called 
the  equation  of  the  curve. 

Such  as     y  ^  Fx    or    r  =  (?d,    F{x,y)~0,    or    ^(r,  d)  =  0. 

When  the  form  of  this  equation  is  given,  we  can  readily  deter- 
mine  the  values   of  the  differential   ooeffioients    -^,  ~^,  &c.    or 

ax    d'jp 
dr    <Pr 
ds'  'd^'        '  ™  *^'"'"^  "f  ^'"^  co-ordinates,  and  these  values  will  be 

found  extremely  serviceable  in  the  discussion  of  the  properties  of 
the  curves. 

no.  The  first  application  of  the  Calculus  to  Geometry  which  it 
is  proposed  to  make,  is  the  determination  of  the  tangents  to  plane 
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Prop.  To  find  the  general  differential  equation  of  a  lino  wliich  i3 
;angent  to  a  plane  curve  at  a  given  point  x-^  ijy 


RS,  passing  through  the  points 


But  if  the  secant  US  be  caused  to  revolve  about  the  point  P^,  ap- 
proaching to  coincidence  with  the  tangent  TV,  th&  point  F^  will 
approach  P„  and  the  differences  3)^  —  y^  and  x^  —  «i  will  also  di- 
minish, so  that  at  the  limit,  when  BS  and   TV  coincide'  ^'  ~  '^^l 


■!-■ 


will  reduce  to  ^,  and  the  equation  (I)  will  take  the  form 


-yi  - 


M^t 


•■i)  • 


■  P), 


which  is  the  reqnired  eqiiailon  of  the  tongent  line  at  the  point  «i  y^. 

111.  To  applv  (2)  to  any  particular  curve  we  substitute  for 
--'-  its  value  deduced  from  the  equation  of  the  curve  and  expressed 
in  terms  of  the  eo-ordiaates  of  the  point  of  tangeniiy. 

Ooi\  The  differential  coefficient  -^  represents  the  trigonometrical 

tangent  of  the  angle  P^TX  formed  by  the  tangent  line  with  the 
axis  of  X. 

Cor.  To  find  the  value  of  the  subtangent  D^T,  we  make  y  =  0 
in  (3).     The  corresponding  value  of  x  will  be  the  distance  OT,  and 
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therefore  x  —  x^  will  represent  the  subtangeiit  D^T,  this  latter  being 
reckoned yjom  -Z>i  the  foot  of  the  ordinate.     Thus 


In  the  formula  (3),  x,  represents  the  independent  variable,  but  if 
se  take  y  as  tliB  independent  variable,  this  formula  may  be  simpli- 

Henco 


(3)  may  be  written 


shown  that  -f-  =  ^— 
ax        ax 


dy       dy 


112.  Prof.  To  determine  the  general  differential  equation  of  a 


rve  at  a  given  point  x-^  y-y. 


line  whicii  is  normal  to  a  plane  i 

The  equation  of  the  normal 
PJP,  which  passes  through  the 
point  ^j  yy,  will  be  of  the  form 
,,-,,  =  !,(>-.,)...  (6), 

where  t^  denotes  the  unknown 

tangent  of  the  angle  FICK  formed  by  I'N  with  the  axis  of  x. 

But  since  the  normal  PN  is  perpeudieular  to  the  tangent  PT,  we 
must  have,  by  the  eonditiou  of  perpendicularity  of  lines  in  a  plane, 


1  +  (ii  =z  0     or     (j  =  —  -     where     i  —  -j—  —  *»"■ 
Keplacing  (j  by  its  value  in  (5)  there  results 


>  PTB. 


-y^^-^S^^""^'- 


\,x. 


To  apply  (6)  we  substitute  for  -^-^  its  value    derived  from    the 
equation  of  the  given  euvve. 
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Cnr.  To  find  the  value  of  the  sutmonnal  DN,  we  make  y  = 
a  (O)  and  thus  obtain  OJf  as  the  corresponding  value  of  x. 


when  either  the  subtangent  or  subnormal  has  been  determined,  the 
tangent  and  normai  can  be  readily  constructed. 


113.  1.  Let  the  curve  be  the  common  parabola,  whose  equation 
y^  —  2px. 

Hence  the  equation  of  the  ^ 

tangent  is 


^0. 


wher 


y<Ji  =  ?(«  -  ^-i)  4-  2p:^i  =  p{x  -1-  x^). 
And  that  of  the  normal  is 

Also,  sQbtanZJr=  -'^  .  y,  =  -'^^  = -2x, 

P  P 

and  aubnorra  BN  =  y,  ~  t=  p. 

Thus  it  appears  that  the  subtangent  of  the  parabola  is  negative  and 
equal  to  twice  the  abscissa ;  and  the  subnormal  is  positive  and  con- 
stant, being  equal  to  the  semi-parameter. 
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2.  The  Ellipse,  a^y^  +  P-v?  ^ 

dx  a'y       '    '    dx-^  ah/ 

.  ■ ,  Tho  equation,  of  the  tangent  i 


And  subnormal    =  yi  -^ 

3.  The  logarithmic  eurv< 
equation  is     y  =  «^. 


sub  tail  - 


log  a .  a'^'  log  a 

the  modukis   of    the   sjsteiri    of   logarithms   whose 


where 

Also    suhnorm  =  log  a .  o*iy,  =  —  —  - — 

In  this  curve,  the  values  of  the  abscissas  are  the  logarithms  of  the 
values  of  the  corresponding  ordinates  in  the  system  whose  base  is  o. 

114.  Prop.  To  determine  expressions  for  the  tangent,  the  normal, 
and  the  perpendicular  from  the 
origin  to  the  tangent  of  a  plat 


For  the  tangcLt  FT,  we  have 
/TT  '^1^ 
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For  the  normal  P]V,  we  have 

For  the  porpendioular  0§,  we  have 


OQ==OT.miOTQ^Or^J-~^  =  OT^/^y 


'\}-m 


2\S 


Ez.  The  general  eq^uatio"  of  all  parabolas. 

The  general  name  of  parabola  is  applied  to  all  curve?  included  in 
the  equation  y"  —  a'^^x,  ia  which  m  may  represent  any  positive 
number  either  whole  or  fractional.  When  m  ~  2,  tlic  curve  be- 
comes tho  common  parabola. 

dy  _ 


i-^'a;, 

"'"  <fo^ 

'-  my—'' 

""  i= 

siibtaji 

^-Vi 

SS=-' 

W3j 

ubnorm 

dy. 

I = --. 

tan 

^  V^i'  +  n 

>"V. 

norin  =  y,^l+^^=y/3,^2- 


115.  Prop.  To  obtain  expressions  for  the  polar  subtangent,  sub- 
normal, tangent,  normal,  and  perpendicular  to  the  tangent  of  a 
plane  curve,  when  it  is  refeiTed  to  polar  co-ordinates. 
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Let  AB  be  the  curve,  Q  the  pole,  P  the 
point  to  be  referred,  QX  the  fixed  axis 
from  which  the  variable  angle  PQX  is 
reckoned,  QP  the  radius  vector,  TQN  a 
line  drawn  through  the, pole  Q,  perpen- 
dicular to  the  radius  vector  PQ,  and  limit- 
ed by. the  tangent  PT,  and  the  normal  /"JV", 
QS  a  perpendicular  on  the  tangent  from 
the  pole.  Then  QT  is  called  the  polar 
subtangent,  and  QN  the  polar  subnormal. 

Put  QP=  r,     angle  PQX  ^  d,     angle  QPT 

angle  P  T^X  =  i,     QD  =  x,     UP 
QT^  QP.  tan  QPT  =  r  tan  u  =:^  r .  tan(; 
tan  i  —  tau  A 


y- 


Then 


But         tan  i  =  -f,     tan.  &  ^-,     .  ■ .  tan  u 


Now  if  we  <^hange  the  independent  variable  from  x    to  6,  we 

,     „         ,     dy      d& 
must  employ  the  formula  ~  =  — , 


. . . .  (1). 


And  from  the  formula  .for  passing  from  rectangular  to  polar  co-or- 
dinates, we  have  x  =z  r  eos  6,  y  =  r  sin  6,  which  being  differentiated 
with  respect  to  6,  observing  that  r  is  a  fuQctioti  of  fl,  we  get 


■    d6       d6 
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and  these  substituted  in  (1)  give 


")+"-(|-->'  +  -') 


igcnt  QT=^r  tan  w  ~  - 


Normal  FI^  -  -/qP'-  +  qm  ^  J r^  +  ^. 
_Pq  X  QT  T^ 


Perpendicular   qS  -^  - 


116.  1.  The  spiral 
of  Archimedes  whose 
equation  is  r  =  oA. 

dr  dli       1 


.  B\i\itfm  QT  ^  T^ —~ — ,      suhiiorm  QN  =  —  =  a. 


tan  PT^  ri^l  +~,  norm PiV=  y-^H^  perp^S  ^  -^=. 
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2.  rhe  logaritlitnio  spiral  r  ^  a  , 

111  this  curve,  the  numerical  value  d  of  the  arc  which  i 
the  variable  angle  is  the  logarithm  of  the  value  of  the  radius 
ill  the  system  whose  base  is  a. 


dr 


=  log  aa^—r.  log  a.  .'.    Subtan  =  .^ =) 

tn  =  modulus.     Subuormal  ^  r .  log  a  =  — 


This  cuiTe  cuts  every 
radius  vector  under  the 
same  angle  ;  that  is,  the 
tangent  at  any  point  is 
inclined  to  the  radius 
tor  at  that  point  i 
constant  angle. 


~rlaga~loga 

Ifffi^etheNapi 

and  QT=:  QN  =  r. 

3,  The  lemniscata  of  Bernouilli, 


3,  then  1( 


t(  -  1  and  M  ^  45", 


dr 


in  2*. 


,  suhtan  = 


— ,   subnorm  ^^  ■ -s 


perp  =  - 


This  curve  has  the  form  of  the  figure 
8,  is  perpendicular  to  the  axis  A£  at 
A  and  £,  and  forma  angles  of  45'  with 
AB  at  the  pole  Q.     For  whco  6^0, 

0T6—i!,r  —  a,  and  -n  =  0.     And  when  6  —  45' 
d6 

or  315^  then  r  =  0. 
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JieoiiUnem-  Asynvptotes. 

117.  A  rectilinear  asymptote  to  a  curve  is  a  line  which  touches 
the  curve  ai  a  point  infinitely  distaat  from  tho  origin,  and  yet  passes 
within  a  fiiLiii  distance  of  the  origin. 

118.  If  in  the  differential  equation  of  a  tangent  line 

)/  —  ^j  =  —~  {x  —  a'j),  we  make  successively  s^^O,  and  */=:0, 
we  shall  obLaia  for  the  distances  intercepted  on  the  axes, 
,  dy,  ,       ,  do^ 

Now  if  when  either  x^  or  y^  becomes  infinite,  one  or  both  of  these- 
values  should  prove  Gnito,  the  curve  will  have  au  asymptote  whose 
position  will  be  determined  hy  the  values  of  a:'  and  y'. 

If -k'  =:  «,  and  y'  :=b  when  a  aad  b  are  both  finite,  the  asymptote 
will  cut  both  axes:  if  3;'=fl  and  y'  =  f>,  the  asymptote  will  he 
parallel  to  the  axis  of  y;  and,  finally,  if  a:'  =  oq  and  y'  ~  b,  the 
asymptote  will  be  parallel  to  the  asis  of  a^ 

119.  When  the  curve  is  referred  to  polar  co-ordinates,  there  will 
be  an  asymptote  whenever  the  subtangent  (which  is  then  equal  to 
the  perpendicular  from  the  pole  upon  the  tangent)  become'!  finite 
for  an  infinite  value  of  the  radius  vector.  .  Its  position  will  be  h\ed 
also,  since  it  wOl  be  parallel  to  the  radius  vectoi  ,  that  is,  it  will  form 
with  the  radius  vector  an  indefinitely  small  angle.  The  existence  of 
an  asymptote  may  be  ascertained  from  the  equation  of  the  curve  by 
finding  what  value  of  6  will  render  r  infinite.  If  the  same  value  of 
S  malces  r^  —y  either  finite  or  zero,  there  will  be  an  asymptote  parallel 
to  the  radius  vector,  and  passing  through  the  extremity  of  tho  sub- 
tangent. 

120.  1.  The  hyperbola  ay  —  6V —  — a^R 

dy^_h\_^a.      /i^+y-,^    _  h      /        ft^__6_  ^^_^^^  ^_   _ 
dx,'~ a^t/^~ a?    6   V       y,*     ~  a  V  i/i*        a  -■i  —       ' 
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_    _b_   ^____^      /i_f.^^ 


when  a'l  or  !/j  =^  o 


,  ■ .  The  hyperbola  baa  mi  asymptote  passiTig  through  the  origin, 

6 
and  forming  with  the  axis  of  a;  ac  angle  whose  tangfent  ==  ±  -— ■ 

3.  The  logfti-ithmie  curve  ^  =  a". 
T^  =  log  a .  a-",  a'  =:  s,  —  i/i  —^  =  a'l  —  ^ -■  =  «i  —  ik. 

«'  =  Wj  —  3T,  --^-  =  a^i  —  ^ — ■  - 

Now  wiien  3:1=  +  o) ,  ^i  ^  +  i» ,  .-.*'  =  co  and  y'  =:  ■»  and 
the  coirespOHdiiig  tangent  is  not,  an  asymptote. 

But  when  x^=  ~  a^.y^  —  O.  .  ■ .  s'  —  —  co  and  «/'  :^  0,  and 
therefore  the  asis  of  x  is  an  asymptote. 

3.   The  cissoid  whose  equation,  is  y^  ^  — —  or  'iry'^  —  y-x—x-^^^Q 

<^.Vi_    Pi'  +  W  .      ,./      ^       .,   '^'yi-^'^iVi  .._   g^i-4r 


=  2r,     when     3:1  —  2r     and     tf^  —  Oi. 


,  ■ .  The  cissoid  has  an  iisymptote  parallel  to  (/,  at  a  distance  Sr 
from  the  origin. 
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4.  Tho  parabola  y'^:='ipx. 

-t'  —  ^    .■ .  x'  =  x-,  —  «,  ^— a:,— SiCjr::— s.^oo  when  x,= 

Also  y'=j/,-.ri--^i/i--yj^-,Vi=(cwhen  j/jzizcoor  a:^  = 

,  • .  The  parabola  has  no  asymptote. 

5.  To  find  the  equation  of  the  asymptote  to  the  curve  y^—a:i 

y,  =  CO  ,      when      ,t,  =  «  , 


,-  +  ...)»^3[i+,]» 


=y,-', '-i  =  (»V+»i')' '~j 


,  ■ .  y  ^=  X  +  -a  the  equation  of  tho  asymptote. 

Polar  Curves.   1.   The  hyperbolic  spiral  rS  ^  a. 

dd  a  a 

-f  = s"     ■  ■  ■  subtan  =f^  ~  =  a,     foi'  all  values  of  r. 

.  • .  There  is  an  asymptote  which  passes  at  a  distance  a  from  the 
origin.     Also,  since  r  =  -j)  when  fl  =  0,  the  asymptote  is  parallel 
to  the  fixed  axis  from  which  6  is  reckoned. 
3.  The  spiral  of  Archimedes  r  =  ad. 
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3.  The  logarithmic  spiral       )■  =  a. 

—  —  — 1     suljtiin  = =  mr  =  GO     when     r  =  oo . 

dr         r  r 

■.  There  is  no  asymptote. 

4.  The  Lituus  1-0    —  a. 

—  —  ^  __.     .  ■ .  siibtan  =  ■ — r-  =  — -  =  0     when  r  =  cc  . 
di'  )■■*  r-  »• 

Also   r  —  <x>    when  fl  =  0.     .  ■ .  The  fixed  axis  is  an  asymptote. 


OirGutar  Asymptotes. 

121.  When  the  equation  of  the  curve  has  such  a  form  as  will  ren- 
der »■  =  a  finite  value  when  fl  =  co  ,  the  curve  will  make  an  infinite 
number  of  revolutions  about  the  pole  before  iDecoming  tangent  to  a 
drcle  whose  radius  =  a.  This  circle  is  therefore  called  a  circular 
asymptote.  If  »•  >  a  for  every  finite  value  of  6,  the  curve  will  lie 
wholly  exterior  to  the  cii'cle ;  but  if  r  <  a  for  all  finite  values  of  6, 
the  curve  wiD  lie  entirely  within  the  circle. 

1.  Let  the  equation  be  (r^  •—  ar)6^  =1     or     (>  =  — -=.- ■■■ 

Then  fl  =  «  when  r  =z  a.  And  a  is  real  when  i-  >  it,  but  imagi- 
nary when  )■  <  a. 

.  ■ .  The  eirolo  with  radius  =  a  is  an  asymptote,  and  lies  within 
the  spiral. 

3.  The  curve  {ar  -  r^)&^  =  I. 


Also  S  is  real  when  »■  <  a,  and  imaginary  when  r  >  a. 

.  ■ .  The  circle  with  radius  =  a  is  an  asymptote  and  encloses  the 

curve  within  it. 
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CHAPTER   11. 


o  of  tbe  chord  and  a 


122.  As  introductory  to  the  tliscussion  of  the  subject  of  the  cur- 
vature of  plane  curves,  the  following  proposition  will  he  found 
useful ; 

Prop.  To  show  that  the  limit  to  the  rati 
any  plane  curve,  when  that  arc  is 
diminiished  indefinitely  is  n  itj  ind 
to  deduce  an  expieasion  for  tht, 
different  it  of  the  -iit,  <  f  a  ph 
curve,  in  terms  ot  the  ?ifteientnl« 
of  the  c    oidmates 

Let  PP    U  in  aiL  of  a  plu  o      a    d      d,  x 

curve     \Ph    \  hooe  cquition  is      _-  Fx. 
Put     OD=x,  DP=y,  DD^^h,  I}J\=y„  AP^^s,  AP^^s^. 
Then  y,  ^  F(x  +  h). 

The  arc  PP^  is  intermediiite  in  length  between  the  chord  PP-^=0, 
and  the  broken  line  PTPj  =  B.     If,  therefore,  we  can  prove  that 

the  limit  to  the  ratio  -^  is  unity,  it  will  follow  that  the  limit  to  tha 

ratio  of  the  chord  and  arc  is  unity,  and  therefore  at  that  limit  the 
expi-essi(jn  for  the  chord  PP^  will  be  a  suitable  expression  for  the 
■uc  PPi  whitli  will  then  become  the  differential  of  s. 
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P  T+  Pj  T     -v/.P-fe'^  +  ET^+P-i  T 


^FW'  +  EP^ 


^     V  rfa;^         (^a;      V  dx      1.2  dx^       1.2.3  rf^''  / 

and  by  dividing  numerator  and  denominator  by  A 


dx^  i.l.2d 


»■] 


v/-|J-f 

dx  d%^ 

+0 

■s+- 

at  the  limit. 

a. 

oliimi 

mPT 

.^; 

dx-' 

chord       ''    ° 

dz 

k 

123.  In  the  first  of  these  expressions  x  is  the  independent  variable ; 
in  the  secoad,  y. 

Cor.  If  we  wish  to  employ  some  other  quantity  (  upon  which 
«,  X  and  y  depend,  a^  the  independent  variable,  we  must  use  the 
formute  for  changing  the  independent  variable,  viz. : 


ds 
ds       dt 


dx      dx 
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M'hioh,  subatitutcd  in  the  value  of  - 


dfi 


134.  We  proceed  now  to  consider  the  osculation  of  plane  curves. 

Let  Y=  Fx  (1),  and  y  —  t^x  (2)  be  the  equations  of  two  plane 
curves,  the  first  of  which  is  given  in  species,  magnitude,  anij  position, 
but  the  latter  in  species  only. 

Then  the  constants  or  paravieters  vi^hicli  enter  into  equation  (1)  are 
fixed  and  determinate,  but  those  which  appear  in  (2)  entirely  ai-bi- 
trary,  and  may  therefore  be  so  assumed  as  to  fulfil  as  many  inde- 
pendent conditions  as  there  are  constants  to  be  determined. 

If,  when  the  abscissa  ic  is  sup- 
posed the  same  in  both  curves,  the 
condition  t/  =  T  is  satisfied,  the 
curves  will  have  a  common  point 
P,  but  will  usually  intersect  at 
that  point,  i 

If  the  condition  -^  =  -—  be  ti-ue  also,  the  curves  will    have  a 

common  tangent  such  as  SPT;  and  the  contact  is  then  said  to  be  of 
the  first  order :  if  the  second  differential  coefficients  be  also  equal, 

VIZ   -=—  =  — —,  the  contact  is  said  to  be  of  the  second  order :  if 

d^y       d^Y 

-~  =^  ■  ;■■■-■  the  contact  is  of  the  third  order,  &c.  &c. 

dx^        dx^ 

126.  In  order  to  show  that  the  contact  will  be  more  intimate  as 
the  number  of  corresponding  equal  differential  coefficients  becomes 
greater,  let  x  take  the  arbitrary  increment  ft,  converting  y  and  3'' 
into  j/j  and  Y,  respectively. 

Then       J-..=  l+-^-.-  +  — .— +  — .^-^+&c. 
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'1  — 


Now  the  value  of  this  difference,  which  expresses  the  distance  by 
which  the  one  curve  departs  from  the  other,  measured  on  the  line 
parallel  to  )/,  will  depend,  when  h  is  small,  chiefly  upon  the  terms 
containing  the  lowest  powers  of  A. 

If,  then,  the  first  differential  coefficients  derived  from  the  equations 
of  three  curves  {A),  [B)  and  ( 0)  be  equal,  at  a  common  point,  and 
if  the  second  differential  coefficients  derived  from  the  equations  of 
(A)  and  (B)  be  also  equal,  but  those  derived  from  [A)  and  (C) 
unequal,  the  curves  (A)  and  (B)  will  separate  more  slowly  than 
(A)  and  (C),  because  the  expression  for  the  difierence  of  the  ordi- 
nates  of  (j4)  and  (C)  corresponding  to  the  abscissa  x  +  h,  will  eon- 
twn  a  terra  including  the  second  power  of  h,  but  the  difference  of 
the  ordinates  of  {A)  and  (B)  will  contain  no  power  of  A  lower  than 
the  third. 

126.  The  order  of  closest  possible  contact  between  one  curve 
entirely  given,  and  another  given  only  in  species,  will  depend  on  the 
number  of  arbitrary  parameters  contained  in  the  equation  of  the 
second  curve. 

Thus  a  contact  of  the  first  order  requires  two  eonditions,  viz. : 

y=Yand  -f-  —  ——  : 
dx        dx 

the  first  of  these  conditions  being  employed  in  giving  the  curves  a 
common  point,  and  the  second  in  giving  their  tangents  at  that  poiut 
a  common  direction.  Hence  there  must  be  at  least  two  arbitrary 
parameters. 
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A  contact  of  the  second  order  requires  three  parameters  ;  one  of 
the  third  order,  four  parameters,  &c.  Hence  the  straight  line,  whose 
equation  y  =:  ax  +  b  has  two  parameters,  a  and  b,  can  have  contact 
of  the  first  order  only. 

The  circle  {x  —  a)^  +  (y  —  i)^  =  r'  having  in  Ua  equation  three 
parameters,  can  have  contact  of  the  second  order. 

The  parabola  can  have  contact  of  the  third  order ;  the  ellipse  or 
hyperbola  a  contact  of  the  fourth  order,  &c. 

The  curve  of  a  given  species,  which  has  the  most  intimate  contact 
possible  with  a  given  curve  at  a  given  point,  is  called  the  osculatory 
curve  of  that  species. 

The  osculatory  circle  is  employed  to  measure  the  curvature  of 
plane  curves,  and  its  radius  is  called  the  radius  of  curvature  of  the 
given  curve. 

127.  Prop.  To  determine  the  radius  of  ciii-vature  of  a  given  curve 
at  a  given  point,  and  also  the  co-ordinates  of  the  centre  of  the  oscu- 
latory circle. 

Let  the  equation  of  the  given  curve  be  y^Fx  (1),  and  that  of  the 
required  circle  {ar  —  a)^+  (y  —  6)^  =  r^  (2),  the  quantities  a,  h  and  r 
being  those  which  it  is  proposed  to  determine. 

There  being  three  disposable  parameters,  a,  6,  and  r,  in  equation 
(2),  we  can  impose  the  three  conditions 

,^  dy       dY         ,      d^       d^Y 

y^^^dx^n^  ""'^  ^=^- 

with  which  determine  «,  6,  and  r,  and  the  contact  will  bo  of  the 
second  order. 

Denote  the  first  and  second  diiTerential  coefficients  derived  from 
the  equation  of  tlie  given  curve  by  p'  and  p",  that  is,  put 

dY        ,         ,      d^Y 

-  =  p      and     -^^=P. 

Theti,  siiice  the  corresponding  differential  coefficients  derived  from 
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the  equation  of  the  oaculatory  circle  must  have  the  same  values,  we 
shall  have 


Now  let  (2)  be  differentiated  twice  successively,  replacing 

.-.  (»-.)  +  (!/-S)y=0...(8),  andl+y'"+(!,-6)/'=0...(4). 
The  equations   (3),  (3),  and  (4),  will  just  suffice  to  determine 

.(8) 


and  from  (3)  and  (4)  a 


•   (8). 


Now  comljlning  (2),  (5),  and  (7),  we  get 

,_(1  +?'■)■   ,  ?"(!+?")'       (!+?")' 


.,,=  ±il+/i...p). 

The  equations  (6),  (8),  and  (9),  resolve  the  prohlem.  To  apply 
them  to  a  particular  case,  we  form  the  differential  coefficients  p'  and 
p"  from  the  equation  of  the  given  curve,  and  substitute  their  values 
in  (6),  (8),  and  (9). 

Cor.  Since  1  +  ^'^  or  1  +  ^  = -J^,  (Art.  122)  the  value  of 
r  nuiy  be  wi'itten  thus 
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Remark.  We  may  omit  the  double  sigii  ±  in  (9)  aad  (10)  and 
regard  the  radius  of  curvature  as  an  essentially  positive  quantity  in 
all  eases.  This  double  sign  is  sometimes  employed  to  indicate  the 
direction  of  the  curvature,  being  positive  when  the  curve  presents 
its  convexity  to  the  axis  of  x,  and  negative  iu  the  contrary  case. 

fix  the  direction  of  the  curvature  by  the  sign  of  -j^-     It  will  now 

be  shown  that  the  sign  of  this  second  differenLial  will  always  be  de- 
termined by  the  direction  of  the  curvatiu-e. 
If  the  curve  be  convex 


towards 

the  axis  of  x 

as 

in  Fig. 

,  and  if  an  in 

.re- 

ment  h 

he  given  to 

the 

abscissa 

OD  =  X,  the 

or- 

din  ate  y 

will  take  an 

in- 

ere  ment 

'       dx    1 

T 

Z' 

\ 

4 

Y 

% 

<py      h^     ^  . 

tia!^    1.2.3  ' 

and  the  ordmate  of  the  tangent  will  take  a  corresponding  increment 

■^T  ^^  -r'  Ti  3"d  the  former  of  these  t 
dx    1 

gi'eater  since  the  tangent  lies  between  the  curve  i 


or  since  the  sign  of  this  series 

the  hrst  term,  we  must  have  ■ 

But  when  the  curve  is  concw 


|->o- 

;  towards  tno 


will  be  the 
id  the  axis  of  x. 

■  +  &c.  >  0. 

i  small,  on  that  of 

n  Pig.  2, 


SP.- 


Again,  since  the  a 


.fir  <  0,     and 
■  s  and  tlie  absciss! 


of»,  a 
may  always  be  supposed 
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to  increase  together,  -^  may  be  considered  as  essentially  positive, 
and  therefore  the  sign  of  r  in  (10)  would  be  controlled  by  that  of 
^.  It  is  ia  this  way  that  the  sign  of  r  may  "be  regarded  as  indi- 
eating  the  direction  of  the  curvature. 


128.  1.  To  find  the  radius  of  curvature  of  the  common  parabola 
/=  :^  ^x,  at  a  given  point. 


Here 


and    p' 


_p_/!y_^ 


I +/')_(!'' - 


■  ■  p"  p'- 

(normal)' 
~  (semi-parameter)^ 

At  the  vertex, ;/  =  0,  and  .  ■ .    r  =p  the  semi-parameter ; 

2.  The  ellipse  A'y-'  +  BH''  r=  A^BK 

m-x  B'^A^y  ~-  A^Bhp' 

J^'^-IV'    ^    " -^^^-^ 

^VVMiS^f)  ^  _  _ 


AY 


^2y3 


Ah/ 
nity  of  the  transverse ; 


— Jand)/=0. 
=Oanils/— £. 


-d  by  Google 


168  DirPERENTIAL   CALCULUS. 

3.  The  logarithmic  curve      y  =  a', 
r'  =  log  a .  a'  =  A,    J,"  ^  _!. .  ^  _JL,     ^ij^re  m  ~  modulus. 


_  K+,=f 


and  when  i 


4.  The  cutiieal  parabola 


>  also 


_[-$]• 


3  genci-ated  by  the  motion  of  a  point  on 
ie,  while  the  circle  rolls  on  a  strfiight  line. 


"When         y  —  0,  j-  ^  ao ,  and  when  y  - 

5.  The  cycloid,  or  . 
the  circumference  of  a 

Let  the  radius  of  the  generat- 
ing circle  =  a.  Place  the  origin 
at  V,  the  vertex  of  the  cyclcid. 
Put  VD  ^  X,  DP  ^  y,  the 
point  P  being  that  which  de- 
scribes the  curve  APVB,  while 
the  circle   rolls  on  the  lino  ACB. 

Then   PJ)  =  I>F+  FF  =  DF -\- SG  since   EP  and    CF  are 
parallel.     Also,  since  each  point  of  the  semi-circumference  GFV  has 
been  in  contact  with  the  semi-base  CA  we  must  have  are  CFV=  OA 
and  similarly  arc  HP  ^  HA  =  arc  OF. 
.  ■ .  By  subtraction 

CA  ~  £!A=GFV  —  CF  or  CE  -  FV ;  and  .-.PD  r=I)F+FV. 
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But        BF  ^  -v/Sa^  -  x'',      and      FY  ^a  versiii-i 
Hence  the  equatJon  of  the  cycloid  is 


129.  Prop.  At  the  points  of  greatest  and  least  curvature  of  any 
curve,  the  osculatory  eirde  has  contact  of  the  third  order. 

The  condition  which  characterises  these  points,  is  that  tlie  differen- 
tial coefficient  -r-   shall  reduce  to  zero,  since  r  is  a  minimum  when 


the  curvature  is  greatest,  and  a  maximum  when  it  is  least. 

But   by   the   general   formula  for  the  radius   of  curvature, 

(1  +?>'^r         ,1  .       dhi 

r  —  i- — ^-i-,  wc  have,  bv  puttms  — ?  =  p"\ 

,,,.    5(i+/")*2j)y-p'"(i+?")' 


■»'"=fi^. (')■ 


greatest  and  least  c 
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that  the  thiri?  differential  coetScient  in  the  osculatory  oii'file  has  the 
same  value,  it  will  follow  that  the  contact  must  be  of  the  third 
order. 

But  in  the  circle  we  have  already  found  y  ■— h  — —. 

.     j}i—   I 'i.p'p"'^  —f"'{\  +y'^)       .     „, 

whicli  being  identical  with  (1),  the  contact  must  be  of  tlie  third 

130.  Prop.  If  two  curves  have  contact'  of  an  even  order,  they 
will  uitersect  at  the  point  of  contact ;  but  if  the  order  of  their  con- 
tact be  odd,  they  will  not  intersect  at  that  point. 

If  y  =  Fx,  and  y  =  ifx,  be  the  equations  of  the  two  curves,  the 
difference  of  their  ordinates  corresponding  to  the  abscissa  x  +  h, 
will  be  expressed  by 


-Vi^ 


^  ^\(^\  4.  ItZ-  ^\{^3: 


\   )      \dx^ 


rfaV  1. 


Now  when  the  order  of  contact  is  even  fh;,  faist  term  of  this  dif- 
ference which  does  not  reduce  fo  zero  m  ist  contain  an  odd  power 
of  i:  h,  and  must  therefore  chinge  'iign  w  ith  h,  thus  imparting  a 
change  of  sign  to  Y-^  —  y^  m  passmg  thiou^h  the  point  (i:,y. 

Hence  the  first  curve  will  he  tlteinatti  il  ve  and  below  the 
second,  intersecting  it  at  the  point  x  y 

But  if  the  order  of  contact  be  odd,  the  first  term  in  the  difference 
will  contain  an  even  power  of  ±  h,  which  will  not  change  sign  with 
h,  and  therefore  there  will  be  no  intersection ;  the  first  curve  lying 
entiiely  above  or  entirely  below  the  second. 

Cor.  The  osculatory  circle  intei'sects  the  curve,  except  at  the 
points  of  greatest  and  least  curvature. 

For  nsuallj ,  the  circle  has  contact  of  the  second  ordcr^biit  at  the 
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points  of  greatest,  aiid  least  curvature,  the  contact  is  of  the  third 
orrlcr. 

Cor.  At  those  points  of  / 

a  curve  where  p"  =  0,  a  ''___----^^'^^ 

straight  line  may  have  con-  ^ 

tact  of  the  second   order, 

and  it  will  intersect  the  carve.     If  p'"  =  0,  also  there  will   be  no 
intersection  unless  p""  =  0,  also. 

131.  Prop.  To  find  a  formula  for  the  radius  of  curvature,  when 
any  quantity  (,  other  than  the  abscissa  x,  is  taken  as  the  independent 
variable. 

To  effect  this  object,  we  must  substitute  in  the  value  of  r,  already 
found,  the  values  of  p'  =  ^,  and  p"^  -|,  given  by  the  formula 
for  changing  tie  independent  variable,  viz.  r 

dx       d'£  d:£'~  dx^ 

dt  dfi 

We  thus  obtain 


/,    ,   il/'\%       (d^,   -.IfXi      d^  dx 
\         dxy    _  \dfi       dp)     .    dp'dl' 


m 


/^  ^\ 


d'^y    dx        d^x     dy       d'^y   dx        d''x    dy '   ' 

dfi'dl~dfi'di      d^"di~dfl"d£ 

Cor.  If  X  be  the  independent  variable,  ■ — :=  ■ — =  I 
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If  y  be  the  iiidependendent  variable,  -j-  ^^-r  - 


dy^ 


If  s  be  the  independent  variable, 


d?ij  dm      d^x    dy ' 
ds^    ds       ds^    ds 

t  -r;  +  -TT  =  ^-r,  =  1 1  which,  beino  differentiated  with  n 
ds^       dH^       dn^  '         " 


(•!)■ 


lij:    d'^x      dy    d^y 
d^'d^'^d^'d^'' 

-0,  . 

.  .  .    (3). 
dff 

1 

ds 

ii%    <ia:= 

d-'x'  ■ 

cfe^  rfs=    <;^,= 

*^ 

rfs^ 

dy            dx-^ 

ds 

=g (=>■ 


And,  finally,  by  squaring  the  equation  (2),  and  adding  to  the 
denomiviator  of  the  second  member,  the  square  of  (3),  which  is  equal 
to  zero,  there  results,  by  reduction, 


74'r 


)  +  W  VbrO  +  y 

132.  Prop.  To  obtain  a  formula  for  the  radius  of  curvature  of 
urves  when  referred  to  polar  co-ordinatos. 


db,  Google 


RADIUS    OP    CUIiVATrKR.  173 

Adopting  the  variable  angle  &  as  the  independent  variable,  denoting 
the  radius  vector  by  r,  and  the  radius  of  curvature  by  Ji,  we  have, 
from  the  formulte  for  the  transformation  of  co-ordinates, 


x  =  rcosS, 

,  j/=.rsina, 

i^a          '' 

sinfl 

+  C03 

^i' 

^-roo.a 

+  einfl-^. 

-j-cosfl-2i 

Sillfl 

i»  +  °° 

-„i„,  +  i!, 

■osfl 

1  (ft 

^        dr                ,     ^r 
Put     ^=A'^d    ^  =  i.. 

and 

substitute 

in 

tho  general  i 

■alue 

of  the  radius  of  cur 

vature. 

-f]^ 

['■^+A- 

'■^ 

l^  +  0. 

^ 

iP^    dx       dP^   dy  {r'  +  Sj^i^  —  ?;^^)  (sin^'O  +  wsH) 


wh«re  iV  is  the  polar  normal. 


133.  1.  The  logarithmic  Spiral  r  ^:a  . 

p,  ^  log  a  .  a^  — ,   p^  =  log^a  ■  a=  ~- 

.  ■ .  The  radius  of  curvature  of  the  logarithmic  spiral  is  always 
equai  to  the  polar  normal. 
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2.  The  spiral  of  Archimedes  )■  —  aS. 

When  r^(i,R  =  |a,  and  whe 

3.  The  hyperbolic  spiral  rd  =  a. 


■2  +  2a2 


when  r  —  0,  iJ  —  0,  and  when  r  —  <x> ,  R  —  a 
4.  The  litima  r^  =z  a?-. 

-I 


aiid  R. 

aiid  when  ^  —  ao  »■  =  0  and  Jt  —  d. 

134.  A  curve  may  be  t^haracterized  by  an  equation  expressing  a 
relation  between  the  riidins  vector  r  and  tte  perpendicular  p  from 
the  pole  upon  the  tangent. 

Thus  the  equation  of  the  circle  referred  to  the  co-ordinates  r  and  p 
la  )■  —  jJ,  the  pole  being  at  the  centre.  That  of  the  logarithmic 
spiral  is  !■  —  cp,  &o. 
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135.  Prop.  To  obtain  a  tormula  for  the  radius  of  o 
curves  referred  to  the  radius  vector  aud  the  perpendicular  upon  the 
tangent. 

From  the  general  value  of  tbe  perpendioiilar  when   the  curve  is 
referred  to  the  ordinary  polar  co-ordinates  r  aiid  &,  Vvi. :   (Art.  115.) 

-■^  ,  dr'^         r' 

e  obtiun     —--^-—--t^^  p,^ 


which,  differentiated  witli  respect  to  fl,  gives 

dr    d'^r        4r^    dr         'ir*    dp 
'dd"^'^'^"d6~~^'~di~ 


^  dr'  di'' 


id  divide  by  S  — 


d^       2^3       r*   dp 
dA'^        p'         p^    dr 


„    (.-+..■)»        ('"+f 

-,.)* 

r          dr 
~  dp''    dp 

/21-3      r^   dp    ■   \ 

"^ 

The  involute  of  the  circle  whose  equatior 
=  1-2  —  a^. 

1  referred  to  p  and 

dp        r'                      dj,          r       ' 

v^^ 
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136.  The  curve  which  is  the  locus  of  the  centres  of  all  tbe  oscu- 
latory  circles  applied  to  every  point  of  a.  given  curve,  is  ciilled  the 
evohite  of  that   curve,  the   latter   being   termed   the  involule  of  the 

137.  Prop.  To  determine  the  evolute  of  a  given  iMrvt^y^Fx. 

If  in  the  formula  for  the  co-ordinates  of  the  centre  of  the  oscu- 
ktory  circle,  viz.:    (Art.  T27.) 

.=,-/'±?l'....(,)  „,d  ,=,  +  l+^....p), 

we  Kulistitute  the  values  of  p'  and  p'\  derived  from  the  equation  of 
the  curve  y  =  Fx  (3),  we  shall  have  the  three  eciiiations  (1),  (2), 
and  (3),  involving  the  four  variable  quantities  x,  y,  a,  and  h ;  and  by 
eliminating  a  and  y  the  result  will  be  a  general  relation  between 
a  and  b,  the  co-ordinates  of  the  required  evolute.  This  equation 
being  independent  of  x  and  y  will  apply  to  every  point  in   the 

[■dH.  In  most  cases  the  neeessaiy  elimina- 
tion is  quite  difficult;  the  following  are  com 
parativelj  simple  examples. 

1 ,  The  evolute  of  the  common  parabola. 
Here  we  have     y^  —2px  .  .  .  .  (I). 

,•./=?,  .„d  „"  =  -.'t 
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-  ^  ^P^  +  P''  _  Q.  _L  .  rt. 


Prom  (3)  and  (3)  we  get    . 


and  these  values  substituted  in  (i)  give 

the  equation  of  the  semi- cubical  parabola,  wlioso  axis  coincides  with 
that  of  the  given  curve ;    the  distance  Aa  between  the  vertices 
being  :=p  the  semi-parameter. 
3.  The  ellipse 


-f  - 

/» 

stituted  in   (1)   give 

^A^B 
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the  equation  of  tlie  required  evolute. 
When      a  ~0,     6  =  ±  4r  j     ^nd  vthan 


=  0,    a  :zz   ± 


r 


The  curve  consieKi  of  four  branches  presenting  their  convexities 
towards  the  axis,  and  tangent  to  each  other  as  shown  in  the  diagram. 
The  equilateral  hyperbola  referred  ta  its  asyraptotes. 


......e  by  multiplication  (a  +  bf  -  {a  -bf  =  (4c)^. 

139.  Prop.  Normals  to  the  involut*  are  tangents  to  tlif  evolute. 

From  the  equation  of  the  osculatory  circle  {x —ay-\-(T/^by^^r\ 
we  get  hy  diiferentiiition 

i-,.  +  j)'(S-S)  =  0  ....  (1), 
a  relation  alike  applicable  to  the 
circle   and  the  given  curve,  since 
a^  y  and  p'  are  the  same  in  both. 

Now  when  we  pass  from  a  point 
x^  X'i  another  point  on  the  circle, 
the  quantitii^  x,  y  and  p'  must  be 
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considered  variaWe,  but  a  and  b  constant;  but  when  wo  pass  to  i 

point  on  the  curve,  x,  y,  p',  a,  and  h  will  all  vary,  and  in  both  case: 

p"  will  be  the  same. 

The  first  supposition  gives,  by  differentiating  (1)  with  respect  to  x 

l+p'^+p"{y~b)^0  ....   (3), 

Whence  by  combining  (2)  and  (3) 

+  y  0. 


rfa:^ 


Now  —  represents  the  tangent  of  the  angle  formed  by  the  axis 
of  a:,  witli  the  tangent  to  the  evolute  j4S  at  the  point  F,,  and 
~y~  *™Sent  of  tlie  angle  forined  by  the  same  axis  with  the  normal 
PPi  to  the  involute  LM  at  the  point  x,y,  which  normal  passes 
through  the  point  Pj.  Hence  this  noi-mal  not  only  passes  through 
the  point  0,6,  but  it  also  coincides  in  direction  with  the  tangent  to 
the  evolute  at  that  point. 

140.  Prop.  The  difference  of  any 
two  radii  of  curvature  is  equal  to  the 
arc  of  the  evolute  intercepted  between 
thoae  radii. 

Resuming  the  equation 

(x  -  ay  +  {y  -  bf  ^  r\ 
and  differentiating  wiih  respect  to  a, 
ae  an  independent  variable,  we  obtain 
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da  f        x  —  a  ^  '\         da^l  da     ^ 

A„„,  (,-„).+(,-»).=(,-..).(i+g=,.. 

Dividing   (1)   by  (2),  there  results, 

Bill      (1  +  -1— „)  =  ^-,  where  s  is  the  are  of  the  evolate  which 
\         da^-j         da 

terminates  at  the  point  o,  h. 

.' .    ^-z=  zj=  -— ,     and     It's  ^  ^dr. 
da  da 

Thus  it  appears  that  the  inci-ement  of  s  is  always  niinierically 
ec[\tal  to  the  inereffient  of  !■, 

Hi-uee  s  mnst  always  ditfer  from  r  by  a  constant  quantity,  or  we 
must  have  «  =i  c  q^  ?■ ;  and  similarly  for  the  arc  Sj,  which  terminates 
at  the  point  ay,h.^,  s,  =  c  :p  j'j,  ,  ■ ,  Sj  —  s  =  ?■  —  r^,  whioh  result 
agrees  with  ihe  enunciation. 

141.  lo  finding  the  evolutes  of  polar  curves,  it  is  usually  most 
convenient  t«  employ  the  relation  between  r  and  ji,  the  radius  vector 
and  the  perpendicular  on  the  tangent;  thus,  let  r  =  radius  vector  of 
the  jriven  curve,  p  =.  the  perpendicular  on  the  tangent,  Ty  —  radius 
vector  of  the  evolutc,  p-y  =  the  perpendicular  on  its  taugent. 
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Then  since  tlie  radius  of  cur-iature 
PF^  =  M,  at  the  point  P,  is  tangi-nt 
to  the  evulute  at  P^^,  the  perpendicu- 
ular  §2"!,  is  parallel  t«  the  tangent    ^ 
TP. 

AIM  QT  is  parallel  to  PF^. 

.-.  PT,=  QT=zp, 
and  PT=.  QT^^lh- 

.  ■ .    r^^  =  E^  +  r^  -  2Bp,  ...   I 


dr 


equation,  of  the  given  curve. 

By  eliminating  r,  p,  and  B,  between  (I),  (2),  (3),  and  (4),  there 
will  result  a  relation  between  r,  and  ^,  which  will  be  the  equation 
of  the  required  evoiate. 

Ex.  The  logarithmic  or  equiangular  spiral  r  =  ep.  .  .  .  .  (4). 

■""..,     and     R  =  i:,; (3).     ^^=p^  +  V i^ 

V  -B^  +  r'-'  -  ^ap-  ■  ■  ■  ■  (1)- 
(1)  and  (3),  r^  =  ^r^  +  r^  —  2crp,  whicli  combined  with 


r,^  =  cV(i  +  ^')  -  2cV  =  ^>H«=  -  1).  .  .  .  (5). 

From  (2)  and  (4),  <flp'^  —p^  ■\- f\^    or,    p^c^—X)  ^p^.  .  .  (6). 

Thun   from  (5)  and  (6),     V  =  ''ViS     '^h     ''i  =  'iPn    ^^'^  ^^"'^ 
aon  of  a  similar  and  equal  spiral. 
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143.  If  different  valuea  be  successively  assigned  to  the  coiis.t'jiit's 
or  parameters  which  enter  into  the  equation  of  any  .uive,  the 
several  lelations  thus  produced  will  represent  as  nnijy  distinct 
curves,  diffonng  from  e-ich  other  in  f  nm,  oi  in  position,  or  in  both 
these  particuliis,  but  all  belonging  to  the  same  clois  oi  family  of 
cut-yes.  When  the  parameters  are  supposed  to  vary  bj  indefinitely 
small  increments,  the  cuives  are  siid  to  be  coiisemitii  e 

Thus  let  F{%  y  a)=  0  (1)    be   the   equation  of  a  curve. 


and  Jet  th    f           t 

a  tal     a 

t  h       nverting  (1),  into 

F(,,,j,,  +4)  =  0 

{)    th 

f  /     b        pposed   indefinitely 

■mall,  th                 (1) 

d  (2) 

11  b                 t      .     Moreover,  the 

«.rv«  (1)       1  (  ) 

U  «      Uy 

t         t        1  tl  e  positions  of  the 

points  ct      t         t 

11        V 

h  tl        1        f  A,  becoming  fixed 

and  det    m  n  t       h  n 

tl 

a                  f 

143.  P  p  T   A 

m       tli    r 

t      f  n          ton  of  consecutive 

lines  or  curves. 

To  eiTect  this  object 

,  wc  must  c. 

oinbine  the  equations 

F{<c,y,a)  =  %.... 

,  (1).     and 

F{x,y,a  +  h)  =  0,....  (2). 

and  then  make  S  =  0, 

in  the  resul 

t. 

Expanding  (2)  as  a  function  of  n  +  A  by  Tayloi-'s  Theorem,  and 
observing  that  k,  and  y,  being  the  same  in  (1)  and  (2),   (since  they 
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refer  to  the  points  of  iatersection,)  arc  to  be  considered  constant  in 
this  development,  we  obtain 

F{x,  y,  a  +  h)  ^  F{x,  y,a)  +  -^^  ■  ^ 

But  F(!t,ti,a)  =  a, 

■    ■  da  1  ^         lio'  1.2 

dF(x,  y,  a)       „  .„, 

And  when  k=0  this  reduces  to     — ^/^  ^  <> (^)- 

The  two  conditions  (I)  and  (3),  serve  to  determine  the  co-ordi- 
nates X  and  y,  of  the  required  points  of  intersection. 

144,  Sn.  To  determine  the  points  of  intersection  of  consecutive 
normals  to  any  plane  curve. 

The  general  equation  of  a  normal  is 

(2/ "  2/,)/ +  a:  -  ^,  =  0, (1). 

in  which  a^,  y^,  and  p',  are  parameters,  all  of  which  vary  togethec 

DiiFerentiatiiig  (1)  with  respect  to  x^,  and  observing  that  ^i  and 
p'  are  funcUons  of  Sj,  and  that  x  and  y  are  to  be  considered  con- 
stant, we  get 

{¥  -  Vi)!'"  -  p'^  —  1  =  0, (2)- 

...    ,  =  ,.  +  l±/--,..(8).a.d....  =  ..-?:(^/3,..(4). 

The  values  (3)  and  (4)  being  identical  with  those  of  the  co-ordi- 
nates of  the  centre  of  the  oseulatory  circle,  it  follows  that  consecu- 
tive normals  intersect  at  the  centre  of  curvature.  This  principle  is 
smnetiraea  employed  in  determining  the  value  of  the  radius  of 
curvature. 
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145,  Prop.  The  curve  wliioh  is  the  locus  of  all  the  points  of  in- 
terscctioii  of  a  series  of  consecutive  curves  touches  each  curve  in 
the  series. 

If  we  elimiimte  the  parameter  a  between  the  two  eijuiitions 

F{x,y,a)  =  0  ...   (1)     aud      ^^^^  =  0  ...  (2), 

the  reaultiog  equation  will  be  a  relation  between  the  general  co-ordi- 
natea  x  and  y  of  the  points  of  intersection,  independent  of  the  par- 
ticular curve  whose  parameter  is  a,  or,  in  other  words,  the  equation 
of  the  locus. 

Resolving  (2)  with  respect  to  a  the  result  may  be  written 

and  this  substituted  in  (1)  gives 

Fix,y,^{x,y)-]=0 (g), 

which  will  be  the  equation  of  the  locus. 

Now  if  the  differentia!  coefficient  -^  be   the   same  whether  Ao- 
dx 

rived  from  (1)  or  (3),  the  two  curves  will  have  a  common  tangent 

at  the  point  x,y,  and  thei'efore  will  be  tangent  to  each  other. 

Bifferentiating  with  respect  to  x,  we  obtain  from  (1) 

dF(^,,j,„)      dF[x.,,ci)   d, 

dx        +        d)~'S-"  ■  ■  ■  ■  l""'' 


dy  dx 

dF\^M^,yy\  Td^{x.y)-\ 
^        d^{x,y)         L"^~J^''--<^)- 
But  the  first  Md  second  terms  of  (4)  and  (5)  arc  identical,  and  the 
third  term  of  (5)  is  equal  to  zero  by  (2). 

Hence  the  values  of  -^  given  by  (4)  and  (.5),  and  by  (1)  and  (K), 
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are  the  sajne,  and  cousequently  the  two  cur\ 
gent  to  each  other, 

146.  The  eui-ve  (3)  which  touches  each  c 


B  (1)  and  (3)  are  taii- 
rve  of  tlje  series,  is 
!ries  of  cc[ual  circles 


■called  the  envelope  of  the  series. 

147.  1.  To  determine  the  envelope  of  a 
whose  centres  lie  in  the  same  straight  line. 

Assuming  the  line  of  centres  as  the  axis  of  x,  the  equation  of  one 
of  these  circles  will  be  of  the  form 

in  which  a  is  tlie   only  variable 
parameter. 

Differentiating  \¥;th  respect  to 
a,  we  get 

—  2a:  +  2a  =  0  ....   (3) 

From  (2)  a  -  s,  and  this  substituted    in  (1)  gives 

This  is  the  equation  of  two  straight  lines  parallel  to  and  equidis- 
tant from  the  axis  of  x,  a,  result  easily  foreseen. 

3.  The  envelope  of  a  series  of  equal  circles  whose  centres  lie  in 
the  circumference  of  a  given  circle. 

Let  Xjj^  +  yj2  —  )-j2  =  0 (1) 

be  the  equation  of  tlic  fixed  circle. 

(=,-^,)'  +  {,-sO'-''  =  <>----  (2) 

that  of  one  of  the  moveable  circles. 

The  variable  parameters  are  x^  and  y„  the  latter  being  a  function 
of  the  former. 
Prom  (2)  we  h.™     -  2(^  ^  ^J  _  2(j,  _  ,J  *  =  o  .  .  .  (3). 


But  from  (1) 
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This  value  in  (3)  giv 


-  ^/^i'  -  x/)         •'"' ■  ^  0. 


^  +  — =^^=0,     and 


Now  coinbiuing  (1),  (2),  and  (4), 


eliminate  Sj  and  ^„  we  get 


+  »■: 


This   is   the   equation    of  two   concentric  circles  whose   radii   are 
»*i  +  r  and  r^  —  r  respectively. 

3.  The  curve  which  touches  every  chord  connceting  the  extremi- 
ties of  conjugate  diameters  of  an  ellipse. 

Let  Q^Pj  and  Q^P^  be  conjugate  diameters  of  the  ellipse  ACBD, 
iCj  and   j/j  the  co-ordinates  of  P^, 
Ti  and  jfg  those  of  P^. 

Put    AO  =  a,     00  ^b, 

tan  Pj  Oil  =  tan  ^^  -  ^  =  („  "'vxT 

tAn  P^OB  =  tan  fl^  zz:  ^  ~  l^. 
Then,  since  by  the  property  of  the  ellipse,  i^l 


-  V^x.x 


-  u  j/i^a     ana     x^  —  —       - 


a'y^^  _|_  62^.^3  _  „iyi  +  js^^s  _  a-iy^  -f-  - 
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.-.^-5  =  1      and     ■■■y.^—     and     x,=  ^  ^  = 
.  ■ .  The  equation  of  the  line  P^P^  is 

.'/i  -  '/a  ,       ^^  ~  "? 

«        ^.('  +  ^)-'.('-?)-«»  =  «- •■•(')■ 

Differentiating  (1)  with  respect  to  x-^  we  get 

Heiiee  (2)  can  be  redueed  to 

.,(,  +  g  +  ,^_|).0....(4). 
Combimng  (1)  and  (4)  we  have         x,  ^^  ^M^'^  +  ",'/). 
and  ■  -  l>x,(bx  -  a,j)  _         ab^  {hx  -  ay) 

These  values  reduce  (3)  to  the  form 

a^^[{bx  +  ayf+(b=;-ayy]  ^,    J^„, 

2        a 

the,  equatiaii  of  an  ellipse  whose  seml-ases  are  a\/ -  and  li\/-,  an 

which  is,  theielbre,  similar  to  the  original  ellipse. 

4,  The  envelope  of  a  series  of  lines  drawn  from  every  point  in 
parabola,  and  forming  with  the  tangent  angles  equal  to  those  include 
between  tlie  tangent  and  the  axis. 
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Let  PI)  be  one  ol"  the  lines. 

Put             DPT  -  PTD  =  fi,AE  =  a-i  ?JP  =:^  y^. 
Then  FJ:S  =23,  and  the  equation  of  the  line  PD  is 
y~y^::^t^^^^'iii{x-x,) (1). 


or  yj/i^  --f'y+  pVi  —  ^p^'Ji  =  0 (2)- 

Differentiating  (2)  with  respect  to  y^,  we  find 

2(/;/i  -\-  p'  —  "ipx  :^  0,     and     y^  = ^ , 

This  value,  substituted  in  (2),  gives 

01-  by  reduction     (2s  -  pf  +  {2yY  =  0  .  .  .  (3). 

This  cm  be  satisfied  only  by  making  2x  ^  p  =  ^  and  y  —  0, 
.  ■ .  (3)  represents  a  point  whose  co-ordinates  are  x  :^  -p  and  y  ^^  0. 

Thus  the  lines  will  aJl  pass  through  the  focus ;  as  might  have  been 
foreseen  from  the  well-known  property  of  the  parabola. 

5.  From  every  point  in  the  circumference  of  a  circle,  pairs  of 
tangents  are  diawn  to  another  circle ;  to  find  the  curve  which  touches 
every  chord  connecting  corresponding  points  of  contact. 
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Let  Pj  be  a  point  on  the  first 
ciroie  PjPj  and  PjP^  a  pair  of  Uin- 
gents,  /"gPg  one  of  the  cliords,  0 
the  origin  at  the  centre  of  the  se- 
cond circle,  s,^i  the  co-ordinates  of 
Pj,  ^jj/a  those  of  Pj,  i:^^^  those  of 
P^.     OP3  ^  r,  CP-,-r-„  OG-a. 


-x^ (1)   is  the  eii'iation  of  the 

.  (3)  the  equation  of  the  tangent  PJ't, 


Then.^-3,,^J-^(. 
cb-!rd  -P^Pg. 

Also   yj^a-j-Si-Sa  3^5-2  .  .  . 
applied  to  the  point  P-^. 

yj}/g4'*i^3=''^  ...  (3)  the  equation  of  the  tangent  Pg/*]  applied  to 
the  point  Py 

Tht,,     y,fe-y,)  +  «,(.,-^,)  =  0,    and    ■■■^|=-|, 

which  reduces  (1)  to     y  ^  y^^z= [x  —  x^) 

¥1 

or  y>/i  +  a^i  =  y^y^  +  Xi^^  =  r^ (4). 

Now  differentiating  (4)  with  respect  to  Xj,  we  get 


•  yi 


dx. 


1^0     and 


Comhining  {-l)  and  (6)  we  hfive 
These  values  substituted  in  (5)  givf 


T,Y+{r^'>-a^)^^+2ar^x=r'' 


Hence  the  curve  required  is  always  a  conic  section. 
whcTi  0  =  0,  an  ellipse  when  a  <  r^,  a  parabola  when  o  =  r,  and 
hy]>erbala  when  a  >  i-[, 


■cle 
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148.  Those  points  of  a  curve  ■which  enjoy  some  property  not 
common  to  the  other  points,  are  called  dngular  points.  Such  are 
multiple  points,  or  those  through  which  several  branches  of  the  curve 
pass  ;  conjugate,  or  isolated  points ;  cusps,  or  points  at  which  two 
tangential  branches  terminate;  points  of  infiexion,  &C.  These  will 
be  examined  siiocessively. 


Multiple  PowM. 

149.  These  are  of  two  lands,  viz. :  1st.  When  two  or  more 
branches  intersect  in  passing  through  a  pciint,  their  several  tangents 
at  that  point  being  inclined  to  each  other ;  and  2d.  When  the 
branches  are  tangent  to  each  other,  their  rectilinear  tangents  being 
coincident. 

150.  Prop.  To  deteriiiinw  whether  a  given  curve  has  multiple 
points  of  the  first  species. 

At  such  a  point,  thei-c  must  bo  as  many  rectilinear  tangents,  and 


therefore  as  many  different  values  of  the  differential  coefficient 
as  there  are  intersecting  briuiches. 

Let   F[x,y)  —  0  ^  u, (I),  be  the  equation  of  the   gi 

curve,  freed  from  radicals. 
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d'X 


Then    since   p'  =  -/■  = -,  and  siiiee  differeiiliiition  never  in- 

dx  du 

ly 
tiodiices  radicals  where  they  do  nol:  exist  in  the  expressioii  differen- 
tiatei^j  the   value  of  p'  ahove  given   cannot  contain  radicals,  and 
therefore  cannot  he  susceptihle  of  several  values,  unless  it  assumes 

the  indeterminate  form  -■ 

Henoi-  the  condition  ??'  —  ^  will  characterise  the  points  sought. 
To  discover  whether  such  poiata  exist,  and  if  so,  to  find  their  posi- 
tions, we  form  the  partial  differentia!  coefficients  —  and  —  from 

the  equation  of  the  curve,  then  place  their  values  eqiuil  to  zero,  and 
determine  the  corresponding  values  of  x  and  y. 

If  these  values  prove  real,  a«d  satisfy  (1),  they  may  belong  to  a 
multiple  point.     We  then  determine  the  value  of  p'  hy  the  method 

applicable  to  functions  which  assume  the  indeterminate  form  -,  and 

if  there  be  several  real  and  unequal  values  of  p\  they  will  corre- 
spond to  as  many  intersecting  branches  of  the  curve,  passing  through 
the  point  examined. 


15!.   1.  To  determine  whether  the  curve  s^  +  ^axhj  ~  ay'^  = 
has  multiple  points  of  the  first  species. 

u^x^  -{■  "iax^y  —  ay^  —  0,  .  .  .  .  (1). 

^^4^^  +  iaxy, (2).      ~  =  2ax^  -  Zay\  ....  (3). 

^       4^:^  +  iaxy 
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iiig  (3)  and  (3)  equal  to  ? 


^(.^  +  «^):.o,....(r,).                   \ 

V/ 

and,          ar^  -  3y=  -  0 (6).                           \v 

/., 

Comliiniiig   (5)  and  (fi)  we   have   three       /-''''''y'oV'''^  " 

pairs  of  values  for  k  and  y,  viz,  ;                           (Sv               \0 

x  —  0,     and     y  =  0, 

OT,x~+-a^,,  and  t/~-ga,  or,  a; ^-goy^,  and  y=--^a. 

Tlie  first  pair  of  values  will  alone  satisfy   (1),  and  thei-cfore  tha 

Oi'igin  is  the  only  point  to  be  examined. 

Placing  x  =  0,  and  y  =  0,  in  (4),  thei'e  results 

w  by  substituting  for  nninerator  and  denominator  their  differential 

coefficients, 

a4^  +  8V  +  4«V    -    s«/ 

bap'  +  t>af//'     —  4a       hn^  —  4a 

.  • .    p'(Gap'''  —  4a)  =  Scip',  and  consequently 

p'  =  0,     oi',  p'  =  +  t/2,     or,  p'  =  —  -\/2. 

Hence  the  origin  is  a  triple  point,  the  branches  being  inclined  to 

the  axis  in  angles  whose  tangents  are  0,  +  v'2,  and  —  y^,  res. 

pectively. 

The  form  of  the  curve  is  showu  in  the  diagram. 
2,  The  curve  af  -  ,*V  -  ax^  ^  0  :^  u (1). 


d:c 


From  (2)  aad  (3),  ;e  =  0,  and  y  -  0,  or,  .x  =  a^,i 
The  first  pair  of  values  satisfies  (I),  but  the  sctor 
icrcfore  the  origin  is  the  point  to  be  examined. 


.  (.3). 
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Hence   v'  =  -7:^ :,-  ^  —7:-     /      -r^ — '  =  n  ^''^"  n 


.-,    ^'3—1,     and    p'  —  I. 

This  lieing  the  only  real  value  of  p',  there  is  but  one  branch 
passing  through  the  origin,  and  therefore  the  eiirve  has  no  multiple 
puints. 

3.  The  cui-ve  x*  —  2aif  —  Za^y^  —  ^a^s:^  +  a*  =  0  ^  «.  .  .  .  (1). 

g  ^  4(^=  -  «%)  ^  0.  .  .  .  (2).     J  =  -  6(«;/^  +  a?y)  =  0.  .  .  (3). 

From  (2)  and  (3)  we  get  six  pairs  of  values,  viz. : 

x  —  Q,  and  y  =  0,  or,  «  =  0,  and  y -^  —  a, 
or,  X  ^^  a,  and  y  =  0,  or,  s  —  —  a,  and  y  =  0, 
or,        a:  n;  ffl,     and     y  =  —  a,     oj',     a:  —  —a,     and     y  ;^  —  a. 

But  of  these  six  pairs  of  values,  the  2d,  3d,  and  4th,  are  the  only 
ones  which  satisfy  (1),  and  therefore  there  are  but  three  points  to 
be  examined. 


B   =  ——r      when      J 

"P  \y=-a. 

.  p'  —  ±L  L  \^   at  the  point  where  x  —  a  and  y  =  0 
f'  =  ±  g)*  «  ";,=  -<.  .„d  y  =  0 

i.'  =  ±  (5)*  "  »      »  =  0  and  J  =  ^  a. 

i  the  curve  Iws  three  double  points, 
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152.  Prop.  To  determine  whether  a  given  curve  has  multiple 
points  of  the  seeond  species. 

Here  the  mode  of  proceeding  is  similar  to  that  in  the  last  propo- 
sition, but  the  resulting  values  of  p'  prove  equal  although  given  by 
an  equation  of  the  second  or  higher  degree. 

Ex.   Tht;  curve     k*  +  xhf-  —  ^ax^y  +  <^tf  =  0  =^  m  .  .  .  .  (1). 

"  „4^3_|_2a:y2„i2ua^-0..(2),   --^=2a:=j(— 6raa:'+2a^//=0..(3). 

From  (2)  and  (3)  x  —  Q  and  y  =  0,  and  this  is  the  only  pair  of 
values  which  will  satisfy  (1).  Hence  the  origin  is  the  only  point  to 
be  examined. 

,_  ISajy— 2j^^— 4a^3  _  12ay+12chE;/— 2y^— feyp'— 12ar^        0 
■''  ~  ai-=y— 6M^+2aV  ~        4a'2/+3*y— 12a«+2iy      '  "  %<i?p" 

■when     ^'  =  0  and  ;/  =  0.     .  ■ .  p'^  =:  --  =  0     and    p'  =  ±0. 

And  the  origin  is  a  double  point  of  the  2d  species. 

153.  We  may  prove  directly  that  at  a  double  point  of  the  2d 

kind,  the  condition  i>'  =  ^  is  always  fulfilled. 

Thus  suppose  the  two  branches  to  have  contact  of  tlm  «"■  order. 
Then  the  first  n  differential  coefficients  will  be  the  same  for  the  two 
branches,  but  the  {n.  +  1);A  differential  coefficient  will  be  different 
at  tlie  double  point. 

Let  -P  -^  +  §  =^  0  .  .  .  .  (1)  be  the  result  ohi-ained  by  differen- 
tiating the  given  equation  once,  in  which  P  and  Q  are  functions  of 
X  and  y,  the  original  equation  having  been  freed  from  radicals. 

By  repeating  the  differentiation  n  times,  we  get 
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in  which  P  ia  the  same  as  in  (1),  and  §,  is  a  function  of  a:,j/,iind 
the  differential  coefficients  of  the  several  orders  less  than  (is  +1). 

Now  the  (ra  +  l)th  differential  coefficient  has,  by  supposition,  two 
different  values  a  and  b  for  the  same  values  of  P  and  Q^. 

.-.  Pa-\-  Qj  =  0,     and     Pb  +  Q^  =  0, 

and  by  subtraction  P{a  —  b)=0,     .-.  P  —  0  since  a  and  6  are 
unequal. 

This  value  of  P  substituted  in  (1)  gives  Q  =  0. 


£^  _  _  «  _  0 
'  di  P      0 


Multiple  points  of  the  2d  species  are  eliaracteri7,ed  by  having  but 
one  value  (op  rather  two  or  more  equal  values)  for  -~,  but  several 


Conjugate  or  Tsolated  Points. 

154.  These  arc  points  whose  co-ordinates  satisfy  the  equation  of 
a  curve,  but  from  which  no  branches  proceed.  When  p'  assumes 
.  the  imaginary  form  for  real  values  of  x  and  y,  the  corresponding 
point  will  be  isolated,  as  the  curve  will  then  have  no  direction;  and 
since  iqiagiuary  values  occur  only  where  radicals  are  introduced,  the 

condition  p'  7=—  will  also  hold  true  in  such  cases. 

The  converse  proposition,  viz. ;  that  at  a  conjugate  point  p'  will 
be  imaginary,  is  not  always  true ;  for  if  in  the  development 


=  i?(«±i)=y± 


5^'l      ^'TT2  ^Ss^'i.a.s"' 


any  one  of  the  difftrpiitial  coefficients  should  prove  imaginary,  jj 
would  be  imaginary  also. 
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To  detui'inine  with  certainty  whBther  a  point  {a,b)  is  isolatect,  sub- 
stitute successively  a  +  h  and  a  —  A  for  x,  and  if  botii  values  pf  ?/, 
prove  imaginary  (A  beiiii;  small),  the  point  will  be  imaginary; 
otherwise  it  will  not. 


155.  if  the  coefficient  ^'  ^^  -^  be  found  to  have  multiple  values, 


Kome  being  real  and  some  imaginary,  we  may  regard  the  result  as 
indicating  the  indefinitely  near  approach  of  a  conjugate  point  to  a 
real  branch  of  the  curve. 


153.   1.   To  determine  -whether  the  curve 

a,f  —  x^  +  iax^  ~  5a^x  +  2a'  =  0  =  m  .   .   .  .    (1) 

has  conjugate  points. 

'^'^  o    ?        o  in  'r.1        '^" 

d.v  ~  -      —     . 

From  (2)  and  (3),     ,r  =  «  and  y  =  0,  or  a:  =  ^a  and  y  —  0. 

The  first  pair  of  values  satisfies  (1),  and  therefore  the  point  {a,Q) 
must  be  examined, 

'  -  S-g^  -  Biz  +  f>a^  _  Qx-  Sa  _  _J_  ix  =  a 


This  result  being  imaginary,  we  eoucludc  that  the  point  examined 
3  isolated. 
S.  The  curve  {c^y  -  a:^)^  ^  {x  -  a^  (*  ~  b)%  in  which  a>b. 
u  =-.  (.V  -  ^T  ~{x-af{^-hf^(i (1), 

l^^a^M-^-^-^j^o (3), 

^~-.Q^^-{,-^y-^^)^:.{z-aY{x-hf~Q{x~aY{x~bY  =  Q  .  .  .  (2). 
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The  equations  (3)  and  (3)  give 

a;  =  a  and  y  ^=  —^,  or  a;  ^  6  and  y  :=  —  ; 
both  of  which  pairs  of  values  satisfy  (1),  and  therefore  bolli  reqiiir. 


,     &j?  (cV  -  a3)  +  5  (a:  -  a)*  {x  -5  )^  +  0  (^  -  af  {x  -  h)\ 
P-  '4cHc^y~x^) 

"   c2  ^  2c2  c"  ' 

Thus^''  is  real  at  both  points.     But  if  we  suliatitute  b  ±  k  for  a 
in  (1),  and  solve  with  respect  to  y,  we  got 

both  of  which  values  of  y  are  imaginary  wlien  h  is  tiiken  less  than 
a~b;  so  that  the  point  where  x—b  and  y=  ~  is  a  conjugate  point, 
although  p'  is  real. 

This  result  is  confirmed  by  forming  the  succeeding  differential 
coefficients ;  thus 

+  Q{x-a)^{x~b)\  =  ^,  when  x  =  b. 
This  is  a  real  value  also, 
he  nest  coefficient 
which  is  imaginary,  since  a  >  S. 

The  value  x  =  a  does  not  belong  to  a  conjugate  point,  as  is  seen 
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by  substituting  a  ±  h  for  x  in  (1),  and   solving  with   respect  toy, 


wliich  is  real  when  A  >  0,  but  imaginary  when  A  <  0, 


Gusj?s. 

157,  A  cusp  is  that  peculiar  kind  of  double  point  of  the  second 
species  at  whiuh  two  tangential  branches  terminate  without  passing 
through  the  point. 

Cusps  are  of  two  kinds,  viz. : 

1st.  That  in  which  the  two 
branches  lie  on  different  sides 
of  the  tangent,  as  in  Fig.  1. 

2d.  That  in  which  they  He 
on  the  same  side  of  the  tangent. 

The  test  of  a  cusp  is  that 


n  Tig.  2. 
-  shall  have  two  real  and  equal  va 

at  some  point  {a,b),  ahd  that  when  we  substitute  a-\-?i  and  t 

for  sc,  we  shall  find,  in  one  case,  two  real  and 

unequal  values  of  ji,  and  in  the  other  two 

imaginary  values.     The  only  exception    to 

this   is   that  offered  by  the  case  shown   in 

Fig.  3,  where  a  eitsp  of  the  first  kind  occurs 

at  a  point  P,  with  thu  tangent  parallel  to  the 

axis  of  ji.     !t  will  then  he  more  convenient  to  form  the  value  of 


-,  which  should  be  ±  0,  and  to  try  whether  the 


substi- 


tution of  6  +  A  and  6  —  k  for  y  will  render  a:,  in  one  case,  real  and 
double,  and  in  the  Other  imaginary.  The  condition  p'  =^  -  serves  as 
a  guide  in  selecting  the  pointa  to  be  examined. 
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158.  I.  To  detertniue  whether  the  curve  {by  —  cxy  =  {x  ~  af 
has  3  cusp,  and  if  so,  of  which  kind. 

.  =  (iy-«,)'^(.-<>)-  =  0 (1), 

|=-2«(»,-»)-%-.)-  =  0 (2). 

|  =  a(i,-W  =  " (a). 

Fi'om  (2)  and  (3)  we  obtain  a;  ~  a,  and  V  ^'^, 
Md  as  these  values  satisfy  (I),  we  must  examine  the  point  (a,  —J 

'^  »,,/        \ ^  =  7T     when  ac 

Sicp'  —  2t^ + 20(ar  -tt)s      2/wu' — 2c^ 

.  ■ .  Ifip'"^  ~  ^hcp'^—  r?,     p''^  —  ^—p'= T^and^'  =  — ±0. 

.  ■ ,  There  are  two  equal  values  o?  p',  and  consequently  two  tan- 
gential  branches  proceed  from  the  point,  a,—- 

Now  put  snccessively  x  ~  a  +  h,  and  x  =:  a  —  h,  and  solve  with 
respect  to  y. 

when  x^n,+h,  y—  — ~f/     —    i  ^"^^  ""^^l  ^'''^  unequal  values, 

when  x  =  a  —  k,  y^=:— -——-■■-       ^  two  imaginary  values. 

Henee  there  is  a  cusp  at  the  point  o,  — >  ar.d  the  tangent  at  that 
point  is  inclined  to  the  axes  of  x  and  y. 

Again,  the  ordinate  Y  of  the  tangent  corresponding  to  the  abscissa 

ac  ac-\-  ch 

a  4-  A,  is  —  +  p'h  =  - — -—  which  is  greater  than  one  of  the  cor- 
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;  values  of  y,  and    less   than   the  otJier.     Therefore  the 
11  different  sides  of  the  tangeat,  and  the  cusp  is  of  the 
first  kind. 

Remark.  The  kind  of  cusp  can  usually  be  found  very  easily  by 
examining  the  values  of  the  second  differential  coefficient ;  for  the 
deflection  of  the  curve  from  the  tangent  is  conti'olled  by  the  sign  of 


Hence,  when  the  two  valut 


signs,  the  cusp  will  be  of  the  first  kind,  bi 
it  will  be  of  the  second  Idnd. 

2.  The  semi-cubical  parabola     cy^  ^^  z 


of  this  coefficient  have  < 
he  signs  a 


u  =  c,f-x^  ...   (1) 

dx 

=  -3iK 

.  ■ .  a  =  0,  and   j 

^0, 

and  a 

ciisp  at  the  origin. 

,       ^x-'  _  t<x  _ 
^  ~  'icy~  2cp'  " 

'      when 

2cp' 

■•-•■=|-» 

and 

y  = 

two  real  and  equal  values. 

Now  put   0  ±  A 

for   X 

in  (1 

there  will  result, 

=0...{2),    ^=2.y=0...(3). 

these  satisfy  (1)  there  may  be  a 


■when  a;  —  0  +  ^1  y  —  ^ 


-  two  real  and  unequal  valu< 


"      a;  ^=  0  —  ft,  (/  —  ±\  /  —  — ■   two  imaginary  values, 

.  ■ .  There  is  a  cusp  at  the  origin.  Also  the  ordinate  Y  of  the 
tangent  corresponding  to  the  abscissa  0  +  ft,  is  0  +  p'h  =  0,  which 
being  intermediate  in  value  between  the  two  corresponding  values 
of  y,  the  cusp  is  of  the  first  kind. 

159.  Sometimes  it  is  more  convenient  to  solve  the  eq^uation  with 
respect  to  y  before  differentiating. 
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=  S  + 


.')'={,-a)< 


Now  J/  has  but  one  yalue  6  +  ra',  or  to  spe^k  more  correctly,  it 
has  two  equal  values  (S  +  ca^  ±  0)  whea  a:  =  a,  and  p'  =  2ca  zh  0 
has  then  two  equal  values  also. 

4 
When  ar— o+/i,  y^J+c(a+ft}2±(+7i)*  two  real  and  unequal  values, 
4 
"      a'=(t— /i,  i/^:z/i-{-c[a~hyzh[—h)    two  imaginary  values. 

Hence  there  is  a  ousp  at  the   point 


And  since  the  two  values  of  p"  liave  the 

same  sign,  the  cusp  at  the  point  (a,  b  -\-  ea^)  is  of  tlie  second  kind. 
The  kind  of  cusp  would  also  appear  by  comparing  the  ordinate  Yof 
the  tangent  with  the  two  values  of  y. 

For  when  x  =  a  +  k,   Y  =  b  +  ca^  +  p'k  =  b  +  ca^  +  2cah, 
which  is  less  than  either  value  of  y,  when  k  is  small. 

Points  of  Inflexion, 

160.  Points  of  inflexion  or  contrary  flexure  are  those  at  which 
the  curve  clianges  the  direction,  of  its  curvature,  being  successively 
convex  and  concave  towards  a  fixed  line  as  ths  axis  of  x. 

It  has  already  beeu  remarked  that  a  curve  is  convex  towards  the 


s  of  a;  when 


Henee  a  point  of  inflexion  will  be  chai'acterlzed  by  having  the  second 
differential  coefficient  affected  with  contrary  signs,  at  points  situated 
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r  to,  but  on  different  sides  of  the  poiut  in  question.     But  since  & 

iable  quantity  changes  its  sign  only  when  its  value  passes  through 

dhi 
'  —^ '^  will  belong  to 


I  point  of  inflexion.     But  the  converse  is  EOt 


;,  for 


d-^y 


will   < 


not  always  diange  after  its  value  has  reached 
/e  must  therefore  see  whether  a  change  in  the  sign  of 
will  not  occur. 


We  may  also  recognize  a  point  of  inflexion  by  the  consideration 
that  at  such  a  point  the  tangent  interaeet«  the  curve,  and  therefore 
the  ordinate  of  the  tangent  will,  on  one  side  of  the  point  be  greater, 
and  on  the  other  less  than  the  corresponding  ordinate  of  the  curve. 


161.  1-  The  cubical  parabola  (j^y  :=  'X^. 

y  =  — '     p  ~  -Y'    ^    —  -^  =  0     when     a;  =  0. 
■ .  The  origin  is  a  point  to  be  examined. 


Put 

«  =  0  +  /2,  and  y  =  ^j, 

'  =  0-1;  <"">  'J  =  'Jr 

Tlla, 

©  =  ?>». 

S=-S<o. 

^ence  the  origin  is  a  point  of  inflexion.     The  condition  p"  z=  co 
;ivea  r  ~  ao ,  and  therefore  is  not  applicable. 

162.  Sometimes  it  happens  that  two  of  the  peculiarities  wliioh 
■hat aeterize  singular  points  occur  at  the  same  point  of  a  curve. 
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E%.              a^if   ~  ^ahv?ij  —  x^ 

=  0  =  »....  (1), 

^=-4aJaj<-5r'^0...  .  (2), 

' 

^  =  2«V-2«f'^^  =  0...  .  (3). 
The  equations  (1),  (2),  and  (3), 

^ 

^ 

are  all  satisfied  by  the  values 

0 

"~^ 

a'  =  0,  y  ^a. 

0        ,            ix^fi 
-0     ^^^'^^       ),  =  0. 

0                              ia:^0 

■■■-P"-i^ 

:^  0,       p'  =    ±  0, 

and  there  is  either  a  cusp  or  a 

double  point  at 

he  origin,  the  ax 

of  X  being  tangent  to  the  curve. 

\i  x~(i-\-h,     y  —  —^  iy ; ,  two   real   values,    one 

greater  and  the  Other  less  than  the  ordinate  (0)  of  the  tangent. 

.       .              6A2          Ib-^h*  —  ak^  ,       ,  , 

If  ic  —0  —  h,     y  =z~^±.\/ ^ ,  two  real  values  when 

k  is  small,  but  both  greater  than  0. 

Henee  there  is  a  double  point  of  the  second  species  at  the  origin, 
and  one  branch  of  the  curve  has  an  inflesion  at  that  point. 

163.  In  addition  to  the  singular  points  already  described,  two 
othe]'  classes  may  be  iioticecl,  viz. ;  Stop  Points,  or  those  at  which  a 
single  branch  terreiinates  abruptly ;  and  Shooting  Points,  at  which 
two  or  more  branches  terminate  without  being  tangent  to  each 
other.     Both  are  of  rare  occurrence,  but  the  following  are  examples 

1.  y^^xAo^o:.  This  curve  has  a  stop  point  at  the  origin, 
"For,  y  hiis  but  one  value,  and  that  is  real  when  a^  >  0  ;  but  the 
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value  of  y  i«  impossilile  when,  a:  <  0,  since  ncg; 
not  pvopei-iv  be  regarded  as  having  iviiy  logarithi 

3-     S  --^tan-'  -,     or,     y  =  acot-'s. 

This  cui'if  has  a  shooting  point  at  the 


iT08     wher 


:.=^  +  0 


=  t3ii-i{- CO)  = --^1=  -  1.5708     when     a;  =  ~- 0, 
and  whether  x  be  positive  or  negative,  y  will  have  but  one  value. 

164.  When  a  curve  has  the  spiral  form,  and  is  therefore  more  c  b 
veiiieiitly  referred  to  polar  eo-ordinatea,  we  may  distinguish  U  e 
of  a  point  of  contrary  flexure  by  the  condition  thiit 
0  at  that  point,  and  that  it  shall  have  contrary  signs  on  differ- 
ent sides  of  that  point.     This  we  proceed  to  show. 


In  the  first  case  r  and  p  increase  together,  and  therefore  -~-  is  posi- 
tive. In  the  second  case,  p  diminishes  as  r  increases,  and  tliercfiiro 
-J-  is  negative.      Hence,  in  passing  through  a  point  of  contrary 


flexure,  -f-  will 
dr 

.  .    dp 


its  sign,  becoming  equal  to  zero  at  that  point, 
plainly  could  not  become  infinite,  since  p  cannot  exceed  r. 
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166.  When  two  curves  continually  approach  each  other,  and  meet 


iafinitc  distance,  e 


Mly  a 

166-  Prop.  To  determine  tlio  conditions  necessary  to 
uarves  nsjmptotes  to  each  other. 

I  t  the  cuives  be  referred  to  rec- 
ta jfulai  aiea  and  let  the  ordinates 
hP  M  1  BP  corresponding  to  the 
s    10  al  sc  s      OE  =  a',  be  express- 

j  1  y  mean',  of  the  equations  of 
tilt  curves   ni    terms   of   z.      The 
ctifforeuce  PP'  =  y^  —  y  can  then  bi 
if  tl.'L'  difference  be  reduced  to  zer 
finite  for  all  other  values  of  k,)  the  curves 
each  other. 

This  condition  is  fulfilled  only  when  the  di 
a  scries,  contains  none  but  negative  power: 
lute  term,  for  in  such 

Hence  we  must  be  able  to  express  y-i  —  y  in  the  form 
y^  —  y  =  At-'  +  Ba-*  +  Car^  +  &.c., 
or  the  difference  x^  —  x  of  the  two  ahscissre,  correspondi 
same  ordinate,  must  admit  of  being  expressed  in  the  form 


II  asymptote  to  the 


jspreased  ia  tenns  of  x,  and 
by  making  s  ^  od  ,  (being 
irvcs  will   be  asymptoies  to 

s  (expanded  into 

without  an  abso- 

only  will  the  diffeience  y^  —  y  become 
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167.  Cot.  If  there  be  three  curves,  {A),  {£),  and  {0),  and  if 
the  difference  of  the  corresponciing  ordinates  of  {A)  and  (B),  and 
that  of  the  ordinates  of  (J)  and  { C),  be  thus  expressed. 

y^~-y^  =  Ax-"  +  B3r'-'+'''  +  Cr-*-^' (1). 

3/3  -  y,  =  .Siar<"+"  +  C^x-'-'-^^  +  &o (2). 

the  three  curves  -will  fee  asymptotes  to  each  other,  and,  moreover, 
the   curve  (0)  will   lie  nearer  to  {A)  than  {B)  docs.     For,  by 

malting  x  sufficiently  large,  the  terjii  Jx-",  or  —  may  be  rendered 

greater  than  the  sum  of  the  sueoeeding  terms  of  (1),  or  greater  than 
the  sum  of  those  tercas  increased  by  the  series  (2). 

168.  Cor.  The  curve  whose  equation  can  be  written  ia  tlio  furin 
ij  =  B  +  Ax"  +  Bx'' +  Oaf  +  A^a.-',  +  Bji:-';  +  C^r"^,  +  &c., 

can  have  an  infinite  nuiulier  of  curvilinear  asymptotes. 
For  by  taking  any  curve  whose  equation  is  of  the  form 
yi  =  D  +  Ax"  +  -Bk*  +  Cb!=  +  A^'T"!  +  B^,  +  &c. 
m  which  the  absolute  term  7>,  and  the  terms  involving  the  positive 
powers  of  x,  are  the  same  as  in  the  given  equation,  the  difference 
yj  —  y  will  reduce  to  zero  when  js  =:  on  . 

169.  P'-<^.  To  find  the  general  form  of  the  expanded  value  of 
the  ordinate  in  such  curves  as  admit  of  a  rectilinear  asymptote. 

Since   the   equation  of  the  rectilinear  asymptote  has  the  form 
y  —  A^x  +  £1,  the  equation  of  the  desired  curve  must  take  the  form 
1/  =.  A^x  +  B^  +  il3^"  +  £«-*  +  Cx-'  +  &c. 
no.   1.  The  common  hyperbola  ahj^  -  !/-.,-'  =.  -  a^b\ 

-        ^(a_3^  -(■--    2j,-i  _  1  a%-3  -  &c  1 

But  y  =  ±:  -X    is    the    equation  of  two    straight   lines    passing 
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through  tlie  origin  and  ec[\ial]y  iiiclinecl  to  the  axis  of  x.     Hence 
these  lines  are  asymptotes  to  the  hypei'bola. 

2.  To  determine  whether  the  curve  y  ~  h(^  —a'-')  lias  either 
rectilinear  or  curvilinear  asymptotes. 

By  expansion 

y  ^  tfyCrr*  +  -- (i^:c-^  +  fee.)  =  hx-^  4-  - bc?x~'^  -\-  &e. 

Bat  y  —  0  is  the  equation  of  the  axis  of  x.     Hence  that  axis  is  a 
rectiliiii-ar  asymptote  to  the  curve. 

To  discover  whether  there  is  an  asymptote  parallel  to  the  axis 
of  y,  let  the  equation  be  solved  with  respect  to  x\  thus 

I  =  ±  («'  +  J^j J)*  =  ±  («  +  1  S>.- V"  -  &0.) 

Here  it  is  evident  that  two  lines  parallel  to  the  axis  of  y,  and  at 
distances  therefrom  equal  to   +  a  and   —  a  respectively,  will  be 
asymptotes  to  the  curve,  their  equations  being 
3:  =  +  a     and     x  ■=.  —  a. 

The  hyperbola  whose  equation  (referred  to  its  asymptotes)  is 
xy  —  h  will  be  a  curvilinear  asymptote,  aud  there  may  be  found  any 
number  of  other  curvilinear  asymptotes. 
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17i,  In  this  rhsiptcr  it  is  proposed  to  give  siicli  general  flir 
as  are  necessary  in  tracing  a  curve  from  its  given  equiUioii,  and  in 
discovering  the  chief  peculiarities  which  charaoterlza  it. 

The  following  steps  veill  he  found  useful : 

Ut.  Having  reso-lved.the  equation,  if  possible  with  respect  to  y, 
let  different  positive  values  be  assigned  to  x  from  a;  =  0  to  x  —<k, 
and  let  those  points  be  noticed  particnhirly  where  1/  —  Q,  y  —  a,  or 
y  =  an  imaginary  value.  The  first  indicates  an  intersection  with 
the  axis  of  X,  the  second  shows  the  existence  of  an  infinite  branch, 
and  the  third  gives  the  limits  of  the  curve  iu  the  direction  of  x 
positive. 

2d.  Assign  to  X  all  negative  valnes  from  x  =  Q  to  x=  -■  <x>, 
and  observe  the  same  peculiarities  with  respect  to  y  as  when  x  was 
positive,  hi  both  cases  the  negative  as  well  as  tlie  positive  values 
of  y  must  be  examined  so  as  to  include  the  branohes  below  as  well 
as  those  above  the  asis  of  x. 

3d.  Detcnnine  whether  the  curve  has  asymptotes,  and  determine 
their  position. 

4th.  Find  the  value  of  the  difTcrential  eocfllci 


mine  from  thence  the  angles  at  which  the  curve  cuts  the  axes,  as 
well  as  the  points  at  which  the  tangent  is  parallel  to  either  axis. 

5t!i.  From  the  value  of  —V  ascei'tiiin  the  dlreotioii  of  the  cur- 
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vature  and  the  positions  of  the  points  of  contrary  fluxure  when 
tlicy  exist. 

6th.  Determine  the  positions  and  character  of  the  other  singular 
points,  if  there  bo  such. 


172.  1.  Let  llio  equation  of  the  proposed  curve  be 


Resolving  with  respect  to  y 


and  since  each  value  of  x  gives  two  values  of  y  inimerica]ly  equal 
but  having  contrary  signs,  the  curve  must  be  divided  symmetrically 
by  tho  axis  of  x. 

If  X  be  positive  and  numerically  less  than  o,  y  vi  ill  be  im.iglnary, 
and  there  will  be  no  point  of  the  curve  between  the  axis  of  y  and 
a  parallel  thereto  at  a  distance  equal  to  a  on  the  right  of  the 
origia. 

When  a:  ^:  o,  ^  =r  0,  when  a;  >  a,  )/  is  real,  and  continues  so  for 
all  greater  values  of  x,  becoming  infinite  when  a;  r=  co  . 

If  X  be  negative  and  numerically  less  than  i,  y  is  imaginsiry,  and 
there  is  no  point  between  the  axis  of  y  and  a  parallel  thereto  at  the 
distance  =  6,  on  the  left  of  the  origin. 

Wheu  X  =  —b,y  becomes  infinite ;  and  when  «<—?',  that  is, 
negative  and  numerically  greater  that  4,  y  becomes  real  and  eon- 
tinue-s  to  increase  without  limit  as  the  numerical  value  of  a;  increases, 
being  infinite  when  ar  =  —  oo  . 

Thus  it,  appears  that  the  curve  has  six  infinite  branches. 

Again,  since  x  ■=  —h  makes  y  infinite,  there  is  an  asymptote 
parallel  to  the  axis  of  y,  and  at  a  distance  therefrom  equal  to  —  6. 
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equation  with  respect  to  y,  and 


{x  +  hf 

/.      IS       Si^  \  ,         1,  .       , 

~  ±eII  —  --  +  --— ,  &c.    =  ±  (s  —  -- i  +  terms  mvoiv- 

ing  powers  of  x). 

Hence  ji^±(.iT  —  -5)  is  the  equation  of  two  straight  lines,  which 

are  asymptotes  to  the  curve,  and  arc  inclined  to  the  axis  of  x  at 
anglea  of  45"  and  135°  respectively. 

If  we  combine  this  equation  of  these  asymptotes  with  that  of  the 
curve,  we  shall  find  that  each  of  the  asymptotes  intersects  that 
branch  of  the  curve  which  lies  on  the  right  of  the  axis  of  y. 

dx 


2(.> -«•)•(« +  6)' 
which,  placed  equal  to  zero,  gives  the  cubic  equation 

itt  which  there  must  be  one  real  and  negative  root,  since  the  absolute 
term  is  positive.  The  other  two  roots  are  imaginary,  as  is  easily 
seen  from  the  form  of  the  equation.  Thus  there  are  two  points 
oorr^ponding  to  the  same  negative  abscissa,  one  above  and  the 
other  equally  below  the  axis  of  x,  at  which  the  tangent  is  parallel  to 
the  axis  of  x-. 

By  making  ^  -  «- ,  we  ^<:t  x  ^  a  or  x  =  ~  h.     The  first  corres- 
ponds to  a  point  at  which  the  curve  intersects  the  axis  of  x  pcrpen' 
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dicularly.     The  second  belongs  to  the  point  of  contact  of  one  of  the 
asymptotes  as  before  seen. 

By  forming  the  value  of  -~,  we  should  find  that  the  curve  is  con- 
cave to  the  axis  of  «  when  x  is  positive,  and  convex  when  x  is 

ITie  curve  lias  neither  multiple  points,  cusps,  eonj,ugate  points,  nor 
inflexions. 


2.  The  curve  whose  ec[uatioii  is  y^= • 

When  X  =^  Of  y  =:0,  and  therefore  the  curve  passes  through  the 

When  X  ~  ~,  ^  ^  ±  cc  ,  when  3;:=+co,  y  =  +  ixi,  and  when 

Thus  the  curve  has  four  infinite  hraneiies. 

When  X  ^z  a,  or  x  =^  —  a,  y  z=  0  corresponding  to  two  intcrsco 
tions  with  the  axis  of  x. 


,  there  is   one   asymptote  whose 
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Also,  hj  resohliig  with  respect  to  y,  and  expanding,  we  get 


^rii-m 


:=— J  (k  +  -  -|-  terms  iiivolvin 


.  ■ .  y  —  —  jar  +  -- j  is  the  equation  of  a  second  asymptote. 
Forming  tlie  value  of  the  dilTerentlal  coefficient  —r-,  we  have 


This  expression  hecomes  infinite  when  a;  =  -,  when  a:  =  ±  a,  and 
when  a  =  0. 

HenoB  the  curve  cuts  the  nxis  of  x  perpendionlarly  at  the  origin, 
and  at  distances  therefrom  —  +  «  and  —  a  respectively.     The  value 


of  -J-  becomes   zero  when  6s*  —  ^.ax^  —  2a^a:^  -h  2a%  ~  0,  which 

corresponds  to  a  value  of  x  between  0  and  —  a.     The  corresponding 
value  of  y  is  a  maximum. 

Tiiei-e  are  inflexions  at  the  points  where  s  =  o  and  a;  =  —  «,  as  will 
reiidily  appear  by  substituting  for  a:  values  alternately  a  little  greater 
and  somewhat  less  than  a,  and  similarly  for  values  greater  and  less 
than  —  a..     For   if  x   be  rathei-  greater  than   a  in  the   equation 

y'  =  -J— ,  y  will  be  positive  ;  but  if  x  be  somewhat  less  than 

a,  y  will  become  negative.     Thus  the  curve  will  oi'Oss  the  tangent  at 
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the  point  where  it  meets  the  axis.  The  same  will  be  true  v/h&nx=—a. 

There  will  be  a  third  inflexion  between  a  t^O  and  a:  z^  -  o,  for  the 
curve  touches  the  axis  of  y  at  the  origin,  and  a  parallel  asymptote  at 
the  distance  -  a  from  that  axis,  and,  therefore,  must  chanire  the 
direction  of  its  curvature  between  those  two  parallels. 

Tinalh-  hy  making  the  value  of  ^-  =  -  wc  shall  find  that  there 
is  a  cusp  of  Che  fij'.st  kkd  at  the  origin.  The  form  of  the  curve  is 
represented  in  iii'^et^^eWt 
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THEORY  OF  CURVED  SURFACES. 


CHAPTER    I. 


173.  Tlie  consifjcratioii  of  surfaces  affords  an  application  of  the 
theory  of  functions  of  two  independent  variabJes.  Thus  if  x,  y, 
and  z,  be  the  co-ordinates  of  any  point  in  the  surface,  and  s  —  ?(*#) 
the  equation  of  the  suriace,  the  values  of  x  and  y  may  be  assumed 
arbitrarily,  and  that  of  z  will  become  determinate. 

174.  Prop.  To  determine  the  general  differeatial  equation  of  a 
plane  drawn  tangent  to  any  curved  sur&ce  at  a  given  point  {a^i,  yj,  z-^ 
situated  in  the  surface. 

Let  the  surface  and  plane  be  intersected  by  planes  respectively 
parallel  to  xz  and  yz,  and  passing  through  the  point  {^i,  y^,  Sj). 

The  equations  of  the  line  cut  from  the  tangent  plane  by  the  plane 
parallel  to  xz  will  be  of  the  forms 

*  -  I,  =  ({e  _«,)... .  (1),     ana     ,  =  ,,....  (3), 
and  those  of  the  intersection  parallel  to  yz  will  be  of  the  forms 

y~y,^s{z-z,)....{Z)     and     x  =  x,  .  .  .  .  (4). 
Also  the  equation  of  the  tangent  plane,  which  contains  these  lines, 
will  have  the  form 

A(z  -  I,)  +  B(,  -  y,)  +  <7(»  -  ,,)  =  0  .  . .  .  (6). 
The  equation  of  its  trace  on  xz  t^A{x—x^)  —  ~  (7(3—^1)+%, . .  (6). 
"         •'     jz  «-S(!/-!/J=-0C=-^,)+^«l.■(')■ 


db,GoOgle 


TAKGENT   FLAKES  TO    CUKVED    SURFACES.  215 

But  the  trace  (6)  is  parallel  to  the  interseeCion  (1)  (2),  and  the  trace 
(7)  is  parallel  to  the  intersection  (3)  (4). 

.   .t^--     and      ,^~-. 

which  values  reduce  (5)  to  the  foriri 

^-^^^\{^~H)^]k'j-y.).---  (8)- 

Now  since  the  intersections  (1)  (2)  and  (3)  (4)  are  respectively 

tangent  to  the  corresponding  curves  cut  from  the  surface,  we  must 

,  dx,  ,  dy,  \       dz.  ,1       dz, 

have         t  =  -T-!-     and     s~-^     or    -  ~  -r-t-     and      -  —  —— 

Hence  (8)  reduces  to 

2  ~  ^1  -  ^  (^'  -  ^'i)  +  -^{y-y-,)-  •  •  (0),  the  desired  cc|uation. 

The  expressions  y-^  and  -j^  are  the  partial  diiTerential  coeffi- 
cients derived  from  the  equation  of  the  surface,  and  they  will  have 
the  same  values  at  the  point  (^iiVi-z^,  as  the  similar  coeiBcients  de- 
rived from  the  equation  of  the  plane,  tangent  at  that  point. 

175.  Cor.  !f  the  equation  of  the  surface  be  given  under  the  form 
u  =  ,f{x,  y,  2,)  ^  0, 


thf 

;  equatioz 

1  of  the  tangent 

;  plane  will  talct 

,  .  more 

symmetrical 

foi 

■m.     Por 

we  then  have 

(Art.  57) 

m- 

du      du  dz       ,          ,      \dx^ 
— +— ■  — =  0,     and      \-^\-- 
dx  '  dz    dx         '               LdyA 

du       du 

dz 
'dy~- 

zO. 

H< 

.n„ 

dx,  ~  ' 

du 

dx,      dz, 

du '      dlj,  ~ 

du 
dz^ 

and  by  substitution  in  (9)  and  recluetion,  we 

obtain  the 

1  mor, 

3  sym 

mi 

itrical  fori 

-^•^S.  +  (^ 

-^■'l;+(^- 

du 

0. 
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176.  Projt).  To  determine  the  equations  of  si  line  nonnal  to  a 
curved  surface  at  a  given  point  (%,yi,Si). 

The  eqiiations  of  a  line  passing  through  the  point  (^i,yi,«i)i  ^^^^ 
the  forms 

Slid  since  the  normal  line  is  perpendicular  to  the  tangent  plane,  we 

have  by  the   conditions  of  perpendicularity  of  a  line  and  plane 
{A  ^  Oi  and  B  =  Cs),  the  following  relations : 

du  du 

0  dx^  ~~  du/        ~  'C  ~       di/^  ~  du 

dz-y  dz^ 

These  conditions  give  for  tlio  equations  of  the  normal  line 

'-^.  +  ^(-'0  =  o)   "    |,^(,-..,  =  |^C.-.). 

177.  Cor.  If  flj,  flg,  ^3,  be  the  angles  formed  by  the  normal  with 
the  axes  of  a,  y,  and  z,  respectively,  or  those  formed  by  the  tangent 
plane  with  the  planes  of  yz,  xz,  aad  xy,  we  shall  have 

.  A  dxy  dx. 


JA^+B^+C'^  fdz}     'dz^    ,    ,         fd^  ^  difl      d 

eos^,= "^    ^  ^         _. 

/(fe,^       d^  jdu^        dw'        du^ 


jdz^       dzj^  jdii^        du^       du' 
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178.  Prop.  To  determine  the  equations  of  a  line  drawn  tangent 
to  a  curve  of  double  curvature,  at  a  given  point  (^i,yi,Si),  on  the 

The  curve  will  be  given  by  the  equations  of  its  projoctioua  on  two 
of  the  co-ordinate  planes,  as  xs,  and  yz  ;  thus 

F{x,s)  =  0, (1).         and        <p(y,  z)  =  f) (2). 

The  equations  of  the  required  tangent  will  have  the  forms 
x-x,^i{z-z,\....{S).     and     y-y^  =  K^-z;),....{A)- 
and  since  the  projections  of  the  tangent  arc  taiigcnt  to  the  projections 
of  the  curve,  (3)  and  (4)  will  take  the  forms 

'-'■=j5<^ -•■)■■•(»'•  "■"  — .=!;&-..),  ■■  (8). 

in  which  equations  the  values  of  ^  and  -r-t  are  to  he  derived 
dx^  dy■^ 

from  (1)  and  (2),  the  equations  of  the  given  curve, 

179.  Pro2).  To  determine  the  equation  of  a  plane  drawn  through 
a  given  point  of  a  curve  of  double  curvature,  and  normal  to  the 
curve  at  that  point. 

The  equation  of  a  plane  passing  tlrough  the  point  (^1,^,,^]),  is  of 
the  form 

A(^  ^  «,)  +  B{,  -  ,,]  +  C{z  -  .,)  =  0.  . . .  (1). 

But.  since  the  plane  is  to  be  perpendicular  to  the  tangent  line,  we 
must  have  the  conditions 

A^Ci  =  Op^,    and    £  ^  Cs  =  o'^-p, 

which  values  reduce  (1)  to  the  form 

the  required  equation. 
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180,  1.  The   tangent  plane   to    the    sphere   whoso   equatio 
u  =  z^  +  y^  +  e^~r^  =  0. 


Therefore  by  substitution,  in  the  general  diffei-ential  equation  of  a 
tangent  plane  to  a  curved  surface,  we  get 

.-.   a^Sj  +  yj/i  +  zz^  =  x-^  +  y^  +  z^  —  t-^,  the  required  equation. 

2.  The   ellipsoid      «3zz^  +  |^  +  4-1^0. 

du      2x      du      2y      du      Sz 
dx       cfi'     df/'~  b'''      dz~  c* 

or,      ■—-  +  ij^  -i — ;^  —  1,  tho   required   equation  of   the  tangent 
plane. 

3.  Tlie  hypsrholoid  of  one  sheet  m  =  ^  +  |^-^  —  1=0. 

du      "iz      du      2i/      du  23 

dx       a^'     d'j       i)'^'      de  <?■ 

2iK, ,  ,       Stf,  ,  ,22,,  ,       „ 

.  • .   -^'{i  - 1,)  +  -^(y  -  y,)  -  -^(1  -  !,)  =  0. 

,  ■ ,  — ^  -)-  ^~  ~~  ~~i  —  1  =  0,  the  equation  of  the  tangent  plane. 
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4.  The  conoid     m  =  c'x^  +  t/'-a^  —  r^z^  ^^  0. 
dx  dy  ax 

or,     iflxx-i  4-  2]^?!  +  iVi   —  '■^)22i  —  ^i^^i^-    'lie   equation   of   the 
tangent  plane. 


CHAPTER    II. 

CYLINDKICAL    SURFACES,    C 


181.  Prop.  To  dotCTmine  the  general  clifTcrcntial  eqAiation  of  all 
cjliadrical  surfaces. 

These  surfaces  are  generated  by  the  motion  of  ii  straight  line, 
which  touches  a  fixed  curve,  and  remains  parallel  to  a  fi.xed  lino 
in  every  position. 

Let  the  equations  of  the  fixed  curve  or  directrix  be 

F{x,z)^(i,...,  (1).         i\{y,e)  =  0,....(2), 
those  of  the  generatrix,  in  one  of  its  positions,  being 

^^fe  + «,....  (3).  y=,z+h,....{'^). 

Since  the  generatrix  continues  parallel  to  a  fixed  line,  the  values 
of  i  and  s  will  continue  constant  for  all  positions  of  the  generatrix, 
but  a  and  6  will  vary  with  its  position. 

Eliminating  x  between  (1)  and  (3),  and  y  between  (2)  and  (4), 
we  get  one  relation  between  z  and  a,  and  a  second  between  z  and  6. 
Then  combining  these  equations  to  eliminate  z,  we  obtain  a  relation 
between  a  and  b,  which  may  be  written 

6  —  (pa,  .  ...  (5). 
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But  from  (3)  and  (4),     a  ==  a:  —  is,     and     b  —  ^  —  s^. 
.  ■ .  (5)  becomes    y  —  sz  =  ^(x  —  tz), ....  (6), 

This  is  I!  general  equation  of  all  cylindrical  surfaces,  but  it  c 
taias  the  i:iiknown  function  ip. 
tiate  (fi)  wiili  respect  t 
result  by  the  second  ;  thus 


1%  rfy 

whence       i-j-  +  *t-"=  1  ...  -  C?},     the  required  equation, 

182.  Oor.  ]f  we  denot«  the  primitive  or  integi'atecl  equation  of  a 
cylindrical  surface  by/(s,y,2)  —  «  —  0  the  diflei-ential  equation  (7) 
may  be  reduced  to  a  more  symmetrical  form.     Por  since 

d^t  dn, 

ds            dx  ^      dz            dy 

-r~—-J-  *"id     -J-  =  —  -i. 

ax           att  dy           du 

we  obtain  by  substitution  in  (7)  and  reduction 

,j!  +  .j!+*  =  „....(8), 
dx         dy       dz  ^  ' 

a  form  often  more  convenient  than  (7). 

183.  Pi-op.  To  determine  the  equation  of  the  cylindrical  surface 
which  envelops  a  given  surface,  and  whose  axis  is  parallel  to  a 
given  line. 

The  enveloping  and  enveloped  surfaces  being  tangent  to    each 
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ether,  will  have  a  common  tangent  plane  at  every  point  in  the  curve 
of  contact,  and  the  eijuation  of  one  of  these  planes  will  he 

-^.= (--.)!:+ (---'.lit 

in  which  a;,  )/i2|  refer  to  a  point  of  contact.     Moreover  the  differen- 

-'-     -'-  du     du     du  ,  1    ,,       J 

--e  the  same  whether  de- 


rived from  the  equittion  of  the  cylinder  or  from  that  of  the  enveloped 
surface.  Hence,  i!  vm  furm  the  difiential  coefficients  from  the 
equation  of  the  given  surfii.e  and  substitute  their  lalue?  in  the  dif- 
ferentia! equation  of  the  cylinder  the  result  will  chaiacterize  the 
points  of  contact,  being  the  equation  of  a  surface  containing  those 
points.  This  equation  when  cum bmed  with  thit  ot  the  envebped 
surface,  will  give  the  equations  of  the  curve  of  contact,  and  thence 
the  cylinder  can  be  determiiied. 

184.  ^s-  A  sphere  m  =  a«  -f-  j/^  +  e^  —  j-^  =  0  is  enveloped  by 
a  cylinder  whose  axis  is  parallel  to  the  axis  of  z  ;  to  find  the  curve 

ive  X  ^^  a  the  equation  of  the  projection  of  the  generatrix 
:  b  the  equation  of  the  projection  of  the  generatrix  on  yz. 
.•.  t^O,     s  =  0. 
.,      ■  dv      „        du       ^        dw       ^ 

^l"  E  =  =^'    T,  =  ''-    S  =  ^- 

Hence  by  substitution  in  (8), 

0.2x  +  0.2y  +  2z  =  <)     or     z  =  0, 
and  the  points  of  contact  all  lie  in  the  plane  of  xi/. 

Combining  the    equations    x^  +  y^  +  z^  —  r^  =  0    and    z  ~  0, 
there  results 

«^  +  y=  -  '■=  =  0. 


Here  we  1 


-d  by  Google 


llA  DIFFERENTIAL   CALCULUS. 

.  ■ .  The  carve  of  contact  is  a  great  circle  of  the  sphore,  as  might 
have  heea  foreseen. 

186,  Pi-of.  If  any  surface  of  the  second  order  be  enveloped  by  a 
oj'liiider,  the  curve  of  contact  will  be  an  ellipse,  hyperboia  or  para- 
bola, or  a  variety  of  one  of  those  curves. 

The  geiiera!  equation  of  surfaces  of  the  second  order  is 


+  (By  +  2  i'-+Bx+  tr)  =0 
which  is  the  eqiiatioi    if  i  plajie 

Hence  the  points  of  contact  aie  confimJ  to  one  plane  But  any 
section,  by  a  plane,  of  the  surface  represented  by  the  equition  (1), 
will  necessarily  be  ■i  hne  of  the  seronl  oidei  tml  theretore  the 
truth  of  the  proposition  is  apparent. 

Corneal  Surfaces, 

1S6.  Prop,  To  determine  the  general  differential  equation  of  all 
coniwd  surfaces. 

These  sui'faces  are  generated  by  the  motion  of  a  straight  line 
which  touches  constantly  a  fixed  curve  and  passes  through  a 
fixed  point. 

Let  the  equations  of  the  directrix  be 

i?M=0....(l),     ii-,{i,,2)  =  0  .  .  .  .  (2)  i 
those  of  the  generatrix  in  one  of  its  positions  being 

.-a  =  l(z-c)....(3),     md     ,j-l,  =  .(.-,)....{i), 
where  a,  h,  and  c,  denote  tl..e  co-ordinates  of  the  fixed  point  or  vortes. 
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The  quantities  {  find  s  vary  with  the  position  of  the  generatrix, 
but  a,  b,  and  c,  are  constant, 

Eliminatingic  between  (1)  and  (3),  and  j)  between  (2)  and  (4),  we 
get  one  relation  between  z  and  (,  and  a  second  between  s  and  «. 
Then  combining  these  equations  to  eliminate  z,  we  obtain  a  relation 
buLvvL't^ii  (  and  s,  which  may  be  written 

^-?' (^)- 

But  iVom  (3)  and  (4),  (  ^  ^^,     and     s  =  ^-^■ 

.  ■ .   (5)  becomes         -^——  =  f  I      __       (6). 

This  is  an  equation  of  conical  surfaces,  but  it  contains  the  unknown 
function  f.  To  eliminate  tliis  function,  difTerentiate  {(>)  with  respect 
to  X  and  y  successively,  and  divide  the  first  result  by  the  second  ; 
thus 

{^-~<:y-'dx'~  d[]  ^  dx  ~rf[]^L-G  {z  -  cy' d.v  A 
and 

_l y-  b       &  _  ^[J        rfQ  _  d^{  ]        r  x-a    dn 

2  „  ,       {z-cf'  dy  -   4  ]  ^     4    -    rf  I  ■]  ^   L  {z-  ^fdyV 

in  which  expressions  the  [  ]  is  used  to  signify     — —    ■ 
Now  by  division 

I  3.\^  I  \    ^^ 


■  ■ .  B  —  c  ^  (x  —  a)  -y-  +  (y  —  i)  -J—  ■  ■  ■  (7)  the  required  equation. 

187-  Cot.  If  we  denote  the  primitive  or  integrated  equation  of  a 
conical  F'jrfaee  by  /  [x,  y,z]  =  m  =  0,  the  differential  equation  (7) 
may  be  reduced  to  a  more  symmetrical  form. 
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du  du 

-P,       .  da  dx  ^      dz  dy 

For  since      _-  —  _  _      and     -_  -  -  -^, 

a.v  du  dy  du 

ve  obtain  by  substitution  in  (7)  and  reduction 

•*'■'  )^  =  0 (S),  .  farm  of..„ 

more  convenient  than  (7). 

188.  Prop.  To  determine  the  equation  of  the  coniod  surface  which 
envelopes  a  given  surface,  and  whose  vertex  is  situated  at  a  given 

If  we  form  the  differentiftl  coefficients  -y-,  and  — ^  or  -y-,  -t-  and  ■^- 
ax  ay       dx  dy        as 

from  the  equation  of  ihe  given  surface,  and  snbstituto  their  values  in 

(7)  or  (8),  the  differential  eqnation  of  the  conical  surface,  the  resulting 

rejiition  wiil  characterize  the  points  of  contact,  being  the  equation  of 

a  surface  which  contains  those  points.     This  equation,  combined  with 

that  of  the  enveloped  surface,  will  give  the  equations  of  the  curve 

of  contact,  and  thence  the  cone  can  be  determined. 

Ex.  A  sphere  x^  -^  y'^  +  z^  —  r'^  =.  d  —  u  is  enveloped  by  a  cone 
whose  vertex  is  situated  on  the  axis  of  y,  at  a  distance  i  from  the 
origin;  to  find  the  curve  of  contact. 

Here  we  have  the  co-ordinates  of  the  vertex  «  =;  0,  6  ^  S,  c  ^  0. 

,,  du      ^      du      _      du       ^ 

Also,  -=-  —  ^,  ---  =  2)/,  ^-  =  2z. 

dx  dy  dz 

.  • .  By  substitution  in  the  equation  of  conical  surfaces 

{x  —  0)  2a^  +  (y  _  S)  2y  +  (s  -  0)  23  =  0  ; 

or,  ■x-'  +  y^  +  z'-hy^  0. 

This  being  the  equation  of  a  sphere  having  a  radius  =  ~b,  and  its 
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contact  must  lie  in  the  surface  of  such  a  sphere. 

By  combining  the  equations  of  the  two  spheres,  we  get 

by-r^  or  y  =  ~^  and  x^ -\r  z^  = -^  {V^  ~  r'^)- 

Hence  the  curve  of  contact  is  a  circle  perpendicular  to  the  axis  of 

y,  and  at  a  distance  -7-  from  the  origin. 

189,  Pro'p.  If  any  surface  of  the  second  order  be  enveloped  by  a 
cone,  the  curve  of  contact  will  be  an  ellipse,  hyperbola,  or  parabola, 
or  a  variety  of  one  of  these  curves. 

The  general  equation  of  surfaces  of  the  second  order  is 
Az^-\-Bzy-^  Cy^-\-D^x+Ex^+Fxy+  Gz-^Hy-Vlx+K^O-ii .  .(1). 

~  =  By  +  Dx  +  2Az -\-  G. 


^=Ds-{-Fy+%Ex+I,     --=B^+FxAr20y-\-ir, 


=  [i)3  +Fy  +  2Ex+r\  {x~o,)  +  [£s  +  Fx  +  2Cy  +  H}[y-  h) 

-H  [By  +  Dx  +  2Az  +  6=]  (^^  -  c)  ^  0, 
or,  2[^2=  +  Cy'^  +  Ex^\  +  2[£2j/  +  Bex  +  Fxy\ 

+  IG  —  Da  —  Bh—  2Ae]z  +  [H  ~  Fa  —  Be  -  2C6]y 
+  \I-Fb~Bc-%Ea'\x-lGc-\-Bb  +  Ia}=(i...(2). 
By  combining  (I)  and  (2),  we  get 

Y6+  Da  +  Bh  +  2Ac1z+  [M  +  Fa  +  Be  + '2Cqy 
+  [IJrFb  +  De  +  2Ea\  x  +  S/iT  +  (?c  +  lib  +  /«  =  0. 
This  is  the  equation  of  a  plane,  and  therefore  the  curve  of  contact 
is  the  intersection  of  the  given  surface  by  a  plane,  and  consequently 
ail  ellipse,  hyperbola,  or  parabola. 
15 
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190.  Prop.  To  determine  the  general  differential  oquatiun  of  all 
surfaces  of  revolution.. 

h^X  X  —  U  +  a  .  .  .  .  (\)  ']  ,      , 

*  '   L  be  the  cquiitions  of  the  axis, 
J/  =  S3  +  4  ....  (2)  ) 

F{^,.)  =0....(3),     and     F,{y,,)  =  0  .  .  .  .  (4), 

those  of  the  geaeratris. 

The  characteristic  property  of  this  surface  is,  that  every  plane 
section  perpendicular  to  the  axis  is  a  circle.  Now  the  equation  of  a 
plane  perpendicular  to  the  liue  (1)  (2)  is 

z^tx-Vsy^  c, 
and  the  circle  cut  from  the  surface  by  this  plane  may  be  supposed 
situated  on  the  surface  of  a  sphere  whose  centre  may  be  assumed  at 
any  point  on  the  axis,  and  whose  radius  will  be  determined  by  the 
value  of  e,  when  the  centre  has  been  ehoseu. 

Take  the  centre  of  the  sphere  at  the  point  (a,  b,  0),  where  the  axis 
pierces  the  plane  of  xy,  and  the  equation  of  the  sphere  will  be 

(,  -  „).  +  (j,  _  iY  + ,.  = ,.. 

But  r  and  c  are  mutually  dependent  upon  each  other,  wliioh  fact 
may  be  indicated  by  the  equation  c  —  if{r^).     Hence 

,  +  tx  +  ,y  ^^[{^  -  af  ^  {y  -  bf  +  z^l  .  .  .  .  (5) . 
To  eliminate  the  unknown  function  ip,  differentiat-e  (5)  with  respect 
to  y  and  x  successively,  and  divide  the  first  result  by  the  second. 

dz    ,  ,         dr. 

'  dii  d^' 

3-  +  1       i-o  +  s-- 


'i, 


-(y-i);=0...(6), 


which  ia  the  required  equation  of  surfaces  of  revolution. 
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Cor.  When  the  axis  of  revolution  coincides  with  that  of  s 


■ .  (6)  reduces  to        x— — 
dy 


=  0. 


.(7). 


191.  pTop.  A  given  curved  surface  I'evolves  about  a  fixed  axis  ; 
to  determine  the  surface  which  touches  and  envelopes  the  moveable 
surface  in  every  position.  , 

The  req^uired  surface  will  obviously  be  a  surface  of  revolution, 
whose  generatrix  will  be  the  curve  of  contact  of  that  surface  with 
one  of  the  moveable  surfaces. 

Hence  if  we  determine  the  values  of  the  differential  coeffioienls 


dz 


and  —  from  the  given  surface,  and  substitute  them  in  the  gene- 
ral differential  equation  of  all  suriaces  of  rev  1  t  oa  the  ult  will 
characterize  the  points  of  contact,  being  the  equat  on  of  a  surface 
contmning  those  points.  This  equation,  comb  ned  Eh  tl  at  of  the 
given  surface,  will  give  the  equations  of  the  c  e  of  o  tict  or  the 
required  generatrix, 

192.  1.  A  right  cone  with  a  circu- 
lar base,  whose  vertex  is  at  the  origin, 
aHc!  whose  axis  coincides  originally 
with  the  axis  of  x,  is  caused  to  re- 
volve about  the  axis  of  ? :  to  deter- 
mine the  form  of  the  enveloping  aur- 

Put  the  semi-angle  J OC  of  the 
ione  =;  V,  and  tan  v  =  t. 

Then  the  equation  of  the  cone,  in 
the  position  AOB  will  be 

z-^-\-y^  =  Px\     or     £3^iV-y= (1) 


&       fix 


and 


dy  ~ 
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which  values  substituted  in  the  differentia!  equation  of  surfaces  of 
revolution,  viz, 

.•.x  =  0     or     2/^0. 
Combining  the  first  of  these  results,  x  =  0,  with  the  equation  of  the 
cone,  we  get 

gS  +  j,s  =  0.     .  • .  2  —  0     and     y  =  0, 

whicb  conditions  apply  to  the  origin  exclusively ;  but  the  second 
result  y  ^:;  0,  gives  by  combination  with  (1) 

z^  —  IH^     or    sziz  ^i%    and     y  —  0, 
which  are  the  equations  of  the  lines  OA  and  OB. 

Hence  the  required  envelope  is  a  double  cone  generated  by  the 
revolution  of  the  lines  OA  and  OB  about  OZ. 

2.  A  sphere  {x  —  ay  +  (y  —  by  +  z^  =  -fi,  revolves  about  the 
axis  of  z  ;  to  find  the  enveloping  surface.     Here  ive  have 

dz  X  —  a         A      '^^  y  ~ '' 

dz  de  xy  ^  bx       xy  —  ay 

'    '  '  dy  dx~  z  s        ~    ' 

.  ■ .  hs  —  ay  =  0,  the  equation  of  a  plane  passing  through  the 
axis  of  z,  and  the  centre  {a,b)  of  the  sphere. 

This  plane  intersects  the  sphere  in  a  great  circle,  whose  equation, 

in  which  r,^  =  x^  +  y^     and     Uj^  =  a^  +  bK 

or.         X'  +  ,'  +  ,?  -  2(.>  +  »')*(.'  +  f}=  ,^-a'-  f. 
the  equation  of  the  required  surface. 
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When  d^  +  &^  =  r^,  this  reduces  to 

."■  +  y'  +  2'-2K^'  +  j")*=0; 
and  when  a  =  0,  6  =  0,  »^  -Y  if-  -\-  z'-  ■=  r'-, 
the  equation  of  tho  sphere. 

'A.  An  ellipsoid  -j  +  7^+~^— ^i  ^'evolves  ah  out  the 


to  determine  the  enveloping  surfaee. 
The  differential  equation  of  the  surface  is,  in  this  e 


Also, 


aV_    c[£_ 


and  consequently         s  =  0,         or,         e  =  0. 

But  when  cK  =  0,  —  +  —  —  I,  an  ellipse  in  the  piano  of  yz. 
And  when  2^0,  ^  +  |^  —  1,  an  ellipse  in  the  plane  of  «ij. 


Hence  the  required  envelope  consists  of  two  ellipsoids  of  revolu- 
lution,  wliose  equations  are 
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193.  In  the  last  chapter  we  have  presented  some  examples  of 
surfaces  enveloping  a  series  of  other  surfaces,  hat  in  the  only  laise 
considered,  the  envelopei3  surface  was  supposed  to  bo  of  invariable 
form,  and  its  change  of  position  was  effected  only  by  a  revolution 
around  a  fixed  axis.  In  that  case,  the  enveloping  surface  was  neces- 
sarily a  surface  of  resolution. 

It  is  now  proposed  to  consider  the  envelopes  to  any  series  of  con- 
secutive surfaces. 

194.  If  different  values  he  successively  assigned  to  the  constants 
or  parameters  which  enter  in  the  eijuation  of  any  surface,  the  several 
relations  thus  produced,  will  represent  aa  many  distinct  sui'faces, 
differing  from  each  other  in  form,  or  in  position,  or  in  both  these 
particulars,  but  all  belonging  to  the  same  class  or  family  of  surfaces. 
When  the  parameters  are  supposed  to  vary  by  infinitely  small  in- 
crements, the  surfaces  are  said  to  be  consecutive. 

Thus  let  F{x,y,z,a)  ^  0,  .  . .  .  (1),  be  the  equation  of  a  surface, 
and  let  ihc  parameter  a,  take  an  increment  h,  eonTcrting  (1),  into 
F{a!,  y,z,a  +  h)  =Q,.  .  .  .  (2) ;  then  if  A  be  supposed  indefiiiitely 
small,  the  surfaces  (1)  and  (2)  will  be  consecutive.  Moreover,  the 
surfaces  (!)  and  (2)  will  usually  intersect,  and  their  intersection  will 
vary  with  the  value  of  h,  becoming  fixed  ai^d  determinate  when  the 
surfaces  are  consecutive. 
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195.  Prt^.  To  "determine  the  equations  of  tlie  intersection  of  con- 
secutive surfaces. 

To  effect  this  object,  we  must  combine  the  equations 

F{x,p,z,a)  =  0, (1),      and     F{3:,>/,^,a  +  A)  =  0, (3), 

and  tlien  make  A  =  0. 

Bj  reasoning  precisely  as  in  the  case  of  consecutive  curves, 
(Art   143)    we  prove  thut  the  two  conditions 

n',,.'.u}  =  » (1),    ...i    ^^'^  =  o,....(3), 

must  be  satisfied  at  the  same  time. 

By  combining  these  equations,  so  as  to  eliminate  first  y,  and  then 
x,  we  shall  have  the  equations  of  the  projections  of  the  required  in- 
tersection on  xz,  and  ys. 

196.  Prop.  The  surface  which  is  the  locus  of  all  the  intersections 
of  a  series  of  consecutive  surfaces,  touches   each  surface  in  the 

If  we  eliminate  the  paiameter  a  between  the  two  equations 

J?(,^,7/,z,<0  =  0, (1),     and     ^?^^'A")^0, (2), 

the  resulting  equation  will  be  a  relation  between  the  general  co-ordi- 
nates a,  y,  a,  of  the  points  of  the  various  intersections,  independent 
of  the  particular  cui've  whose  parameter  is  a,  or  in  other  words,  the 
equation  of  the  locus. 

Resolving  (2)   with  respect  to  a,  the  result  may  be  written 

and  this  substituted  in  (1)  gives 

F[x,y,!!,<?{x,y,z)]=0, (3), 

which  will  be  the  equation  of  the  locus. 

Now  differentiating  both  (1)  and  (3)  first  with  respect  to  x,  and 
then  with  respect  to  y,  wc  readily  prove,  preci.tely  as  in  the  case  of 
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coiiseeative  curves,  that  tlie  -valueb  ol   -^   and   -^    ire  ihe  same 
dx  df/ 

■whether  derived  from  (1)  oi  (3)  Hence  the  two  "suificeo  (1)  and 
(3)  will  have  a,  eommoa  tangent  pkoe,  and  will  therefore  be  mutu- 
ally tangent  to  each  other  at  all  ponits  common  to  those  suifaees. 

197.  The  surface  (3),  which  touches  each  aurfiic*  of  the  aeries,  is 
called  the  envelope  of  the  senea 

198.  Ex.  To  determine  the  envelope  of  a  series  of  ei^ual  spheres 

Assuming  the  line  of  centres  as  the  axis  of  x,  the  equation  of  oue 
of  these  spheres  will  be  of  the  form 

(^-a)2  +  ^2  +  z2-r=  =  0 (I), 

ill  which  a  is  the  only  variable  parameter. 
Differentiating  with  respeet  to  a  we  gel 

—  2a:  +  2a  =z  0  ....  (2). 
From  (2)  a  —  x,  and  this  substituted  in  (1)  gives 
y2  _|_  ^3  _  ,,2  ^  0. 

This  is  the  equation  of  a  right  cylinder  with  a  circular  base,  the  axis 
of  which  coincides  with  that  of  x. 

199.  When  the  equation  of  the  proposed  surface  coutains  two 

parameters  a,  6,  independent  of  each  other,  wc  must  have  tho  thi-co 

l.'(..,,.,»,5)  =  o...(i),    i35|?^  =  o....p). 

And  by  eliminating  a  and  h  between  (1),  (2),  and  (3),  the  equation 
of  the  required  envelope  will  be  obtained.  Also,  if  the  proposed 
equation  should  contain  three  or  more  parameters  a,  b,  c,  &c,,  two  of 
wluch,  a  and  6,  Are  arbitrary,  and  the  others  connected  with  them 
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by  given  relations,  such  relations  will  enable  us  to  eliminate  the  ad- 
ditional parameters  and  to  obtain  a  final  equation  between  a\  y,  and  2. 

200.  1.  A  plane  whose  oquation  in  -+-•  +  -  ^  I,  is  toiiched  in 

every  position  by  a  surface,  the  variable  parameters  «,&,  and  tbeing 
eoBuected  by  the  I'elation  abc  =  m.^  :  to  determine  the  equation  ot 
the  surface  or  envelope. 

From  -  -(-  J-  H 1  =  0  ....  (1)  we  obtain  by  differentiation, 

regarding  a  and  6  as  independent,  and  e  dependent  upon  them, 

But  the  condition  abc  ^m,^  ...  .  (4)  gives  by  diffi;r 
fc  +  .jt  =  0,      and      .<  +  a4  = 


which  values  substituted  in  (S)  and  (3)  reduce  them  to  the  forii: 

whence  ,  -  =r  -     and      -  =  -■ 

These  values  in  (1)  give      -  +  -  +  -  ^  1, 


And  similarly  *  =  3y,     a  ^  Zx. 

Finally  by  replacing  a,  6,  and  c,  in  (4),  by  tlieir  values  juat  foi 
obtain  x!/z  =  —  as  the  equation'  of  the  enveloping  surface. 
2.  To  fiLid  the  envelope  of  all  the  spheres  whose  centres  H( 
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same  plane,  and  whose  radii  are  proportional  to  the  distances  of 
their  centres  from  a  fixed  point  in  that  plane. 

Assuming  the  plane  of  the  centres  as  that  of  <ey,  and  the  origin  at 
the  fixed  point,  the  equation  of  one  of  the  spheres  will  talis  the  form. 

(a;-«)"+(y-5)=  +  z'-."  =  0....(l), 
in  which  a,  b,  and  r,  are  yariable  parameters,  a  and  b  being  inde- 
pendent, and  r  connected  with  them  by  the  relation 

,,2  —  i2^(j2  _|_  J3J  _  _  _  _  ^2)     where  i  is  a  constant. 
Eliminating  r  between  (1)  and  (2)  we  have 

(,  -  a)'  +  (,-  S)>  +  ,'-  e{a'  +  J")  =  0  .  .  .  .  (3). 
Diflerentiating  with  respect  to  a  and  h  successively, 
-  (a;  -  a)  -  (%  =  0  .  .  .  (4),    and     -  [y  -  b)  -  f'b  -  d  .  ,  .  (5). 


"  \  -  fl' 


md     b  —  -p-^^-j  ;     which  values  in  (3)  giv 


jhk 


.  • .  (I-  +  ,')(!'  ^  (•)  =  a'  (1  -  <•)>     or     x'  +  ,'  =  — ^  .". 

This  is  the  equation  of  a  right  cone  with  a  circular  base,  its  axis 
being  coincident  with  that  of  z,  and  its  vertex  at  the  origin. 
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201.  T\v'o  surfaces  are  said  to  be  tangent  to  each  other  when  they 
have  a  common  pohit,  {a:,  y,  s,)  and  a  common  ta.iigont  plane  at  that 
point. 

Let  the  equations  of  the  two  surfaces  be 

F{X,r,Z,)=0 (1),     and     <f,{x,y,^)  =  0 (3). 

The  anaJjtical  conditions  necessary  for  a  simple  contact,  or  contact 
.of  thtjirst  order,  are 

r,  _       dZ  _  dz      dZ  _  dz 

If  the  second  differential  coefficients,  derived  from  the  equations  of 
the  two  surfaces  be  also  eijual,  viz, ; 

d^Z  __  d^      ^Z_  _  ^  d?Z  _  _    dH 

~dX^  ~  rf^'     ZF  ~  ^      '"'         dXdY  ~  dxdy  ' 

tte  contact  is  said  to  be  of  the  second  order.     If  the  third  differential 
coeSieients  be  also  equal,  the  contact  is  of  the  third  order,  &o. 

202.  Ill  order  to  show  that  the  contact  will  be  mote  intimate  as 
the  number  of  equal  differential  coefficients  becomes  greater,  let  the 
arbitrary  increments  /(  and  k  be  given  to  the  independent  variables, 
X  ==:X  and  Y  =  y,  converting  Z  and  z  into  Z^  and  s,,  we  shall  ttcn 
have    {Art.  82) 

dZ    k     dZ    h     d-^Z     K-  d?Z      hJc       d'^Z     F 
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fi/z    dzih    Vdz    (h~^k    Td^z    d'^-n  ifi 

^^ - "' = Lx-sJi+  IdY-dyh^ [.-dx^-mryz^  '^'- 

Now  the  value  of  this  difference  will  depend  (wbeii  h  and  h  are 
very  small),  ehiefly  on  the  terms  containing  the  lowest  powere  of 
A  and  k.  If.  therefore,  the  first  differentia]  coefficients,  derived  from 
the  equations  (.^1),  {S),  and  (C),  of  three  surfaces,  at  a  common 
poiiit,  be  equal,  and  if  the  second  differential  coefficients,  derived  from 
(A)  and  (B),  be  also  equal,  but  those  of  {A)  and  (C)  unequal,  the 
surfaces  {A)  and  {E)  will  separate  more  slowly,  in  departing  from 
the  common  point  than  will  the  surfaces  (j1)  and  (6'). 

203.  The  order  of  closest  possible  contact  between  one  surface 
entirely  given,  and  another  given  only  in  species,  will  depend  on  the 
number  of  arbitTary  parameters  contained  in.  the  equation  of  the 
second  surfece. 

Thus  a  contact  of  the  first  order  requires  three  conditions,  and 
therefore  there  roust  be  three  arbitrftry  parameters,  A  contact  of 
the  second  order  requires  six  parameters ;  one  of  the  third  order, 
ten  parameters,  &c.  Hence  the  plane,  whose  equation  has  three 
parainetei^,  may  have  contact  of  the  first  order.  The  sphere  cinnot, 
exeej  t  jt  part  oular  points,  have  contact  of  the  second  order,  since 
it?  eq  at  n  hai,  but  four  parameters ;  but  of  two  tangent  spheres, 
one  n  ay  hive  closer  contact  than  the  other. 

Tl  6  ell  pso  1  hyperboloid,  and  paraboloid,  can  each  have  contact 
of  t!  e  sec     d  order. 

204-  Pi'ip.  To  determine  the  radius  of  curvature  of  a  norma] 
section  of  a  given  surface  at  a  given  point. 

Assume  the  tangent  plane  at  the  given  point  as  that  of  xy;  the 
normal  coinciding  with  the  axis  of  e. 
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Let  OXi  be  the  trace  of  the  se- 
cant plane  on  that  of  xy,  forming 
with  OX  ail  angle  L  AOB  the 
norma!  section,  and  P  a  point  in 
that  section.     Pnt 

OE=x,  ED=y,  DP=z,  OD=^x^ 
The  co-oi'di nates  of  the  curve 
AOB,  estimated  in  its  own  plane, 
are  x-^  and  a ;  and  the  general  value 
of  the  radius  of  curvature  of  a  ph 
ordinates,  and  any  quantity  ( the  independent 

m 


R  =  ~ 


dfl    dt        dfl    di 
whicb,  applied  to  the  present  case,  malting  t 
-  0,  reduces  to 


c,  and  observing  that 


"  dx 


m 


■  (!)• 


Ju  this  expression,  the  coefficient  -j-^  has  reference  to  those  points 

of  the  surface  which  lie  in  the  curve  AOB,  and  therefore  it  differs 

from  the  partial  differential  coefficient  -j-s  derived  from  the  equation 

of  the  surface,  which  latter  refers  to  the  change  in  3  produced  by  a 
change  in  s:  only,  while  y  is  constant. 

Let  z  =  ip(*,y)  be  the  equation  of  the  surface  ;  tJien     (Art.  55) 


dz    dy      dz       dz  ^ 
dy    do:      dx      dy 


tan  fl. 


L  the  pre- 
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•■■  hj^  =■TT  +  2T-:y-•*""^+^7T*™^■ 
L(i!J^■^J      ax^        dxdy  dy' 

dx            I 
Also  — ^  = -•     Hence  liy  substitution  in  (1)  and  reduction, 

~  ifiz     "  ^7  'd~^~?  '  '  '  I-    J' 

11  cos'3  4-  2  -^  cos  d .  sin  0  +  ~  ■  shxH 
dx^  axdy  dy' 

205.  Priyp.  The  snm  of  the  curvatures  of  any  t«o  normal  sec- 
tions of  a  curved  surface,  drawa  through  the  same  point  of  the 
surface,  and  perpendicular  to  each  other,  ia  eoiistMnt,  those  curva- 
tures being  measured  by  the  reciprocals  of  the  radii  of  curvature. 

Let  fl  and  flj  be  the  inclinations  of  the  secant  planes  fo  the  plane 
of  xs ;  R  aEd  £,  the  rajilii  of  curvature  of  the  two  sections  at  thoii 
common  point,     Then,  since  the  sections  are  perpendicular  to  each 

flj  =  -  Tf  -|-  d,     and     .  ■ .    cos  S  ^  sin  fl,,     sin  fl  =  —  cos  ^-y, 

and  by  formula  \_P~\ 

i,=f:.co.'.  +  2-i?l.„o,.™.+^.,i,«. 
tt      4^'  dxdy  dy^ 

-Bj       dx^  dxdy  dy' 

Ilciice  by  addition  and  reduction 

1         1        dH      d'^z 

77  +  "TT  —  -r^  +  -VT,  =  a  constant  for  the  same  point. 

R      R-^      dx^       ay'  "^ 

Cor.  The  normal  sections  of  gi-eatest  and  least  curvature  at  any 
point  of  a  curved  surfiiee,  are  perpendicular  to  each  other. 

For  einoe  —  +  —  is  constant,  -^  will  be  greatest  when  --  is 
Icaist,  and  it  will  be  least  when  —  is  greatest. 
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206.  The   sections  of  greatest  and  least  curvatnre   are  called 
principal  sections,  and  the  corresponding  radii  are  called  principal 

207.  Prop.  To  determine  the  principal  radii  of  ourvaLure  at  a 
giveit  point  of  a  curved  surface, 

B)'  differentiating  -jr  with  respect  to  S,  as  an  iiidcpcndciit  variable, 

and  placing  the  differential  coefiieient  equal  to  zero,  we  get 


From  which  we  obtain  two  values  of  cotfl,  viz. ; 


_  tlx^       dif 


dxdy 
Substitntiitg  this  value  in  the  formula  (P),  whieh  may  be  written 


d^z  d'^z  d'^z' 

;.-  cot^d  +  2-j-^cotfl  +  — 

and  denoting  by  B-^  and  B^  the  least  and  greatest  radii  of  ci 
there  results 


dx^  "^  rfi/3  "*"V  Ldy^      dxU         '  [dxdyl 

2  __^ 

d^  "^  dl/-'        V  ld>/       dxU   "'"     [dxdffj 


■{B). 
.  (S). 
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208.  Prop.  To  express  the  radius  of  curvature  of  any  normal 
section  in  tKrms  of  the  principal  radii  iJ,  and  R^,  and  the  angle  ip 
formed  by  that  section  with  the  principal  section  of  greatest  curva- 
ture. 

If  we  make  successively  S  :n=  0,  and  fl  ^  -if  in  [/"]  we  ohtain 

iJ  =  -^,     arid      ^  =  -757, 

and  these  will  be  the  values  of  R^  and  R,_,  if  the  planes  of  az  and 
ye  be   supposed   to   coincide  with   those  of  greatest  and  'eyst  curva- 
ture.    Thus  we  shali  have,  upon  tliis  supposition, 
rf^_J_       __,      rf^2         1 

<a>2  ~  r: 


and 


The  same  supposition  ('renders  -  -y-  =  0,  as   appears   when   we 

putfl  =  o  in  (§).   ,  .  'j  .      ':   r,    •:,.  ,(.;, 

These  conditions  reduce  {P),  when  fl  is  replaced  by  ip,  to  the  form 

''=B«Jt'Kl'S'. t'"!- 

J£^  C0S-9  -+-  ft;  sin^ip 

tlio  desired  formula. 

209.  Piop.  If  the  two  principal  sections  of  a  curved  surface,  at 
any  point,  have  their  concavities  turned  in  the  same  direction,  theu 
every  norma!  section  through  that  point  will  be  conciive  in  the  same 
direction. 

In  the  formula  {7'),the  slgiis  of  iJ^aiid  B^  depend  upon  those  of 

s  of  these  coefficients  indicate  the  direc- 


tions of  the  curvature  of  the  principal  s. 

In  the  case  under  consideration,  the  signs  of  R-^  and  R^  must  be 
aJilie,  and  therefore  if  both  be  +,  the  sign  of  R  will  be  +  also; 
but  if  both  be  — ,  then  the  sign  of  R  will  likewise  be  negative. 

Froiii  ivhich  the  truth  of  the  proposition  is  apparent. 


-d  by  Google 


CURVATURE  OF  SURFACES,  241 

Mv.  €(,!■.  If  i?i  and  i^^  "be  also  equal,  tlien  Ji  ^  Si^  =  H^  for 
Bvery  vulne  u*f  p,  and  every  normal  section,  through  the  same  point, 
will  hcve  t^e  same  aurvatiire.  This  oooui'a  at  the  vertices  of  sur- 
faces of  revolution. 

211.  Prop.  If  oii6  principal  section  of  a  surface  be  concave,  and 
the  other  convex,  it  will  be  possible  to  select  a  value  9^  for  (p,  which 
shall  render  R  itifinlte,  or  the  section  a  straight  line ;  also,  between 
the  values  ip  —  —  (p^  and  ^  -^-  -J-  (p„  the  signs  of  H  and  R^  will  be 
alike ;  but  from  9  =  ipj  to  ^  ■=,:  *  ~  9^,  the  signs  of  R  and  R^  will 

In  the  formula  [T],  siipposij  R^  negative,  and  it  will  become 

s^        -"A 

i^jcoa^ip  —  Jfj  sin^f 
in  which  transformed  espression,  the  quaniiijcs  R^  and  R^  are  to  be 
considered  essentially  positive. 

Now  suppose  <p  so  taken  that  ii!^  gos\  —  jJ,  i\,\'-<^  .=  0,  a  condition 
that  will  be  fulfilled  when 


W  -  — -[f]* 


R  — 

-R, 

Si 

ag  to 

the  i 

-■Pi 

n-s-le, 
and 

0 

two  sections  c 
straight  lines. 

orrespondii 
Also,  if 

Then 

Thus  there  ar 
-  9.  which  giv 
then  iS^cos^ip— S^smV  >  0,  aud  .  ■ .  ii  <  0, 

But  if  p  >  (pi  and  (p  <  w  —  <pi,  then  R^  oos^ip  —  R^  siu^ip  < 
and  J?  >  0. 

Hence  the  surfiice  may  he  divided  into  four  parts  by  two  plan 
and  if  ihe  first  of  these  parts  be  supposed  concave  the  second  v 
be  convex,  the  third  concave  and  the  fourth  convex. 

213.  Prop.  To  determine  whether  the  principal  radii  at  any  po 
have  the  same  or  contrary  signs,  the  co-ordinate  planes  not  he 
coincident  with  the  principal  sections. 
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The  general  values  of  B,  and  R^  may  be  reduced  to  the  form 

ii,  = ^ 

p"  +  q"  +V{P"  +  q'y  -  4(?/'?"  -  «"^) 


■'  +  q"  -V{P"  +  q")^  ~  4:(p"g''  -  *"') 
m  which         p"  z=  -—,     5"  —  — -,     and     s"  =  ^— ^i 

and  these  valaes  will  have  the  same  sign  when  2>"g"  —  s"^  >  0,  and 
contrary  signs  when  p"q"  ~  s"^  <  0. 

213,  Prop.  At  every  point  of  a  curved  suriaco,  a  paraboloid 
(either  elliptical  or  hyperbolic)  can  be  applied,  with  its  vertex  at 
that  point,  which  shall  have  contact  of  the  second  order  with  the 
given  surface. 

Assume  the  point  of  contact  as  the  origin,  tlio  normal  being  taken 
as  the  axis  of  «,  and  the  planes  of  xx  and  i/z  coincident  with  the 
principal  sections  of  the  surfece. 

Take  the  normal  as  the  axisof  the  paraboloid,  its  vei-tex  being  at 
the  point  of  contact,  and  turn  the  paraboloid  about  its  axis  until  its 
principal  sections  coincide  with  xz  and  yz.  The  eijiiation  of  the 
paraboloid  when  in  this  position  will  bo  Ax^  ±  By^  —  C'g, 


which  may  be  written 


2P  ^  2F, 


—,  which   represent   the  parameters 
of  the  principal  sections,  are  entirely  arbitrary. 

Talte       P=R,,     and     P,  =  iL.      Then     ^  -  —  ±  J^. 


and  therefore  Bj  and  J?^  i^^'e  the  principal  radii  of  curvature  of  the 
paraboloid  also.     Then,  for  any  other  normal  section  of  tlic  parabo- 
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loid,  wc  shall  hav 


U  =  - 


JLs 


;  the  sj 


s  ihat 


of  the  radius  of  curvature  of  the  corresponding  normal  scetioii  of  the 
surface.     (Ait  20b) 

Cor.  It  a[.jpars  t hit  when  the  princqal  BectKiis  A  two  tangent 
surfaces  have  contaft  of  the  second  order  every  othei  njrmil  sec- 
tions made  bj  the  same  plane  drawn  through  the  sime  pomtwiU 
likewise  have  contact  of  the  second  order. 

214.  Prop.  To  determine  the  radius  of  curvature  of  an  oblique 
section  of  a  curved  sur&ce. 

Take  the  point  of  contact  as  the  origin,  and  the  tangent  plane  iw 
that  of  icy. 


Let  OXj  be  the  trace  of  theisccant  plane  on  xff,  aOh  the  section 
of  the  surface  by  that  plane,  Ji  OB  the  normal  section  by  the  plane 
ZOX,  B  the  radius  of  curvature  of  AOB  at  0,  r  the  radius  of 
curvature  of  a  Oi  at  0.  Draw  OZ-^  perpendicular  to  OX^,  in  the 
planeaOft,  and  refer  that  section  to  the  rectangular  axes  O^Yjand  OZ-^. 

Put  Od-—x^,  dp  ^  z-^,  X  ^  angle  between  aOb  and  AOB, 
pD  =  3,  I}E=i  y,    OE  =  a:. 
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t  the  point  0  we  siiiill  have 


Ida]         „       Ux\ 


"'  '    '  dx^      d.c^  '  dx        dx       dx 

.  • .  !■  ^  £  ,  cos  X, 
and  consequently  rndlus  of  the  oblique  section  ^  projection  of  tiiR 
radius  of  the  normal  section,  on,  the  plane  of  the  oblique  section. 
This  result  is  known  as  Meusnier's  Theorem.. 

Cor.  If  a  sphere  be  described  whose  r.'tdius  shall  be  identical  with 
that  of  the  normal  section,  and  if  through  the  tangent  to  that  section 
any  plane  be  drawn  intersecting  the  sphere  and  the  given  surface, 
then  will  the  small  circle  cut  from  the  sphere  be  osoulatory  to  the 
curve  cut  from  the  surface. 

Lines  of  CwmaMtre. 

215.  If,  through  the  consecutive  points  of  any  curve  traced  upon 
a  given  surface,  normals  to  that  surface  be  drawn,  such  consecutive 
normals  will  not  usually  lie  iu  the  same  plane,  and  therefore  will 
not  intersect;  but  when  the  consecutive  normals  do  intersect,  the 
corresponding  curves  (which  enjoy  peculiar  properties)  are  called 
lines  of  curvature. 

216.  Prop.  To  determine  the  lines  of  curvature  passing  through 
(uiy  point  on  a  curved  surface. 

Let  the  equations  of   the   normals  passing  through   any  point 

z-:^,^t{^-z,)^(i^P...{\)  and  2/-y,+«(2-aj)=.0=.e...(2), 
and  suppose  the  independent  variables  x  and  y  to  receive  the  incre- 
ments A  and  k. 
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Then  the  equations  of  the  normal  in  the  new  position  will  be 
P+^''t  +  i?^*  +  &„.  =  0 (3), 

»„a  e  +  ^i  +  i«.f  +  &„.  =  o (4). 

di^^  1  rfj/j  1 
If  these  two  normals  intersect,  the  equations  (1),  (2),  (3),  and  (4), 
will  apply  to  the  point  of  interaeetiun  ;  and  if  the  co-ordinates 
jk,  y,  and  s  of  that  point  be  eliminated  between  the  four  equations, 
the  result  will  be  a  relation  between  the  increments  h  and  &  and  con- 
stants, it  being  observed  that  (  —  -r-^  and  s  =  -r-^,  are  constant  for 
'  °  diCi  dy^ 

the  same  point,  and  the  same  is  true  of  -7-,  -;— ,  &c. 
'^  dx■^    dy^ 

This  relation  between  h  and  k  implies  a  necessary  relation  between 
the  new  values  of  x  and  j/,  in  order  that  an  intersection  of  the  nor- 
mals  may  be  possible ;    and  when   the  normals   are  eonseoutive, 

A  =  0,  and  ^  ^  0,  a 

of  which  is  equal  to  zero)  in  (3)  and  (4),  then  dividuig  by  h,  and 

finally  making  A  =  0,  those  equations  become 

i^  +  i^.^  =  „....(5),    ..d§«  +  ^.'|^  =  0...(6), 

(£»!         dy^    dx^  ^  '  (fo,       dy^   dx^^  ^  " 

Mf,  by  foi'ming  the  values  of  the  partial  differential  coefficients, 

dP  dP  dQ  ,dQ,  .^.  ,,^, 
-T — 1  -; — )  -i^y  ™d  -7-^,  from  (1)  and  (2), 
dx^     dy-^    da',  di/j 

—  14-C3-Z  1— ^-^-l-f2-2l-^    ^i_^    ^    ^'^0  1 
"^^        ^'  dx,^     dx.-i     ^        ^'dx,dy, '  dz-,     dx, '  dy, '  dx,       ' 

•^i^i/i  ^Vi  t^*!   <fei  '  "i'l^  '^i    '^y-i   '^^i     '  J 

and  by  eliminating  e  ~  g,  putting 

ife,         ,  dzj         ,  d^z,         ,,  d'^Zy        ,,         ,        d^z^         „ 
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we  obtain 

This  is  a  ijiiEidratio  equation,  giving  two  values  of  •—-,  the  tangent 

of  the  angle  hetween  the  axis  of  x  aod  the  projection  of  the  tangent 
to  the  line  of  curvature  passing  through  {aj^j/jZj},  xipon  the  plane 
of  a-y.  Henoe  tiiei-e  will  be  two  lines  of  curvature  passing  through 
each  poiat'of  the  surface  ;  and  if  ^',  g',  &c.,  he  replaced  in(f7)hy 
their  general  values  derived  from  the  equation  of  tJie  surface,  the 
result  will  be  the  difFereutial  ecfuatlon  of  the  projection  of  every 
pair  of  lines  of  curvature  upon  the  plane  of  «y. 

217.  Prop.  The  lines  of  curvature  at  any  point  of  a  curved  sur- 
face intersect  each  other  at  right  angles,  and  they  are  respectively 
tangent  to  the  sections  of  greatest  and  least  curvature. 

If  we  suppose  the  plane  of  xy,  (which  in  the  last  proposition  was 
assumed  arbitrarily)  to  coincide  with  tlio  tangent  plawe  at  the  point 
under  consideration,  we  shall  have 

p'=  ^—  0,      and     q'  ™  -~  —  0. 

Hence  the  equ;ition  [U)  may  be  reduced  to  the  form 

-i-o (V)- 


^'V-^  ,  p"~'i"  d'J: 


Hence  if  ^j  and  6^  denote  two  angles  determined  by  the  condition 
that  tan  fl^  and  tan  fl^  shall  be  the  roots  of  this  equation,  we  shall 
have,  by  the  theory  of  equations, 

tan^jtaiiflj  —  —  1,     or     1  +  tan^itauS^  ~  <*, 
which  is  the  condition  of  perpendicularity  of  two  lines  in  the  plane 
of  xy  forming  angles  Sj  and  d^  "'''■'i  t^*'  ^'"^  o''  *■     Thus  the  tan- 
gents to  the  two  lines  of  curvature  intersect  at  right  angles. 
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218.  Again,  if  wc  divide  eijuation  (F)  by -^  =  taii'fl  and  replace 
— —  by  cotfl,  the  result  will  become  identical  in  form  witli  eq^uatioa 
{Q),  wliioh  serves  to  determine  the  two  angles  formed  by  the  prin- 
cipal sections  with  the  plane  of  33,  and  hence  the  directions  of  the 
lines  of  eurvatnre  are  tangent  to  the  curves  of  priaoipal  section. 

219.  Prop.  TOe  consecutive  normals  to-a-au-pfftc^-drawa  through 
points  in  the  Imes  of  carvature,,intersect  at  the  saJiie  points  as  the 
consecutive  normals  to  the  principal  sections  to  which  the  lines  of 
curvature  are  tangent. 

Eegarding  the  tangent  plane  at  the  given  point  of  the  surface  as 
still  coincident  with  that  of  xi/,  we  shall  have 

g  -  0,    -^=0  and  -P^  =  0  and  the  cquiitioii  (7),  gives 
1        '    <foi  dyi 


dxi^       ("-'loyi  dxydyy      di// 

Now  if  the  plane  of  ^s  be  supposed  coincident  with  a  principal 

d% 
section,  these  expressions  will  be  still  further  simplified,  since -3 


vill  then  be  =:  0  :  thus, 


1 


But  these  expressions  are  precisely  the  same  as  those  previously- 
found  for  the  radii  of  curvature  of  the  piuicipal  sections,  and  hence 
the  centres  of  curvature  of  the  prmcipal  sections  must  coindde  with 
the  points  of  intersection  of  consecutno  normals  to  the  surface 
thiotigh  points  in  the  lines  of  oun  ^niit 
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CPTAPTEE    I. 


1.  The  object  of  the  Integral  Calculus  is  to  detcniiiiic  tlic  funotion 
fi-om  which  any  proposed  differential  has  been  obtained.  The  pro- 
cess hy  which  this  is  effected  is  Cfllled  integration,  and  is  indicated 
by  the  sign  /,  the  result  being  called  the  integral  of  the  proposed 
differential. 

2.  Whenever  the  given  differential  can  be  reduced  to  a  known 
form,  we  may  return  to  the  function  by  simply  reversing  the  rules 
for  differentiation. 

a  Since     d{a .  Fx)  =  a  .  d{Fx)  =  aF^x .  dx,  we  infer  that 
faF^x  .dx  =  a  fF^x .  dx, 
that  is,  we  may  remove  fray  constant  factor  from  under  the  sign  of 
integrfition,  placing  it  as  a  factor  exterior  to  that  sign. 


4.  Again  ^F-^a: .dx=^f- F^a:  .dx  =  -fa.  F-^£ 


Therefore  we  may  introduce  a  constant  factor  under  the  integral 
sign,  provided  we  write  its  reciprocal,  as  a  factor,  exterior  to  that 
sign. 

5.  To  differentiate  the  ,i3gebriiic  sum  of  several  functions,  we  dif- 
ferentiate each  function  separately,  and  take  the  algebraic  sum  of  tha 
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several  differentials.  Hence,  in  order  to  integrate  the  algebraic  sum 
of  several  differentials,  we  have  only  to  integrate  the  several  terms 
successively. 

Thus     f{adx  +  hdy  —  cch  +  cdv)  =  fadx  +fhdy  —fcdz  +feilv 
=  ax  +  br,-cg  +  ev. 

6.  Again,  since  differentiation  causes  all  constants  connected  with 
the  variables  by  the  signs  +  and  —  to  disappear,  it  follows,  that  in 
effecting  an  integration,  we  shoidd  always  add  a  constant,  in  order 
to  provide  for  that  which  may  have  disappeared  by  differentiation : 
thus  we  write 

fadx  =  ax  +  c, 

in  which  the  value  of  c  will  be  arbitrary,  imless  fixed  by  other  con- 
ditions. 

Suppose,  for  csample,  that  the  general  value  of  the  integral  is  X, 
so  that 

X  =  ax  +  c; 

and  that  for  a  particular  value  Xj  of  ar,  the  integral  assumes  a  Juiowii 
value  JTj :  tJien 

And  this  value  substituted  in  the  general  integral,  gives 

Integration  of  ihe  Form  (Fx)"dFx. 

7.  I'rop.  To  integrate  the  form  {Fx^dFx. 

Here  we  Live  /{Fx'ydFx  =  ^-^  f{n  +  l){FxYdFx 

The  same  process  can  obviously  be  applied,  whenever  the  quan- 
tity exterior  to  the  parenthesis,  can   be   rendered    the  exact  dlf- 
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fereiitial  of  that  within,  by  llie  inlrodiiction  ov  suppression  of  a 

Heuce  we  have  the  following  rule  for  tie  integration  of  this  form, 

Divide  the  given  expression  by  the  dijjvreniial  of  ike  quantity  wilkm 
the  (  ),  then,  increase  the  exponent  of  the  (  )  iy  unity,  and  finaliy. 
divide  by  the  exponent  thus  increased. 


3.  To  integrate  dy  =  (2a  +  TJixfdx. 

This  may  be  integrated  in  two  ways ;  thus 

y  =  /(2a  +  Zhxfdx  =f{8a^  +  SGa^x  +  54o6^;kS  +  2'7h^.x'')dx 
^  fSa^dx  +  fMia^bxdx  +  /54o&=»Vfa  +  rZlPx^dx 
=  Wx  -f-  18aS5«s  +  i8aPa;3  4.  ^  ss^;!  4.  c.  .  .  .  .  (1). 

y  ^  f{2a  +  -M^ydx  =^-^^  f4:{2a+Sbxy.  Sbd.v  ^  _(2«+Ste)*+Ci 
=  |^*+  SA  +  l&a-bx^  +  l8«iV  +  ^iV  +  fj (1). 

The  formulfe  (1)  and  (2)  are  identicjil.     For  if  t/;  denote  the 
particular  value  of  y  when  iK  =^  0,  we  shall  have  from  (1)     y^  -z  c; 
4a*  4«* 
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4.  To  integmte    dy  =  3(4i!i;'  -  -IcvFf  (4Ss  —  Zc»^)dx 

y  =  I  /(4is5  -  2ca:3)*  (8is  -  i&ex^Y^  =  ^  (46:b^  ■-  2ex^)^  +  c. 

9.  Ill  each  of  the  preciediiig  examples  tlie  proposed  differential  has 
Deeii  broiiglit  to  the  required  form,  viz. :  that  in  which  the  part  ex- 
terior to  the  (  )  is  the  exact  differential  of  thnt  within,  by  intro- 
ducing a  constant  factor.  To  ascertain  when  this  is  possible,  talie 
the  last  example,  and  denote  by  A  the  required  unknown  feetor :  then 

y  :^  ^f(4bx^  -  2cx^)^{12Abs  -  9Acx'^)dx, 
and  if  tiiis  be  of  the  required  form,  we  must  have 

d{4bx^  -  2ra'=)  =  {12Abx  -  'dAcx^)dx 
or  86a!  —  Qex'^  =  llAbx  —  QAcx\ 

and  since  this  condition  must  he  satisfied  without  reference  to  tlie 
value  of  X,  we  must  have,  by  the  principle  of  indeterminate  coef^ 
cients,  the  two  separate  conditions 

8i  ^  \'2Ah (1)     and     -Qc=  -9Ai: (2). 

From(l)      A^^^%,     and  from  (S)     A  =~  =  % 

The  values  of  A  derived  from  (1)  and  (2)  being  identical,  the  pro- 
posed reduction  is  possible. 

The  next  example  will  illustrate  the  contrary  case. 

1.  dy  ^  (44%  +  Zax^)*{2P  +  Qox)dx. 

If  possible,  let  A  be  the  required  factor.     Then 


and  .  ■ .  d{4hh:  +  -Aax^)  =  {^V^A  +  ^aAx)di 

or  4S«  +  iSux  =z  2b'''A  +  ^aAx, 
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which  gives  tlie  two  separate  conditions 

W  =  2b^A (1}         and         6a  =  8«^ (2). 

p.,„(,)  ..,=!-:=.,  .„df,o.„p)  .i=i:=i 

These  vaiuea  of  A  being  different,  the  desired  reduction  is  impossible. 

2.  To  integrate  dy  ^  ;r-^- 

3.  da  —  ;;^=-.;::^^:^^' 


.,.-.,.,».._Ms^.^, 


=  Ir/P'"^'  +  ')'*■  ■■-"•  2M'  =  I  (»a^'  +  1)"*+  ■ 


4  L.     I'      J 


+  c  = 
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Loyarithmio  Forms. 
rrate  the  forms  and 

I  ^         "'^■^  Z'**'^*  1  J 


II.  1.  To  integrate  dy  —  r-_r'-- 

^ ^j/iTT^  =^^'^^^  +  '^^  +  c  =  iog  [{!>  +  cxf]  +  a 

2.  To  integrate  dy  ^  ^-^■ 

(^-/^^=log(<i+2:.^)+(7^1og(a+2^^)  +  logc^log[c(«+2,r^)]. 

In  this  example  the  constant  introduced  by  the  integration  is  put 
into  the  form  of  &  logarithm  (which  is  always  admissible)  for  the 
purpose  of  simplifying  the  form  to  which  the  integral  is  finally 
reduced. 
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S.  To  integrate 


_b  rj&u^  - 


■  1083:%^  +  54.r%-t  -  12m^  +  a^)ilai 


c'    L  a:  x^  x^J 


CiTcular   Foi^ms. 
12.  Prop.  To  integrate  the  form     dy  =  ± 

Taking  tne  "upper  sign,  we  Imve 


nA^^InA^ 


Let  the  quantity  uiiclcr  the  sign  of  integration  be  compared  with 
the  well  Imown  form  (^(sin-'g)  =  -,  and  it   will   be  found 


identical  tlierewltli,  provided  we  make  -x  —  z 


\/-^" 
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""-/: 


V 


s  +  t. 


"/v»-15i'" 


13.  Prop.  To  iiitegratei  the  form  dy  —  ±- 
Tnking  the  upper  sign,  we  have 


~  J  a?  +  bH 


Comparing  the  expression  under  the  sign  of  integration  with  the 
well  l^uown  forui  d[bA-&-^z)  =  r^T^.  they  tecome  identical  by 
making    —  :=  s. 

But      f-^„  =  iim-^s-{-c.    .-.     \—^j—=.tan----.v  +  c. 
^  1  +  ;=  S    I    ^  " 

_  1        _^bx 
■    ■  ^  ""  ffii    '^     ~a  '^  "' 

And  sij^iilarly,  since   /  --       _^^  =  cot-^s  +  c. 

r    ~  d'£  1         ,  SiB 

■  ■  ■  i' = y  t>  +  figj:^  =  ;^       V     ' 

14.  Pfop.  To  integrate  the  form  dy  ■=  ^i  — -— 

Tailing  the  upper  sign,  we  have 


_    p i-  a.c 
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Comparing  the  expression  under  the  sign  of  integration  with  the 
known  form  d{sn(r-'z)— =-.z=^,  they  become  identical  by  maldiig 


It  /*— ^ —  = 


1       -'bx   , 


AiiiJ  similarly,  since    f—p-.=^  —  cosec-'s  +  c. 
J  z  a/s'  —  i 

/—dm             1             rix, 
—  -  cosec^' 1-  c. 
Xi/b^x^'^  —  a^       "                « 

15.  Pro^i.  To  integrate  the  form  dy  —  ±    -■ 

Taking  the  upper  sign,  we  have 


J  y'fl^  -  i%2       I      MfiE^      45%^        *  j      /-ib''x      4hii 


Comparing  the  expression  uncler  the  sign  of  integi'atioii  with  the 
linown  fbi-ni   (^{versia-'g)  —  — ~.  they  become  identical    by 

•v/aF— z^ 

niakmg   — j-  =  2. 
But 
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[lilarly,  Since    /•-,.--—  = 
—    f       ~d'x       _  1 


16.  1.  To  integrate  dy  = - 


2.  To  integral 


/        i%t      -lb  a 

\    i'ZxHx        1         ,,  ,v    , 


S.  To  integrate 


vA 


=  4V^ 


=  4v'6.versin-i(c.);*)+e. 


17.  Since  each  of  tJie  trigonometrical  functions  can  be  expressed 
ill  terras  of  any  other,  all  the  circular  forms  must  apply,  whenever 
one  ta  applieabk.     To  illustrate  this,  take  the  example 
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_  _  1    /.      -  ISa^i^a _  1 


'{*'')+'^ 


1  4      \2 


-i'""'\/r" 
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TTigonomst/rical  Forms. 
18.    Prop.    To    integrate   the   forms    sin  x'ix,  cos  x  dx,  sec^a^rfa;, 
)8ec%(fe,  S6(ixtaax(ix,  and  cos^axcotxdx. 

■  smxdx, .'.  f5\na:ds:^—f—£mxdx-=—(Msx-\-c. 
:=     COS  icdx, . ' .  /cos  a^rfa;  ^  sin  a;  +  c. 
rr:     s^^xdx, . ' .  /sec'»(fe  =  tan  a:  +  c. 
—  —cosea^-xdx, .  ■ .  fcosed^xdx  =  —  cot  a:  +  c. 
=     secxtaaxdx,  .-,  /seca: tana'rfa:  =  seca:  +  e. 
^coseca:)=— ooaeeMot.-Kifo;, . ',/eosee(rcot3;is=— ooseca^H-c. 


EXAMPLES. 


19.  I.  To  integrate  c?y  =  3  cos  3a: .  rfs. 

^j  =  f-lcosSx.dx  =  |y*cos 3a: .  d{3x)  ^  ?  sin  3a:  +  c. 

2.  %  -  5  see=  [x^) .  x'dx. 

y=fh  SGC=(^-^} .  ,t'^^^^^/sec'{^=)  3^=<i:r=|/sec=(i-3)  rf(:..) 

^^tau{a:3)  +  c. 

3.  di/  =  G  sec  4a: .  tan  4x .  dx 

y  =  jj  sec43;.tan4a:.rf(4a:)  =-seo4a;  +  c, 

4.  rfj/  —  a  sin  (a  +  ^x)dx, 

y  =  ^/sin  (a  +  3:r)  S-^^e  =  ^/sin  (a  +  3^) .  d{a  +  3^) 
=  _|cos(«  +  3a:)  +  r. 

y  =  --5=/'«)sec2(v^).^-A.a:"^'^i:  =  - —cotVaS  +  c. 
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6.  dii^%  coseo  {nx) .  cot  {nx} .  dx^. 

^  ^  ■?  fcosnG  {nx)  cot  {nx) .  d  {nx)  ^  -  |  cosec  (»3.>)  +  c. 

Mcponential  Forms. 
20.  -/'I'oy.  To  integrate  the  fonii  dy  =  a'dx. 
Since       da''  =  log  « .  o*rf.Ti,  .  ■ .  fa'dx  =  - — -  flog  a  .  a'dx 


21.  1.  To  integrate  dy  =  de'dx,  wiiere  e  is  the  Naperian  base, 

y=:Zfe'dx  =  ^  +  c  =  3e'  +  c. 
^       ■'  log  e 

2.  (ft/  —  ia^'^i:^^, 

y  =  bfa^-dx  ==  j^^^ Aog  «  .  <i3-^(3s)  ^  ^^  +  c. 

^        ■'  31og«  -<      "  ^     '       3  log  a 

Tlio   cases   wticli    Im/e   now    been   considered    include   all    the 
elementary  forms. 
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FRACTIONS, 

22  H  1   p      1         1  pi        d    1  m  f 

h  d           fbgl         hto        lb        m          jb 

p  1   11  p         d         1              1                                   ll       ed 

I  d                         1                       1       1        b          J 

te  p    w                                         1      1          ta  J 

23  Tl     fi       f  r         f       pi     J      h  h          1  11  h 
(X  3           h       f                1    Ig  b                         d 

1      p  y   1     y  h   h   1  ]  f  h 

variable  in  the  numerator  as  leas  ttaii  tlie  eorreaponding  exponent  in 
tlie  denominator,  since  the  fraction,  y/hta  not  given  originally  in  that 
form,  may  be  reduced  by  actual  division,  to  a  series  of  monomial 
terms  and  a  fraction  of  the  desired  form. 

24.  Frop.  To  integrate  the  form 

i^«-i  +  cx'-^  .  .  .  .  +  /.^  +  i 

Ist  Case.  When  the  denominator  of  the  proposed  fraction  can  be 
resolved  into  real  and  unec[iial  factors  of  the  first  degree. 
To  illustrate  this  case,  take  the  example 

tly  =  -"f  '^f  dx  =  4^-±-i.(&. 
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constants  whose  values  are  to  be  determined  liy  the  coiiditioii  that 
this  iissunied  eijiiality  shall  be  verified. 

Reducing  the  terms  of  the  second  member  to  a  common  denomi- 
nator, we  have 

ax  +  c  _  A{x  +  h)  Bx      _  Ax  +  Ah  +  B% 

x^  -\-  bx        *^  +  hx        x^  +  bx  x^  +  bx 

Hence  ax  +  c  =  Ax  +  Ah -\-  Bx; 

and  since  ibis  condition  is  to  be  fulfilled  without  reference  to  the 
value  of  .1:,  the  principle  of  indeterminate  coefficients  will  furnish 
the  separate  cc[uations 

c~  Ah,     and     a  ■=  A  +  B. 
Thus  we  shall  have  two  equations  with  which  to  deteimine  tbe  values 
of  the  two  constants  A  and  B,     Resolving  them,  we  find 

Hence  by  substitution 

=  |i«g.  +  ^iog(.  +  j)  +  a 

As  a  second  illustration  take  the  following;  example 

dii  =  —, —  dx. 

■'        x^  -I-  bx 

a  A  B 

Assume  =  —  +  ■     ,    ,• 

x^  -\-  bx        X       X  -\-  b 

Then  "       ^  dli+i)  4.  _^*_  ^  ^  ±Ah_+  Bx^ 

x"^  +  bx        V?  +  hx  '^  x"^  +  hx  ~         x'^  +  bx' 

.-.  a  =  Ax-]-  Ab  -i-  Bx,  and  consequently  by  the  principle  of  inde- 
terminate coefficients 
a  =  Ab     and     0  z^  A  +  B,     whence     .4  =  y  and  iJ  =z-,4=- ^. 
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And  by  substitution 

/adx        r      adx  a    P  ilv       a    r    dx 

'bx~J  b{x  +  h)  ^bJ  ~~hJ  x  +  b 

.        ,      .1         (2  +  3i 
Litegmte   dy  =  1 ~ 

Here  the  factors  of  the  denominator  are  3;,2-{-x,  and  2  —  a;,  am 
we  therefore  assume 

ii  +  Sx  —  4x^  _  ;£  ,      -g  C 

_  4 A  —  ^fr^  +  Sfii:  —  Bx''  +  2Cx+  Cx^ 


4x  -x^ 
.• .  2  +  3x  —  ix^  =  4A  —  Ax^  +  IBx  -  Bx^  +  lOx  +  Cx\ 
and  by  comparing  the  coefficients  of  the  like  powers  of  x,  we  have 

These  conditions  give 

A=l^    B+C  -%     and      B  -  G  =  4:  -  A  =  '^^ 

\   rdx      'J   r   dx         f-^dv 
•■■"  =  2/17  +  2/3+-^ +7  2^ 

=  jlog"'  +  llog  (3  +  «■)  +  log  (2  -«)  +  «. 

26.  A  similar  decomposition  into  partial  fractions,  each  integi-able 
by  the  logarithmic  form,  will  be  possible  whenever  the  denominator 
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can  be  resolved  into  simple  and  unequal  factors.  For  if  the  num. 
ber  of  such  factors  be  h,  each  constant  numerator,  as  A,  B,  C,  &c., 
will  be  multiplied  (in  the  reduction  to  a  common  denomiantor)  by- 
all  the  denominators  except  its  own  ;  and  since  each  denominator 
contains  only  the  first  power  of  the  variable  «,  it  follows  that  there 
will  appear  in  the  numerator  of  the  sum  of  the  reduced  frswitions 
every  power  of  x  to  the  {n  —  \)th  power  inclusive,  and  also  an  ab- 
solute term.  Hence  the  number  of  equations  formed  by  placing 
the  absolute  terms,  and  the  eoeffieionts  of  the  like  powers  of  x  equal 
to  each  other,  will  be  n,  and  therefore  just  sufficient  to.  determine 
the  n  constants  A^  B,  C,  &c. 

26.  "When  the  factors  of  the  denominsitor  are  not  immediately 
apparent,  we  may  place  the  denominator  equal  to  zero,  determine 
the  roots  Sj,  cTj,  &o.,  of  the  equation  so  formed,  if  practicable,  and 
employ  the  factors  x  —  x^,  ic  —  3\j,  &c. 

Put          2aiS  —  4*  —  10  =  0     or     ^^^  —  8.s  -  5  =  0. 
Then  ^'  =  1  i-j/O^  and  the  factors  of  the  denominator  are 
«  —  1  -1-v^        and         x  —  l  —y/^. 
_  I  /•  (^  +  ^^)'^  _  1  f  (4  +  73;)(?!C      

.■ .  ^  +  ^x  '^  Ax  -  A  -  A^/^ -\-  Bx  ~  B  ^-  B-^, 
%¥henco     4.  =  -  A  ~  A^—  B  -{-  B^    and     1  =  A -i^  B, 
from  which  ive  deduce 

3  y/O  %J^ 
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27.  2i^  Case.  When   Uie  denominator  of  the  proposed  fraction 
iontains  equal  factors  of  the  first  degree. 

To  illustrate,  talte  the  example    dy  =  — ^ — dx. 

^        ■'  {x  +  hY 

If  we  attempt,  as  in  the  first  case,  to  resolve  tliis  into  three  frac- 

lons  having  denominators  of  the  first  degree,  by  a 

a  +  ia  +  ex^  _     A  Jl 


a  +  bx  +  cx^^{A  +  B+  C)  {x  +  hf, 
and  .•.a:^{A+B-\-0)h\  h^{A-\-Bi- 0)111,  and  c:={A+B-\-Cl 
whence  c  =  —  ^  — ■ 

Thus  the  assumed  condition  ■would  establish  a  necessary  relation 
between  the  constants  n,  i,  c,  aiid  h,  where  none  such  should  exist, 
those  constants  being  entirely  arbitrary. 

It  is  easily  seen  that  such  a  result  might  have  been  aiitlcipated ; 

^      .  A       _      S  C  J+5+C, 

for  since  — — r  +  ■ — r-r  H r-r  = ; '  the  proposed  ex- 

Z  +  h      iB  +  A      X  +  h  X  -'r  h  ^'^ 

pression  . — ,  —  can  only  be  reduced  to  this  form  when  the 

{X  +  h) 

numerator  is  diYisible  by  (x  +  hy.  Henoe  the  decomposition  of 
the  proposed  expression  into  three  fractions  of  this  form  is  not- usu- 
ally possible,  and  when  possible  it  is  not  necessary  beciiuse  the  form 
of  the  fraction  can  be  modified  by  redudng  it  to  simpler  terms. 
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But  if  we  put  x-\-h=z,  we  shall  have  dx=dz,  and  by  siibstitulion 
(g  +  fa  +  cx-^)dx  _  [a  +  b{z  -  k)  +  cje"  -  2zh  +  h^)]dz 

Va  ~  bh  +  eh^       b  -2ch       c~\  . 

^    L 'zS~-~   +  ^3 ^  g¥^ 

L    (.t  +  /.)'     ^(i  +  i)'      »  +  ''J 
Hence  the  proposed  fraction  can  be  resolved  into  tlirec  fractioiis 
having  the  forms 

A  B  0 

(>:  +  4)>'     (.■  +  4)''  i  +  l' 

and  since  the  same  reasoning  would  apply  if  the  number  of 'equal 
factors  were  greater,  we  may  in  general  assume 
a  +  hx  +  cwK...  +  ix'>~^  _       A  S  I 

(X  +  A)"  {x  +  h)'  '^{x  +  hY~^ '^xA-h: 

the  iramber  of  such  fractions  being  n. 

EXAMrLES, 

"(^ 

2  —  3a;    _       A 

,   B{x~a)  __A^1 


.■ .  2  —  ^x  =  A  +  Bx  —  Ba,  wheiifie  2  =  A  —  £a,  and   —  3  =  _S. 
.  ■ .  5  =  —  3     and     yl  =  2  *J-  5a  =  2  —  3a,     and  consequently 

!,=(2-3»)/^-^-3/j^  =  (2-3.)~-31og(»-c)+t. 

"When  the  denominator  contains  hoth  equal  and  unequal  factors 

of  the  first  degree,  the  two  methods  most  be  combined. 
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Since       x^  —  Qx^  +  9x  —  x{q:^  —  6a;  +  9)  =  x{x  —  sy     we  assume 
(c^-ix  +  S  _±,  _^_  ,  _0_  _  J(a-3)a+^^+fe(a-3) 

.-.x^  -4x  +  S^  A  {x^  _  6s  +  9)  -I-  £x  +  0(afl  -  3a), 
■whsiice     3  =  9J,     —4:^—6^+^  —  3(7,     and     1  — -4  +  C. 

.  ■ .  ^  =  g>      C  =  I     and     _S  =  0. 

1    /"c^a^   , 


1  fdx       2    r    d.K     _  1 


+  ^log(a-3)+C' 


^-log«.  +  g]og(^  -3)^  +  ~Josc  =  ^]og[_e^{x  -  3)^1 


-  (^  _  3)H^  +  3)^ 


31-  I  ==  ^(ars  +  6«  +  9)  +  -S(a:3  +  4^^  _  3^  _  is) 

+  C(3t2  -ix'+i)  +  D{x^  -~x^~Sx  +  12). 
■.  O^.S  +  i?,    0  =  A  +  4£  +  C'-D,    0  =  QA-3£-4:O-8B, 
uKl  1  -  9^  -  185  +  4C'  +  12D. 

These  equations  give,  hy  elimination, 

A=^,      _S^--|-,       C^-i,     and      B=-^- 
2d  125  2d  125 

_   }     P      dx  2     f  dx         \     P     dy,  2     f  dx 

■  ^  ~"  25 ./  (a  -  ajii  ~  125  -/  a— a  "*"  25''  (a+3)a  "^  125  ^  ^+3 
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29.   Case  ^d.  When  the  almple  factors  of  the  clcnomiuator  ai 

Tkese  factors,  which,  eorrespoud  to  the  imagmary  roots  of  a 
equation,  eiiter  ia  pairs,  and  are  of  the  forms 

3^  =t  a  +  i  -Z^,     and     a>  ±.  a  -  b  -,/-  1. 
and  tlieir  priiduct  gives  the  real  quadratic  factor 

«2  zt  2ax  +  o^  +  6^  =  (s  ±  af  +  6= 
Honce,  if  there  be  Ijut  p  ]  a  j    ac 

single  quadratic  fa«tor,  in   I     cl  n  I  j.      1  n    [  a 

'*    "^  '^  h   h    h 

1  ix 


(    ±    )    +i 

must  consist  of  two  tern 

n              nna    h 

fi 

the  other  an  absolute  te  n 

la         h     d  n 

the  second  power  of  iK;  a 

h      t         f  w 

n 

oiily  into  the  numerato 

w      1    uU           I 

d 

ex[jonent  of  the  highest  p 

f       n   1     n 

n 

than  the  con-espoiiding  p  w 

h    le     n 

But  when  there  are  s 

al     qual  quad 

f 

nator  being  of  the  form 

[(.  ±  ay  +  J.]-, 

the  partial  fivictiona  will  be 

of  the  forms 

Ax+  B          ,            Cx  +  D 

[(^  ±  af  +  6^]"  ^  \_{x  ±  af  +  i^j"-' ^{x±o,f  +  b'^ 

the  number  of  such  fractions  beiug  n. 

That  such  a  decomposition  is  possible  in  all  cases,  will  appear 
more  clearly  by  the  following  UlustratioH.  Let  the  proposed  frac- 
tion be 

cx^  +  ^■i^  +  A^  +  gx^  +  hx  +  i 

Put  X  li:  a  =^  y,         and         ?/^  +  6'  =  z^. 
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Then  the  fraction  can  be  reduced  successively  to  the  following 


^  (,y  +  ..)(.^  -  h^Y  +  (/.y  +  g,){z^  - !.')  +  iny  + ;, 

_   (^i'  -/,53  +  ;>,)..■  +  b*{e^±  ay.   -/i^ffa  ±  ")  +  '■  ±  ^h" 

(^  Sc  i^  +/,).r  -  25'^c  (.-,±  a)+/i(g,  ±  «)        c:^  +  c(.,  ±  a) 

wkich  is  of  the  form 

Ax-^B  Cx  +  D  Mx  +  F 

[{^  ±  a)^  +  U^-f  +  [(^  ±  a)^  +  h->-J  +  (^'  dz  of  +  i^' 
And  a  sim  lar  d      mp     t       w     Id       d     tlj  1      i        1 1      t  th 
were  m  equ  1  q    d  t    t  th    d  tu 

30.  It   appea      th      f         th  t      h       th     d  t 

simple  imag       y  feet        th  If        p         tdl         t        t 

will  he 

dy  =  TT^^i  ^a-in'  ^"'^^^^  ''  ^^y  "^  ^'^y  integer. 
Put  s  ±  a  =  g,     then 


'(z^  +  h^Y'^J      {z^  +  b^Y    ~       2{n-l){z'  +  b- 
r     A-^ds 
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by  maklug  £  ^:  Ao,=.  A^,     Thus  the  proposed  integral  is  found  to 
clGpeiid  on  the  more  simple  form,    /  —-z — ^rr=— 

It  will  now  be  shown  that  this  latter  can  be  caused  to  depend  on 

tlie  form    /  r-: ,-rr — ,  in  which  the  exponent  of  the  parenthesis  is 

diminished  by  unity.     Thus  we  have 

(.2  +  6.).-,-  (.2+>)«  -(,.  +  ^,.)>-+  (^=+i.)n 

r     zMz     _        1        /■       &  I  z 

■'■  J  (.=  +  b^Y=  W^Ty  {z^  +  b^Y-^  ~  W^^ '  J¥+b^'' 

ivhicli  value,  substituted  in  (I),  reduces  it  to  the  form 
r       ih        _   ^    f        ^^ 1  C        dz 

e an -3       /■ tfa 

-  n\n  -  l)[s=  +  6=)-'  "•"  %b\n -\)J  {fJ^  U^Y-^' 

Similiirly,         /  t-  ■—     t-  ■■■■    can    be   rendered    dependent   upon 

/  ,  &c,  so   that  eventually,  the  original  integral  will 

depend  on  the  form    /   „   ,  —i  =  -  tan-'  -■ 
■■  •/  s^  +  6^       0  6       ■ 

3!.  We  infer,  therefore,  that  the  integration  of  a  rational  fraction 

can  be  effected  whenever  its  denominator  can  be  resolved  into  sin:iple 

or  quadratic  factors,  and  that  the  integral  will  be  espresscd  in  the 

form  of  logarithms,  powers,  or  circular  arcs. 
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32.  1.  dij  =jf^7f 

Since    p>-l)  =  (»'M-i  +  l)(2i-l),  mid  x'  +  %  +  l 


whence    0  =  ^+  C,  0  =  5+  C-^1  and  1  =  C  ~  B. 


and  if  we  put  a:  +  ^  =  z,  or  a:^  +  a' 
there  will  result 


I   r  dx        1 


tMeI'- 


V^ 


4H(.-.)-ii.g(.'+j)-^.. 
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Assume  - 


Bx-^  a        J)x-ir  JH 


Hence,  y  —  ^1  ~ /  ■—— —  / 


Za{a  +  hx')  ^  2a^     ^  a  +  Js^  ^ 

„  ,  x'^dx 

■'  ""  '^^^^^^ 

PdI;  X*  -\-  x^  —  2  =  0,  iiiid  resolve  with  respect  to  ^. 

1       3       , 

■ .  («•  +  «•  ~  2)  =  (,»  +  2)  (.'  -  I)  =  (,>  +  2)  (I  +  1)  (« 
nd  we  may  assume, 

°-  +  ^-til     Then 


a:*  +  i«s  +  2~a!  +  lK-l        x^  +  Z 
=yl(.>-j?+2i-2)+£(»>+«»+2»+2)+0(i«->^)+I'(i'-l)- 
.0  =  ^  +  -S+C,  l  =  -^  +  iJ  +  -0,  0  =  S^  +  2S-(7, 
0  ^  -  2yJ  +  25  -  i). 

.-.  ^  =  -i    5  =  1,    e==0,  i)=| 
G  G  3 

\    r    dx         \    r    dx         S  /■    rfa; 
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l_^:^(l-«5)(l+.^^)^(l-a)(l+^+:,2)(I+.i;)(l„^  +  ^.),    put 

1      _     A  B  Cx  +  D  JSx-\-  F 

+  C{x~x^+x^-x')  +  D{\-x  +  x9-x'>)  +  E[xJrX^-x*-a^'') 
-\-F{\  +  x~x=-x% 

.-.l-A  +  B  +  D  +  F,    d  =  -A  +  B+0-D  +  E-{-F, 
0  =  yl  +  5-(?+i;',    f)^-A  +  B  +  I>-F, 
Q^A+B+O-B-F-F,    0  =  ^  A  +  B-  C-K 

.■.^-^,  B=z]:,    0=l„    i?  =  i    F=  -\    F~-. 
0'  6'  C  3'  6'  3 


]2^  l-.^+a-2  "^12/  / 


^logfi+^)*-log{i-^)*+Alog(I+^+^=)-llog(l-;,i-^.3) 
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IRRATIONAL 

33.  The  differential  form  next  to  be  coasicleved  is  that  which  is 
still  algebraic,  but  which  involves  irrational  or  surd  qimutities.  Aa 
the  general  mode  of  treating  such  expressions  is  the  same  in  prin- 
ciple, whether  presented  ia  the  entire  or  fractional  form,  they  will 
be  considered  in  the  latter,  which  is  of, very  frequent  occurrence, 
and  which  presents  some  difficulties  peculiar  to  itaelf. 

34.  When  an  irrational  fraction,  which  does  not  belong  to  one  of 
the  known  elementary  forms,  is  presented  for  integration,  we  en- 
deavor to  raiionalize  it-,  that  is,  to  transform  it  into  a  rational  form 
by  suitable  substitutions.  The  following  are  the  principal  cases 
in  which  this  is  possible. 

35.  Case  1st.  When  the  fraction  contains  none  but  monomial  terms. 
As  an  example  to  illustrate  this  case,  suppose 


hSs™ 


Put  X  =  s'""-"  oT  X  ■=  s',  where  I  is  any  common,  muliiple  of 
the  denominators  n,  m,  c,  and  e. 


Then    x"  =  s"!™'' ,    c 
/  is  a  multiple  of  n. 


Similarly 
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Also  ■  d«  ^^  nmce .  z^'""~^dz. 

Hence  dy  =  v-;v.-,-.,    ,  ^,.i„,(«'»cg  ■  z^^'-^rf^), 

whieh  is  a  fraction  entirely  rational. 

j&3^.   io  integrate         di/  =  — ~  dx. 

3,/  +  ^* 

Assume  a  =  2i=  :  then  ,r^  =  g=,  a;^  ^  s^,  a'^  ~  g^^  s' 
and  dx  =  123i'.afe. 

.  ■,  rfy  =  -jr-s--; — r  12z"  ,  (fe  ^ — dz 


=  (24^9  -  72g'  +  216^^  -  6483^)^3 

+  1908(j'  -^  33=  +  &2  -  37s  +81  -  -^^  rf^. 

s  +  3/ 


.  y=  13/(328  _g27  +  igj,o  _54a5)f;3 

+  ISOSy^s*  -  §£3  +  93*  -  273  +  81  - 


^l'4i.^-^^-f^^^ 


+  1008[|^=-|2'+333_^32+gls_2431og(2+S)]+r 

+1808[l:.A-2»*+3j*-H^*+81:,A-2431og(A3)]+«. 

36.  2i?  Case,  When  the  surds  which  enter  the  given  expression 
contain  no  quantity  within  the  ( )  but  oneof  the  form  {a->rbx). 
As  an  example,  talfe 

(o  +  fa)'  +  h 
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Pat  a  +  6k  =  2"™=  where  the  exponent  of  3  is  a  multiple  of  all 
the  denominators  w,  m,  and  e. 

Then  (a  +  tef  =  3-.""',  (a  +  bxf^  =  z'^'-"',  {a  +  hxf^  s'l™, 

and  rfj^  =  — —  .  ^^""^-'(fe, 

and  by  substitution 

wliioli  form  is  entirelj'  rational. 


37.   1.  Toiiitegr 


(1  +  i,f 
1  +  4,r  =  g2.     Tlien 


^,  i.  =  ^,  ,>  =  i(,«-3.'+3.'-I),.na(l+to)*= 
1    /5«-3z'  +  3j>-1\    ,  1    /,      „  ,    3        1 


fe  =  ^'r. 


^^- 


(1+4..)'     3(l+4»fJ 
3.  dij  =  — ^-^■ 

»v/r+  .r 

Pm.  l  +  ^-s^.    Then  a^  =  a'  -  1,  rfa-  =  "isdz,  and  yi  +  ..  -  s 
2£(fe 2&     _     (fe  tfe 

.■.  !,=log(.-l)-log(s+l)+t, 

8  -  1  a/lT-^  -  1 

■r  !/  =  log-—  +e  =  log¥    i__ +  a. 

■  +  1  i/i  +  ,«  +  1 


db,  Google 


lERATIONAL   FEACTIOJIS.  277 

38.    Case  ^d.  When  the  proposed  fraction  coiitaias  no  surd  except 

e  of  t.lifi  foriri 


^/a 

=  V5 

-+^ 

j'^' 

+  te 

±  C%2  : 

When  the  las 

t  tern 

1  is  ponitive,  assLi 
z-Vx;     then    J 

+  A 

■,  +  x' 

^i 

-+>^+ 

iC=  =  , 

=  «"  +  2j«  +  » 

.-..= 

2^%^ 

IT'     "^ 

2c- 

153 

i-S)- 

-'(•+2.^ 

a:%-6 

The  values  of  cc,  i/a  +  6s  +  c^^a:^,  and  rf^c,  being  all  e 
tionaliy  in  terms  of  e,  the  proposed  diffei'ential  when  transformed 
will  silso  be  rational. 

Again,  if  the  term  involving  a:^  in  the  surd  be  negative,  denote 
by  a^i  and  .r^  the  roots  of  the  equation 

a:2_^__^^0;     then    a'J  _  ^  -  ^  =  (.^  -  a;,){»  -  ^z), 
and  therefore      —  H — j-  —  iP  =  {x^  —  a.')  (a  —  s;,). 


Now  assume    i/(x^-~  x)  {s;  —  %)  =  (a: 


.  ■ .  3^2  ^  a:  ~  (a  —  *i)s^,     "whence 


Hence  the  several  expressions  which  enter  into  the  proposed  dif- 
ferential will  be  rational,  and  therefore  that  differential  will  become 
entirely  rational. 

39.  1.  To  integrate      dy  = 


l+x  +  x'i 
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i  yr+V+^  r=!:  +  x;  Lheii  1  +  a;  -f  ^^  =  s^  +  2zx+^>' 
^ds,    and    y'l+x+a;' 


(■2. 


-y  1^+5  X  -Isjrr-iy  ■*=-/  2^=  -'°sP- 


■   (2= 


2V'1  +  ^  +  «>  -  {2i;  +  1) 


=  lo.[2,/rM  +  ;>=+{2a:  +  l)]  -  Ic 


=  log  [2  /r+  I  +  I'  +  2»  +  1]  +  » 


=  0,  and  find  the  roots  x,  and  .r^,  thus 
1       1 


,^-  +  -^5     and     .,^ 


2       2  ^ 


Not 


v^+.-.^or  vl^:o>.-^0  =  V^-  ^V5  V^-^VS- 


-^-2-^' 


v^- 


-■\/5)  e^  and  a  = 


5-5^'s-e+^-^)^' 


_vjL 


and     yT+aT 

''="-';^''f+w=  ■'1+?=^      "^'■ 


-  (1  +  2')=         "    '  1  +  8^ 

'•5./ 


»i— -^ — ^ ^ he— — 2tan-i    / ; — 


44VS 
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dy. 


x'^  =  z+x  ;   tlien  —  +  a^  —  #  +  SsiE  +  X 


:=  —  log  — V-— - — ■  +  e  =  —  log  i -!- — 


-+c. 


40.  The  other  irrational  forms  which  admit  of  being  rationalized, 
are  chiefly  those  helouging  to  the  binomial  class,  which  it  is  proposed 
to  consider  carefully  in  the  next  chapter. 
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41,  Prop.  To  determine  the  conilitions  under  which  the  general  form 

ihj  =  a""  (a  +  ia:")  ""ifat,  can  be  rendered  rational. 

If  we  put  x=z'"*f  there  will  r^ult  x'^  ^rg"!",  a:"  =  s"!"     and 
dx  =  mn.  H^^-^dz. 

.-.  dy  =  g"!"  (a  +  fiz"!'")''  nmz'™^^dz, 
so  that  Ihe  form  will  be  equally  general  if  written  thug 

dy  =  a^{a  +  bx'-ydx (1), 

in  "whicli  p  is  the  only  fractional  exponent. 

Assume       a  +  ^jk"  =  z ;  then  x  =  | — -— -  j 

^»+i  ^  ^^^  "  and     ^»rf*-  =  ^  (a  _  ay^"'.  dz, 
and  by  substitution  in  (1), 


quantity  (2— «)  "        can  be  developed  in  tlic  form  of  a  seric 
mials  {with   a  limited   number  of  terms),  a  rational   frai 
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unity,  and  thus  tte  value  of  dy  can  be  rendered  entirely  rational. 
For,  although  ^  ia  a  fractional  exponent,  tlie  expression  can  be  so 
transformed  as  to  remove  tlie  fraction,  by  the  method  explained  in 
the  first  case  of  irrational  fraj;tions. 

Again,  since  K"(ft  +  hx^y  —  x^+''?{ax-"'  -\-  by,  if  we  put 
a3:~"  +  i  ^^  3,  there  will  result, 

a     "  ~^; — ^^ 


And  this  can  be  readily  rationalized     when    — ■  +p  is  a  positive 

or  negative  intpcjei  oi  zero. 

We  conclude,  tliPiefoie,  that  tliere  are  two  cases  in  wtiioh  it  will 
be  possible  to  rationalize  the  general  binomial  differential,  viz. : 

1st.  When  the  exponent  m  of  x  exterior  to  the  pai-enthesis, 
increased  b>  unit>,  is  exactly  divisible  by  the  exponent  k  of  ar 
within  the  (  )     o 

2d.  Wl  en  tl  e  fnct  o  thus  formed,  increased  by  the  exponent  p 
of  the  (  )  s  a    ii  teger  or  zero. 

42.  Thef-e  t  vo  elit  ons  are  called  the  conditions  of  iniegraUUly  of 
binomial  1  ffere  t  ila 

43.  1.  To  integrate     dy —  x%a+ x^fdx. 

Here  m  ^  5,  h  =  3,  .  ■ .  ^-i-  =  3,  an  integer, 
aud  the  expression  can  be  rendered  rational. 

Pot         «  +  >,"  =  ■,,  .•.^  =  (2-a)*   ^•  =  («-.)> 
^dx=lp-afii,  ami  .(y=5(«-i.)" .  »*i.=i(«*- 2o«*4.i>"/)<;a 
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-^^%l+x^)-^dx. 


z  -  2,     »  ^  2,     and      p  - 
.     m  +  1  1       .     .. 


but  — — ■ \-  p  =  —  ^"^5=  —  2,  a  negative  integer, 

and  the  expression  cau  therefore  lie  rendered  rational  by  the  second 
tranaformatioD. 

Put  sr-^+\=z,     .-.  x=[ii~\)~^,     sr^^{z~lf 

I  1-4 

ar-^.dx  =  ~~[b~  \)dz,     and      dy  =i  —  ~{z  —  l)z   ^dz. 

A.rh. 


<fe4 


'=-5/^^*^'  +  ^/«-''"=-(-' 


+  «"*)  + 


T^^ 
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44.  When  n  binomial  differential  satisfies  either  of  the  conditions 
of  liitegrability,  it  is  possible  to  transform  it  into  a  rational  exijres- 
sion  ;  but,  instead  of  applying  this  process  of  rationalization  directly, 
it  is  often,  more  convenient  to  employ  certain  foTirtvice  of  reduction, 
which  render  the  proposed  integral  dependent  npon  others  of  simpler 
form,  or  6uch  as  have  been  previously  integi'ated. 

46.  Such  formulae  are  deduced  by  employing  another  linown  as 
the  formula  for  integration  by  parts. 

Thus,  since             rf(iHj)  :^  ndv  -\-  vdu,  we  have 
fndv-=uv  —  fvdii (1). 

By  this  formula,  J'udv,  is  made  to  depend  upon  fvdy,  which 
latter  integral  may  be  more  simple. 

46.  Prop.  To  obtain  a  formula  for  diminishing  the  exponent  rn, 
of  X,  exterior  to  the  (  ),  in  the  general  binomial  form 
y  =  f^{a  4-  i3^}"p  dx. 

Put  {a  +  l^'^yx'^'^dx  =  dv,     and     s"'-""'^^  —  «. . 

Then  V  —  >- ";  ■   ^  '-,-,     and     du  =  (m  —  n  4-  \\iif*r^dx. 
nb{p-\-  1) 

But    y  —  /».■"-"+' (a +  &.r")J'a^~i!?a;  =  fudv_~  iiv  ~  fvdu. 


«*"(,' +1) 


^lV^"""("  +  hx^^y-'dx  (2), 
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The  formula  (3),  effects  the  object  of  diminishing  the  exponent  m 
of  X,  hut  it  increases  by  imity  the  exponent  p  of  the  (  ),  nncl  as  this 
would  often  he  an  meonvenience,  we  must  endeavor  to  modify  (2). 

Now  /.r'^—X"  +  hx'')f^''<l.x  =  /a:™-"(a  +  lx'y[a  +  bx'')dx 


.H 


Transposing  the  last  term  to  the  first  mejiiber  and  redui 


~  "i*i(^+l)  ■^'''"'^"  +'"■")''''■'''■ 
Hence     >/  =  fx'"(a  +  bx'ydx 
^^f j(„ 4-  fa.)^i  _l„,_n  +  l)a /.r"-"(a  +  l>x"yd^c  . 

t{np  +  m+iy  ""  ^    '- 

47.  By  this  formula,  the  proposed  -  integral  is  made  to  de[Dend 

npon  another  of  a  similar  form,  but  liiwliig  the  exponent  m  ~  n  of 

s;,  ext«vior  to  the  (  ),  less  tlinn  the  oiigiiial  exponent  m,,  by  n,  thu 

exponent  of  a;  within  the  (  ). 

-48.  Prop.  To  obtain  a  formula  for  dimlnishhig  the  exponent  p 
of  the  (  ),  in  the  general  integi'al 

■  y  =  f3f(a  +  bx^ydx. 
Since     faf{a  +  ia:")Pi»  =  fx^{a  +  bx'')P-\a  ,+  ifx^)dv 

=  a/x'^{a,  +  bx'>)^Mx  +  bfX^f^{a  +  Ix'^y-hlx ; 
and  since  by  applying  formula  {A)  to  the  last  integral,  replacing 
»«  hy  (m+n),  and  p  by  (y-1),  we  get 

J         \     '         '  •     b{np  +  m  +  1) 
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p + m  +  r 


np  +  m  +  l' 

__  .^^+i(„  +  fa'')i'  +  pna  fafja  +  bx-^y-Mx 

np  +  m  +  ]  ^    '' 

49.  By  tlic  use  of  this  formula,  the  proposed  integral  is  made  to 
clc]3eiid  upon  a  sijnilar  integral,  but  leaving  the  exponent  of  the  (  ) 
diminished  by  unity, 

50.  When  the  espoiienta  m  and  p  ave  negative,  and  numerically 
large,  it  is  gonoi'ally  convenient  to  increase  them,  so  as  to  bring 
their  values  newer  to  zero,  and  hence  we  require  two  additional 
formiilse,  one  for  increasing  the  exponent  of  the  variable  exterior  to 
the  (  ),  and  the  other,  for  increaaing  the  exponent  of  the  (  ). 

51.  Prop.  To  obtain  a  fornmla  for  increasing  the  exponent  —  m, 
of  tlie  pareil'tK^eais  in  the  generiil  integral 

y  —  far"'{a  +  bx''ydx. 

From  formula  {A\  we  obtain,  by  transposition  and  reduction, 

x'''--^\a.-\-hx''y+^  —  h{np-\-m+\)f<if{a+hx''ydx 
fx"'^{a+hx^Ydx~ ,^  _  ,j  ^.  ij 

Now. making  m  —  nT=:  ~  m^,  or  m  —  vi  —  ii7„.  there  results 

far^<{a  +  hx'-ydx 

_  x-'&\a  +  i,t'')''+'  -  b{np  +  n  ~  m,  +  1)  f.r^.+'-(a±bx-)Pih 

a{  -  m,  +  1) 
or  by  omitting  the  subscript  accents  and  reducing, 
y  =  fx-^{a  +  bx'')Pdx 

52.  By  the  use  of  tliis  formula  the  exponent  —  m  of  x  exterior 
U.I  the  (  )  is  increased  by  n  the  exponent  of  x  within  the  (  ). 
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53.  Prop.  To  obtaia  a  formula  for  inyreasing  tho  exponent  —p 
of  the  {  )  in  the  general  integral 

y  —  fa'^[a.  4-  hx''')-fd,x. 
Fio.n  fiirmula  {S)  we  obtain,  by  transposition  and  reduction, 

a-(o+6.-).-'i,  =  «-+H»+fa-)'-(iy+-+l)/»-(»+fa")M»^ 

—  pna 
Now  making  p  —  \  —  —  p^  oi-  2>  —  1  ~  Pi,  there  results 

-na{~p,+  l) 
or  by  omitting  accents  and  reducing 

na{p-\)  ■■■■^^> 

54.  Hy  Ihe  tise  of  this  formula,  the  exponent  ~jj  of  the  (  )  is 
increased  by  unity. 

A;^Ucations  of  Formvlw  (A),  (B),  (C),  and  (D). 

55.  1-  To  integrate  dy  =  --^7=  where  m  is  an  odd  integer. 

Put  m  successively  equal  to  1,  3,  5,  7,  &c.,  and  apply  (A).     Thu3, 

/xdx  . 

-  =  —  y  1  —  x^  +  (7i  by  the  rule  for  powers, 

/  .. :  =  -Trayi  -.i:-^  +  ^.     --±^^     by    formula    (J),   in 

•Jy/l  —x'  ^  ^  "^  •/!  —  a'^ 

which  m  —  i!,  »»  —  3,   and  p  —  ~ -^ 
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y-===  -g^'-/l— .i'^  +  -y— ^^.j    by    formula    (^), 


/I  —  .i;2  +  -  /  -- —  — ;    and  generally 
' ''  i/l  —  K^ 


-  1  raf^'^dx 


yi'  x"'d«  1  /j ~ 

Hence  liy  substitution, 

/.  asrf,t  /I    ,  1.4    ,       1.3.4\    , ^       „ 

i/y^l  —  :c^  V5  -S-S  1.J.5/" 

^«.  /I  1.6  1.4.0,       1,3.4.8',    /, J 

and  generally 


.jrt^__  ri  l.(m^l)  ).(.»-3)(m~l) 


1.2-4.6 0 


'    1 .3.5.7 
2.  To  integrate  t?j/  =  ■,  where  to  is  av 

Put  in  =  0,  2,  4,  6,  &c.,  and  apply  (A)  diiis 


"-=+&c. 
,  where  m  is  an  even  integer. 


3)(». 


A    '  =  —  -3:\/i  ~  a:^+  ^  /  by    formula    (.d), 

which  m  ^2,  w  =  2,  and  p=  —-■ 
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which  TO  :^  4,  ra  =  2,  and  p  ~  —  -■ 

/■  .t"'f?a;     _        I     ^_^    r in  —  1  />  ^~'^dx 

Hence  by  snhstitution, 

^yT^l^  V>         *■''       Si.4(i  r  2.4.0  ^   " 

and  generally 


>■(»— 'W+I 

,(,,-3)(,.-l) 

(«-2),/      +(, 

,-4)(m-2)m 

1.3.5.7.  ..  (" 

.  -  S)(m  -  1)\ 

2.4.6.S. .. (« 

.-2).,.           j 

1.3.5.7  ...  (^ 

«-3)(».-l) 

'   2 . 4 .  6 .  8  .  .  .  (m  -  2) .  ■ 


rVr  V  K 


Make  m,  ==  +  2,  j 


/.^/r+^" 


md  H  =  1,  and  apply  (C) :  then 

+.)*    |/^-'(i  +  «)"*''' 


1.(2-1)  1.(3- 

/l^  +  j:        1    r__dx^_ 


db,  Google 


API'LiOATIONS    OP    FOllMUL^.  289 

Now  put  1  +  [t  ^  i^,  then  x  =^  e'^^l,  ilx  ^=2zds  and  y'l  +  x^z. 
r       dx        __  r     2^dz      _  r  2dz     _  f   dz  p   dz 

■'J  ^yTT^  "-^  w^Y)z  -J  ^^^1  -J  r:n:  ^J  7+1 


^z+  1 


VI  +  ^  + 1 


V'l  4-a 


dy  =  >    ^^     '   dx  =  :^'(a  +  hxfdx. 


n  =:  1,     and    ji  ~  ^,     and  apply  (B)  ;  tlien 


Now  put     m  =  —  I,     n  zz:  1,     and    p  =  -,     and  apply  {S)  t. 
the  last  integral ;  thus 


S^\aA-hxfdx^-~ 


—fx-^ia-^hx)    "^dx. 


Now  put     a  +  hx^z'-;     theu      «  =  ^^-^,     rf:^:^^,     and 

y«         s  +   -/«  -/a         y'a  +  ta  +  ^ 

And  by  substitution. 
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5.  iy  = J 

Put     m  =  -  1,     «  =  1,    y  =  I     and  apply  (i>),  the) 


+  »,. 


i»(l  +  2^) 


.r(l  +  2xy        1 


B«t  /.->(!  +  a.')"**  =  logV^^ i  +  (7,  bj  the  ka  a 

•l  +22+1 


2         ,,     V1+2S5-1 
-  -  _      —  +  log     ,        = 

yT+Ss         vTT2j;+l 


db,  Google 


CHAPTER   VII. 


lO&AHITHMIC   AND  EXPOKBNTIAL 

66,  We  shall  now  proceed  to  the  integration  of  those  t'ormg 
which  involve  transcend  en  tal  functions,  beginning  with  the  case  of 
logarithmic  functions, 

67,  Of  the  logarithmic  forms,  only  a  very  limited  nuiiibei-  can  be 
integrated,  except  by  methods  of  approximation.  The  principal 
integrable  forms  will  he  esamined. 

58,  Pi-op.  To  integrate  the  form  dy  z=  X  Aog'^x .  dx,  m  which  X 
is  a  given  algebraic  function  of  x. 

Put  Xdx  ^  dv,  and  log"*  =:  «,  and  apply  the  formula  for  inte- 
gration by  parts.     Thus 

dx 


=  /Xdx 

,  and  du  -. 

=:  n .  lug''-i« .  ^,  and  sin 

ce  fnd> 

,^uv~ 

■fvdii 

.fX. 

log''^: .  dx 

^iog"^./xc;^-/[«.i 

log-^. 

f{Xdx) 

■g 

by  making 

fXdx  =  Xj 

y  = 

Z,  log^a:  ~nj—^-  log" 

''X  .  dx. 

If,  therefore,  it  be  possible  to  integrate  the  algebraic  fi>rm  Xdx, 
the  proposed  integral  will  depend  upon  another  of  the  same  general 
form,  but  having  the  exponent  of  the  logarithm  less  by  unity. 

Now  put  /  — ■'  dx  ~  A'g,  and  by  a  similar  process,  tlicre  will 
result 
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if  n  be  a  positiTe  integer,  the  repeated  application  of  this  fovrnula 
will  cause  the  proposed  integral  to  depend  nltJToately  upon  the  nlge- 

braio  form     /  — -  dv,  provided  we  can  intejirate  Xdx,  —  dx,  —  dx, 

&e.,  obtaliiing  in  each  an  integral  in  the  algebi'iuc  form. 

lo2  nr .  dx 
Ex.  To  integrate  dy  =  7t'~t — la' 

Here  X  =  -^ — ;  =  (1  -f  x)-^. 

.  ■ .  fXdx  =  /  (1  +  x)--^dx  z^  -  -^  ^  ^1. 

A.„,    ..  =  1.    ..d    ...   ,.-Mi^  +  /^V 

/  ?+^5  =J  'i~J  r+~»  =  log  "^  ~  log(l  +  i)  +  C. 
.■.y=-'g+l(.g..-log(J+.t)+C7=,ji^logf!-log{H-«)+a 


S9.  Prop.  To  integrate  the  form     dy  ■ 

=  .t™ .  log"2: .  dx,     in  whicli 

»  IS  a  positive  integer. 

Put     x'^r=X;     then     X^  =  f  Xdx  ^ 

y  ^fs^.  \og''x.  dx  :=  -— j-^  log-a;  -  ■ 

-"~j/,-.log-.>,.i.: 

and  similarly, 

/.,'"log'-.^..^-^^log''-'.-; 

i^/i"log— rfl. 

/■.•B™log''-5.rrfa  =  ^— -^  log— =,i:  -  ■ 

i^/«»log.->i<fc. 

&c.                         &c. 

&0. 

Hence  by  snccessive  substitutions, 
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-=^^''---- 


..(.-l)(.-3)(..-3)....S.2.1-| 

ta+1)-  J^'- 


(■»+l 

Cor.  This  foi-mula  erases  to  be  applicable  whea  m  ~  —  1,  as  the 
terms  become  infinite  ;  but  we  then  have 

fx-nog-x .  ds  =/log-3T  ■  —  =  /  log-'a: .  rf(Iog  a;)  =  ^"^".  '"^  +  C. 

^ar.  To  integrate         dy  :^  x^  .  log% .  (fe. 

Here     «j  ^  3,     »  =  3,     m+\  =i,     n-l-%     «  —  2  ^  1. 

.•.,^/.Mog=..<^.=^[log^.-^log^.+^log.-Mli]  +  c'. 
.-^'^ 
=  —  ^     and      tj  =  5, 

-1^4,  ii-2^3,  W-3-S,  «-4=l. 
-5.31og*:«+5.4.2=log3« 

.  -i-  6 .  4 .  3 .  S^log^a:  +  5.4.3.2. 2*loga:  +  5  .  4 .  3 .  2  .  3  .  2^]  +  a 

Remark.   If  we  suppose  «  to  be  a  positive  fraction,  the  same 
formula  wiU  apply,  but  the  series  will  not  terminate. 

60.  Prop.  To  integrate  the 

tive  integer. 

Put  ai"'-'-'  ~  u     aiii3     ~ ~  =  dv,  then 

log-,1^     X 

du.  =  {m^\)x'"dx,     and     v  =  - ^-^-r-. 

(«-l)log"-' 
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Applying  the  rormula  fwla  ^  uv  —  fvdu,  we  obtain 

fx"dx                    «"•+'                «i  +  l   f   af'dx  ,    .    .,    , 

/  1 — T-  —  —  7 TTi r-  +  ■ r  /  T— — r-.  ^"d  similarly 

*>  log''-%  (n  —  »)  log^-J^c       ft  —  3*'  ]og"-3j: 

_  /•x'^x  _      sf"+^  r    1        jji  + 1      1 

(»■  + 1)-' 


■■■■    "(.-2)(»-3)(»-4)...3.2.1    k,g,J 

, ("+1)— /• '■■'■■ 

+  (»-l){,.-2)(«^S)...S.3.1^  log/ 

The  last  integral  admits"  of  only  an  approximate  clctermiiiation, 
but  its  form  may  be  simplifiecl;  thus, 
put   z  —  a'^^,  then  dz  =  (m  +  l)jfdx,  and  {m -\-  l)]o^x —  ^agz. 

/x'"d3;  _^   f  dz 
log  X       J  log  z 
This,  also,  can  only  be  integrated  approximately  Tij  espancling 
the  expression  under  the  sign  of  integration  into  a  series,  aiid  then 
integratuig  the  terms  separately,  a  method  which  will  be  considered 
more  at  length  in  a  future  chapter. 

3,  To  iutegrate  approximately  dy  =  -. — -^—• 

Here  m  =  i  and  n  =  3,  .  ■ .  m  +  I  =  5,  n  -  I  -  2,  n  -  2  ^1. 

Now  put  .i;5^a,  tlipu    /- =  /,- ; 
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and,  inakiiig      log  ?  =  (,  we  have  a  ~  e*,  dz  =  e* .  dl. 

=  log,  +  <  +  j^.  +  j;|-55  +  &=. 

Exponential  Functions. 

61,  To  integrate  the  form  dy  =  a'.x'^. dx,  when  ni  is  a  positive 

integer. 

Put  a^rfai=i:if,  nnd  j;"'i=m;  then  jj^; a"  and  i;M=ms"-y3;. 

'  '  log  a 

—  Ja''  .x^-'^dx,   and  similarly 

fa'. 
Hence,  by  substitution, 


y»  -^    ■    *  — ]ogaL*   "log a 

log^a  log'a 

log>"a  J 
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62.  Pro'p.  To  integrate  dy  —  . — ife,  when  v\  is  a  positive  integer. 
Put  ar^rfx^rfw  and  tt*—w;  then  ji^—' and  du=i\iy^a.a'dx. 

,• .  I ■ =  —  -. — H ^  / r,  and  similarly, 

/a^dx  _  a"  log  a       /"a'dx 

/■tt'rfs  ffl°  log  a       /'aV;c 

Hence,  by  substitution, 


(™-2)(m-3)...2 


+  7 


(m-l)(».-2). 
The  last  integi-al  can  only  be  found  approximately. 
1.  To  integrate  d'j  =  a' .  7-?dx. 

Here  m  =  3,     m— 1=2,     m-a^l.     Hence 

^^l^r^i^+l^"l^J+'^ 
3.  To  integrate  (ft/  ^;  e*  .  a:* .  lia;. 

flere     m  ^  4,     m  -  1  =  3,    m  -  2  =  2,    m  -  3  :^  1,  log  e  =  1. 
.-.y  =  e''(a^  ~  43!^  +  ISk^  —  24^:  +  34)  +  C. 
3.       rfy  =  e-'^x^dx  =  e-^{-  xfda  =  -  ^*(-  xYd{-  x). 

Here  m  =  2,  m  —  1  =  1,  log  e  =  1,  and  ai  in  the  general  formula 
is  to  be  replaced  by  —  x. 

.-.y  ^fe-^  .  x-i .  dx  ^  -  e-^  [x^  +  2^  +  g)  +  C. 
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4.  dy  =  -^dx. 

Here  m,  =  4,     tft  —  1  =  3,     &c. 

/'(['^  a'^  r        loan         ]oE%  „n      log%  /•«*  , 

the  last  integral  being  found,  approximately,  as  in  a  previous  exani. 
pie,  by  expanding  a". 

5.  To  integrate  dij  =  -jyir—yi  ^'•'^■ 
Put  1  +  E  =  s. 

.'..-^r^a-!,    l+K=  =  l+3^-3s+l=s^— 2^+3,    dx=dz,    e'=e"\ 

or  by  integrating  ttie  last  term  by  parts 
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THIGONOIIE Title AL    AKD    CIRCULAR    FUNCTIONS. 

63.  Since  the  tangent,  cotangent,  secant,  cosecant,  versed-sine,  and 
eoversed-siae,  can  all  be  expressed  rationally  in  terms  of  the  sine 
and  cosine,  it  will  only  be  necessary  to  investigate  foi-mulie  for  the 
integration  of  expressions  involving  sines  and  cosines. 

64  Prd]).  To  obtain  a  formula  for  diminishing  the  exponent  m  of 
sin  «,  in  the  general  integral 

y  =  /sin^a; .  cos''^ ,  dx^     when  m  is  an  integer. 
Put  cos''a.'  .^x'Cix.dx  =^  rfc,     and     sin'^^a^  =  v, ; 

then      1}  — -~— ,     and     du  ^{m.  —  \)  sin^-^a: .  cos  a .  dx. 

and  by  the  formula  for  integration  by  parts 

w  +  1  n  +  l 

But  cos''+^.i:  =  C032,r .  cos";?  —  (1  —  sin^.r)  cos''3:. 

Traosposing  the  last  term  and  reducing,  we  obtain 

J&mP'x .  eos"a! .  aie  = ■ '- -| /sin'"-^i .  cos",r .  dx. 
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And  simikl-ly, 
/a;,,ni— 2r  cns"jT  dx— —- — —  —  -I — — ■ — ^— /s[Li"'-^j.C03"j;.t&, 


+ 


&c  &o.  &c, 

-Hence  by  successive  substitutions, 

(^-l)(,»-3)(m-5)....4orS 

•  ■  •  •  +  (,„+„_2)(„,+„_4Xi«+«-(;) . . .  («+3)  or  {»H-a) 

Xsin%     or     siaa^l 

(m-l)(m-3)(m-5)....2or  1 
n  +  n){m-\-n-^){m  +  n-i)...{n  +  Z)  or  («  +  3) 

X /sill  « . cos'ia: ,  rfs     or     fm%''x.dx {E). 

65.  This  formula  renders  the  proposed  integral  dependent  upon 
that  of  the  form 

sin  X .  (Ms"x .  dx     or     co%''x .  dx, 

according  as  m  is  odd  or  even,  the  efl'ect  of  the  formnlii  first  ob- 
tained being  to  diiiiinish  by  2  the  exponent  m  of  sin  x,  at  each 
application. 

Also  the  first  of  these  two  final  forms  is  immediately  integrable 
by  the  rule  for  powers  :  for 

/cos^af .  sin  5: .  <;s  =  —  /cos-ai ,  rf(cos  x)  =  -  ^°^     ^  +  C. 

Hence  we  have  only  to  obtain  a  formula  for  the  integration  of  the 
form  iios''x.dx,  in  order  to  effcet  the  complete  integiation  of  the 
proposed  differential. 
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66.   Prop.   To  integrate  the  foi-m   di/  =  cm" 


cosiE  .  (fe  =  dv,     and     cos"~'a  ^^  u  ; 

V  =  shi  X     and     da  ^  —  («  —  1)  eos"-%-  sin  a:  rf«. 

by  substitution  in  the  formula  Jiidv  ^  uv  —  fvdu,  we  obtain 

cos"-ia+  {n-I)/cos"-^a;.  ain^a^ .  (is 

cos«-%+  {n—l)f(n,s''-^x{l  -~cos,^x)dx 

IVansposing  the  last  term  and  redueitig,  we  get 

fcos''x,dv  =:: '- 1 f  cos'^^x .  dx,  and   similarlj 


■'"            ,-2        +,.-./" 

5"-^^ 

sin  X .  cos"-*.?!      !i  —  5  . 

&a.                 &C.                 &c. 

by  successive  substitutions. 

......=Si-V..-..+i^co 

«, 

,  O-iX- 

-3) 

,  (»-l)(«-3)(..-6)  ...  4  or  3       ,  , 

(„-l)(.-3)(.-6)...2orl 
+«C»-3)(»-4) 3  or  2 ^ "" ■ ""' "  ■'"''■  '  l''  * 

This  formula  renders  the  proposed  form  dependent  upon  one  of 
two  known  forms,  viz. ; 

/cos  .r .  rfa' ^  sin  a;  +  t\    when  n  is  odd, 
or,  /■(?!■  -  .r  +  C,     when  «  is  even. 
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67.  The  two  propositkis  ju^e  gien  efi  ct  the  tonjlete  integra- 
tion of  sia'"j! .  cos'^x .  dx  whfn  ?j  and  i  aie  mt&,ub  by  first 
diminishing  the  exponent  m  ot  the  sme  and  then  the  exponent  n 
of  the  cosine.  But  it  i&  often  picfei  Lie  to  redice  n  fi  st,  and  for 
this  purpose  we  require  the  follow    £,  pi  p  ^tn  i 

68.  Frop.  To  integrate  dy  =  s'm°'x .  c-jii''x  .  dx,  by  first  dimin 
ishing  the  exponent  n  of  the  eosine. 

If  in  the  formula  (i'),  we  make  x  ^  --it  ~  x\,  ni  —  Jij,  and 
and  by  substitution  we  shall  obtain 

or  by  omitting  the  noeents  and  chuiigitig  signs, 

/3in"M; .  cos"* .  dx  =  — -- —  [cos"-'«  H — — —^  cos''-^ 

(.-l)(„-3)(»-5) 4  0,3 

•  ■  ■   ■    +  («  +  ,,-2)(n  +  «-4)(.  +  ».-6).  .  (,»  +  3)  or  (m  +  2) 

,  (,— 1)(„-3)(.-6) 2  or  1 

■^(»  +  m)(»  +  m-2)C,.  +  ,»-4)..(».  +  3)   or   (.,.  +  3) 
X/oo.i:.!m-i.i  oi-  /siii-i.i.  .  .  .  .   (C). 

But     fmsx.air^x.dx  = /sm"a;,  (^{sin*)^  ^^'^-j-^  +  C. 
which  will  he  the  required  form  when  n  is  odd. 

We  have  therefore  only  to  provide  a  foniiula  for  the  integration 
of  tlie  form  sin^a  .  dx,  which  wiil  he  necessary  when  «  is  even. 
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This  may  be  readily  effected  by  substituting  in  formula  (F),  m 

for  n,  and  ^f  —  3>  for  x,  and  changing  the  signs.     Thus 

.  .  ,      ,  cos  3;  r  . ,      ,  ™  —  I    .  „  , 

/sm'"x.dx  = [sm"-ia;+  ■  ■  ■-    ■  sm'^-^x 

7'sin  ixdx  01-  fda.  .  .  .  (H). 


(».-iX,„ 

.-3)(,n 

-5). 

,  .  4  or  3 

,-4X,„ 
.-3)(™ 

-6)., 

.  3  Of  2 
.  3  01-  1 

«(r^~2)(«.-4)  . 


69.  The  formulS!  (ff)  and  (R)  effect  the  same  object  as  (I!)  and 
(F),  reducing  the  integral  /sin^.s.  Gos''s  .  t^a  to  one  of  the  known 
forms 

fdx=:if+C,  fco3a:.dx=:mnx+C,  or,  /sinic.dx  ^~cosx+ C, 
the  exponent  m  or  n.  which,  is  first  reduced  being  an  even  integer, 
and  the  other  exponent  an  even  or  odd  integer. 

But  if  rn  be  odd,  {E)  alone  will  effect  the  integration,  whether  « 
be  an  integer  or  fraction;  and  similarly,  if  n  be  odd,  ((?),  alone 
will  suffice. 

70.  J'rop.  To  integrate  tlie  forms   ife,  and   -: (fe,    where 

m  and  ™  are  integers. 

By  the  formula  (S)  the  first  of  these  forms  may  be  reduced  to 

■ ■,     or     — — '■ — ,  and  by  ((?),  the  second  may  be  reduced  to 

cosi^;  cos"3:  j    \    /'  j 

dx  cos  X .  dx 


J      cos^a;          n~\  '        J      sin™:t; 

Hence  there  will  remain  to  be  integrated  the  form; 
cos-"« .dx (1),         and         sin-*"!! .  dx  . 
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Putin  (1),     m^x.dx  =  dv,         and         cos-'-i.s  -  u, 
then         K=;yliia!,         and         du  —  (n  +  ])(ioii-"-'^x  .sin.t.dx, 
and  by  substitution  in  the  formula  for  integration  by  parts, 

fcas-^x.dx  —  sin  a; .  eos-"-':!!  —  (w  +  1)  f  &m^x .  cos-'^^x .  dx 
=  sin  a; .  cos-'-^x  -  ("  +  1 )  /cos--^  .dx  +  {n+\)  feos-x .  dx. 
Transposiag  and  reducing,  we  get 
^    dx  sins  n       f  dx 

J  ^^x  =  («  +  i)cos"+v  +  -^\J  ^^x '  ''"^  ^''^  ""^'"sy 

P  dx  «mx  ^   n~1   r     dx  ^     ■    n    i 

/ _   ^^^^ I  . ajiij  smiilarly 

J  cos"^       («  —  l)cos''-iw       »  —  1  >/  cos''-%'  ■' 

/dx      _  sin  iB  J.  "  ~  *  Z'     ^^ 

&c.  &e.  &c.         Hence  by  substitution 

r  dx  sin  xV       ]  !i-2 

y  -y  ^s---.  -  ^:riL^i;^n=T^+  („„3)cos'-^. 


,.+ 


(»-2)(«-4) 
+  0.-3)(«-5)cos''-%  ^ 
(.i~2)(w--4)(it-6) 3  or  2 


rJ 


.(/). 


^  (n-3)(..-6)(«-T) 3  or  1  .cos"»  op  co.i, 

(„_a)(„_4)(„-6) .  .  .  .  1  OJ  0    /-(fa 
-'-(„_l)(n-3)(«^6)....2  or  l^co.» 
The  second  of  these  integrals,  /rfj:  -^  x  ^  O,  will  never  be  re- 
quired, because  its  coefficient  is  zero,  and  tlierefore  we  stop  at  the 
preceding  term.    For  the  first  we  have 

COS  X  "J      cos=a;     ^J  1  —  sin^^S*/  1  +sina!      2-/  r^sina; 
=  llog(l+sin:.)-^log(l-sia:.)+C-log[i±-'|^]Vc 

=  °^[.™(i.-i.)»(i<.i.)J 


+  (7=Iogtan(j»+l,t^+(; 

(A). 
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71.  To  obtain  a  formula  for  z  =  f4^,  replace  in  (/),  ic  bj  i. 
'■  by  ;;  *  ~  ^1  ''■"'^  y  '^y  ^-    Iheu 

r  dx  coa«r      1         ,  m-2 

(,^_2)(^-4) 


■    (,«_S)(m-5).ia"'-^^ 
6)  .  ■  ■  3  or  2  1 

2  or  1 .  siu^a;  or  sin  A 


-^(^_3X„,_5X™--7)...2  or  l.siiv 

^  (.wi-l)(m-aX'»-5)  ■  ■  ■  a  or  1^  sin  ^        -^  ^     '^ 

The  second  integral  hiis  a  coefficient  equal  to  zero,  and  therefore 

will   never  be   used.      Tor  the  first  we  have,  by  replacing  x  l>y 

~ff  —  a  in  {/i),  and  changing  signs 

f  ^-^    —.  1-  ■'      —  1  <r      ^       —  1  n  t      -     -i-  P 

cot  -  a: 

72.  /'f'o;^.  To  integrate  liy  =  ■■„■-.    „     where  )/i   and   n   are 


^  ^  /  S;7"J:W^  "=  ■/        sin-;. .  cos-s 

~  </  sii^-^Tcos^'      ''  sin""^' .  cos*-^ 

/(sin%  +  c-OS^x)dx  ,     /'(sin%  +  oos%;)<?g 
siii"^% ,  eos"«  i/      sin'^jB .  cos''-^a; 

=/.■.'"    .  +/■■,""  ..  +A 

t*  sih"'"*.!'.  cos^a;      >'  eiu"'~'3:.cos''  •'a;      •'  si 
and  by  continuing  to  introduce  the  factor 

sin%  +  eos^..  =  1, 
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we  oLtaiii  finally  one  or  more  of  the  fullowing  known  forms 
r  dx       I"  dx        psiax.dx      Pco'^x.dx       Pmnx.dx      rco^a.dx 

AppUcatiom   of  Formvlm  (E),  (F),  (G),  (H),  (I,)  and  (K). 

73.  1-  To  integrate     dy  ^=  fim\t .  co&^x .  dx. 

Here  m  ^  5,  and  n  ^^  5,  and  since  tiotli  are  odd  we  may  apply 
{H)  or  (ff)  with  eqnal  advantage.     Employing  (JS)  we  have 
cos^i'  4  4  2 

2.  dy  ~  sin^s .  cos^a: .  dx. 

Here  m  —  6,  n  =  S,  and  since  n  is  odd  we  apply  (6^. 

...  ;/=^[cos%]  +  |/co3ar.sin«a;.(fe  =  ~(cos^a:  +  ^)+t/. 

3.  o'y  =  sin'^.E .  dx. 
In  (//)  make  m  ~  6. 


In  (^)  make  m  ~  8     and     «  ^  6. 

7.5.; 


12.10        ■        13. 10. 8 
7.5.3. 


db,  Google 


306  INTEGRAL    CALCULUS. 

and  by  applying  (^)  to  the  last  term,  we  get 


+wt« 

*  +  !"'"  + T""l+SlH+ "• 

5. 

''!'  =  SH'"- 

In(_E)r 

nake           m  = 

=  5    and    »  =  -  2.    Thsn 

-^[ 

™"' +  !"'»'] +3.1/    «.% 

=  £ii 

siQ%  +  4  sm2.T:  -  8]  +  C. 

In  (/if)  make  m  -  5.     Then 

oosif    1  3     1       3.1   /■J! 

»  =  — rLas+irsftJ+4:2./Eri 
'•  *  =  ;5;' 

In  (7)  make  (i  =  0.     Then 

sin.r  r    14       I  4    2     1    -|  ,    „ 


Introducing  the  factor  sm'x  +  cos^.r,  we  obtain 

/(sin^»  +  iio^H)dx  _  C        da:  i    C  ^ 

sm*3i .  cos^3!       ~J  sin^j; .  cos^.t      -z  sm*a; 

—   f  '^'^    ^  f  '^^    J.  f  ^^'^ 

cos,i:r    1  2   1 

=  fanar-cot  a^-  ^  j -7^  +  ^J  +  0. 


-d  by  Google 


TRIGONOMEl'RTCAL    FUSOITOXS,  8C 

74.  When  m  —  —  n,  formula;  (E)  and  ((?)  cease  to  tie  applic 
ble,  but  wc  then  have 


-  f^^~dx  =  ftn 


'-IS 


dv  =  eot"»  dx. 


To  integrate  the  first  of  these  expressions,  put  s 
aud  in  the  second  put  coseo^  —  1  for  cot^.  Thus 
fia,a''x.  dx=ftiia.^x.tan''~^x.  (&=y'sec^,-r.  tan''-^a;, 
■~''-x  ~  J'tan"~^a:.  dx 


— -  tan"-^H;  -}- /  tan'^*x .  dx 

1 

— -  tan^-^a  -[ tan'^^a;  - 


the  last  tern: 

fsii-ix.dx 
/tan  ,r  .iLc^s^j  ' —  r=  —  log 

when  )).  is  odd  or  Jdx  =  ce  -^  C  when  n  i: 


X  +C=logseCK+  C 


Similarly, 


— ^-^^ —  —  J  txifx  .  d. 


-  1 


-+&e. 


The  last  term  being  /cot  a .  t^  ;=;  log  sin  a;  +  C,  or  fdx  =  a:  -\-  C. 

76.  When  the  proposed  form  is  /sm'"s.cos''a;tfe;,  in  which  m  and  n 
are  integers,  the  integration  may  be  conveniently  eifected  by  con- 
verting the  product  sin^j; .  cos"*  into  a  series  of  terms  involving 
sines  or  cosines  of  midtiples  of  x.  The  integration  can  thou  bo 
performed  without  introducing  powers  of  the  sines  or  cosines. 

The  proposed  transformation  can  always  be  acconiplished  by  the 
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repiiated  application  of  one  or  more  of  tho  three  trigonometrical 
formula;. 

sin«cosi  =  l.ln(«  +  S)  +  i.in(«^6), 

C0.«C0sS:.ic0s(a-&)+^CO.(a+i). 

To  illustrate  tliis  process  talio  the  following  example. 

dy  =  sill's; .  wm^xdx 

siii%  cos'r  -  si    a;  f  in  :b  ^^  —    '       /^'"  '^\ 

1    .       /I-oo.ta\       1    ,  1    . 

=  J"»n S j  =  g..na:-g.m;r.cos4^ 

=  l.i„,r  +  i.i„3.-i.in6.. 

•■■'= As"" +  H"°^''-ra  ■"">'')* 

76.  Proi>.  To  integrate  the  forai  dy  —  b"'.  sirx^x.dx. 
Put     ^'mx .d.c  r=  dv,  and  /i'"^siii"~'3;  =  m,  then  j;  =  — cosk, 
and     <?M  i=i  (ft  —  1  }Ii''^sin''-^:B ,  cos  A'l^a:  +  a  .  log  i  .  6°^in"-'a^ .  dx. 
■  '■  y— /i''^siii''.r.cfo7=— 6=^sin"-ia>.cos.'E+(»— l)/i'"^sin''-2seos^2(ii: 
+(i.log&._/5'"siii''-ia;,cosa:.jfe. 
B»t,  by  applying  the  formula  ftuiv  =  uv  —  fvdu  to  the  last  integral, 
milking  smV-^x.doax.dx  —  dv  and  6™  =  «,  we  get 

/i^'sln"— 'a^.cusa;.  dx^- mii^x .  fi™ alog6/sin"s.  S'^.ife, 

and,  by  replacing  cos^a  by  1  —  sin^o^,  we  havo   ' 

fb'"'sm"-'''x.fxi^^x.dx  =  fb''''siap~h:d£  ~  f  b''^s'm''x , dx. 
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Heace,  by  substitution, 

fh'" .  sin'x .dx^~  fi''^siii"-i.r .  coa s  +  — ^  S"^ .  sm"x 

-{n-  \)fb'":di-i"x.<ix. 
Iraiisposing,  (Xilleoting  liltc  terms  and  reducing,  we  obtain 


/M*i„,.i  =  ^j^(.log5.. 


l.dX    .     .     .     (L). 


By  repeated  applications  of  {L)  we  obtain  the  final  integral. 

rh'"^dx  = h  C.  when  n  is  even  :  and  wliea  it  is  odd, 

alogfi 

fh'^mux.dx,  which  is  given  by  (Z)  without  an  integration,  since 

the  last  tei-rn  then  contains  the  factor    re  —  1:^1— 1=0,  and 

therefore  that  term  disappears. 

77.   Prop.  To  integrate  the  form  dy   =   l/'"^coii"x .  dx. 

,  Put  X  =  Xi  —  ^-s,  then  cos  x  —  siu  x^,  sin »  =  —  coa  %, 

JSJ   _.  Jail.  5    =^     ^      i/^.  ---  (ixi- 

.■.y=b'^'"'fb'"^'iiM«x,d^-,==    ,    ,    ''^'^'"''   J^'(alog^.singi-«cosgi) 

-] — ''  ■— i- — - /&'"^i3in''-^Si(foi,  and  by  substitution, 
(<tlog/<)  4-ft 


"(alogi)»  +  «" 


■  m- 
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Here  the  final  integral  will  be  f(i''^dx  =  °^.  ■  +  C,  when  «  i 
even  ;  (Hid  when  n  is  odd,  /b'^cosx.  dx,  to  which  (J/")  applies  with 
out  ail  integration. 

1.  To  integrate  dy  =  e'^.oosx.  dx. 

In  {M)  make       b  =  e,n  =  \,  log  i  ^  log  e  =  1.     Then 

S.  dy  =:  li^ ,  sin% .  (?;;:. 

In  (Z)  make    6  ==  «,  e  =  1,  ra  =  3,  log  i  =  1.     Then 


1  +  3 


or,    !/  —  -^«^[siu3;c  +  Scos^^e  +  Ssina:  —  Goosa;]  +  G. 
3.  dy  ^  e-='"sin  kx..d.x  =  -  e-'^'sin  kx .  d{kx). 

In  (i)  make      h  ^  e,     x  =  kx,     a  ^  -".,     Then 
_        e-=^(«  sin  A^^  +  i  coa  kx) 

78.  -P^'i)?).  To  integrate  the  form  dt/ =^  X .  sm~^x .  dx, 
is  an  algebraic  function  of  x. 

Put  ^i^a:  —  dv,         and         sin-'.r  ^  u ; 


fXdj:  -  X„ 

and         (iw  = 

.■,  j  =  X,ri, 

and  the  pi'Oposed  integral  is  thus  caused  to  depend  iipor 
whose  form  is  algebraic. 
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dx,  in  which  X 


79.  Prop.  To  integrate  the  form  dy  ~  X' 
s  an  algebraic  function  of  x. 
Put  Xd:c  z^  dv,         and         cos-'a; 


then         V  ^^  f  Xdx  =  X-^        and 
.-.     y  =  X,i 


,      p     Xdx  1     ,     ■    ^ 

f   f  ~^.:Ll^:=-,  an  algehraic  fi 


Cor.  The  same  process  will  apply  to  ea«h  of  the  forms 
Xtaxi—^xda:,     X  mt-^xdx,     X  soa-'-xdiE,  &c., 
inte  the   differential  coefficients  of    tan— '^,     cot-'a;,     ae 
,re  all  algebraic 

1.  dy  = 


Her 


X^ 


m-^x.dx. 
Xi  =  fXdx  =:xidx- 


3 


r     X.dx  1    r     a:^dx  1/1    „    ,    %\     r-, 


^  -  (tai.    .1^)   -  J  j^7^a+  J      1  +  ^3 
->,,  -  (tan-..,)--.  1  log (1  +  s')  +  i (Un-s)"  +  0, 

'.(«  -  lt.ii->i)  -  log  yT+?  +  a 
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80.  When  a  y^eii  difleiential  cannot  be  iLlufed  to  i  fumi 
exactly  integrable,  we  maj  expand  the  diffeient  il  coeicieiit,  either 
by  Maelaurm's  theorem,  bj  the  commoii  binomial  theciem,  oi 
otherwise;  then  mult ipl)  bj  (?i,  ajid  finally  nitee;iat(,  the  teim?  sue 
cesaively.  If  the  lesdtmg  seiiei  be  con^eis^ent  i  limited  nmnbcr 
of  terms  will  give  an  appioxtmate  ^aliie  of  the  mtegial 

81.  This  method  miv  also  be  emjlojed  with  aJvantnge,  when  an 
exact  integratioD  would  lead  to  a  function  of  complicated  toim 
And  the  two  methodn  am  be  used  jointly  to  discover  the  fiiin  ot 
the  developed  intc^i  1 


82.  1.  To  integrate    djj  ^ - 
Expanding  by  actual 


.'.  3'  = 

/(I 

-x  +  x'- 

-«■  + 

'' 

-&e. 

)dx. 

= 

._i.,i. 

1    , 

-5' 

+ 

1-- 

&c. 

the 

required 

serie. 
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Again  /i:^.  "^^  ^  l"g(l  +  ■^)  +  ^1 


■where     c  =  (7  —  Cj. 

But  when     3^  =  0,     log(l  +  «)  =  Jog  1  =  0, 

.  ■ .      log(l  +  X 
0  "well  known  formula. 

2.  rfy  =  K!^(l  ~  a^^)*^^:. 

Espaticling        (1  —  x'^)        by  the  binomi.al  tlieor 


(1^ 


a  8  10'         128 


•  •/  =  /-•(! - 


3^        7*       44'*  120^  iaJ6' 


1«  128  ""'- 


-/l  +  i 


Here--L==(l+,'f*  =  l-l,.  '   ' 


_  1    3    5  ,j 
3 '4^*       3'4'G^ 


2   4  2   4   0 


2.3       '2.4.5  2.4.6.7' 
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Now  when    x=(i,  log(,T+/l+^=logl=0. 

. -.  log  (^>  +  VT+^=^~l-:..=  +  -'" 


S.3  2.4.5 

ate  ay  ^^ 
powers  of  x. 

■  ■  •  y  =/rq^.  =  '"»"'»  +  c  =  /{I  -  !s>  +  »■•  - 1"  s.-o.)i»> 
111 

Also  y  =  y/---  -■x  +  ^ ^  +  ^\dx 

The  two  results  become  equivalent,  by  selecting  the  constants  0 
and  (?!  such  that  C,  —  C  =  -  ^. 

For,  the  first  series  =  taii"i»  +  0. 
And  the  second     "      =  —  tiin~'  — {-  C-^  ^^  —  cot-'a  +  C^. 

.  ■ .  In  order  that  the  two  series  may  be  eijuiU,  wc  must  have 
tan-'a:  +  C  =  —  aat-'^x  +  (.\, 
or  tan-'a:  +  cA,^r^x  =^  C\-  0,     or     1  ^  ^  C^  -  C. 


5. 


rf;/  - 


'^dx. 


Sxpandiiig  the  numerator  we  have 

'  '  2^2.4  3.4.6 
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all  the  terms  of  which  are  of  tie  farm  /  i!^    and    have    beei 
already  integrated  in  the  chapter  relating  to  binomial  differentials. 

We  might  also  expand  (1  —  x^)   '  by  the  binomial  theorem,  thet 
perform  the  multiplication  indicated,  and  finally  integrate  the  term: 
)n,     Adopthig  tie  first  course  we  have 


83i  Prop.  To  obtain  a  aei'ies  which  shall  express  the  integral  of 
every  function  of  the  form  Xdx,  in  terms  of  X,  its  dlfFereiitial  CO 
efficients,  and  x. 

Put      X  ^  11,  dx  =  de  :     then     dtt  =  — -  ■  dx,     and     v  =  x. 
Now  substituting  in  the  formula  fudv  =  iiv  —  fvdu  we  get 


fxdx  =  X,  -  f'!^  ■ 


Next,  put 

dx 

u    and 

xdx  =  d,. 

then 

dzt  = 

.„ 

a.^jl 

r'- 

■■■/' 

dX 

=  &■•! 

72 

fd'^X 

o*- 

Similarly 

m- 

O^' 

~  dx^  ' 

3      ^  dx^ 

"       3:3 

;rf«:&C.&C. 

By  substiution 

rv,u —  T 

.       dX 

X' 

dfX     u 

;3 

d^X 

^^ 
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This  formula,  called  Bemoullli's  series,  shows  the  possibility  of 
expreBsiiig  the  integral  of  every  function  of  a  single  variable,  in 
terms  of  lliaS  variable,  since   the   several    differential   coefficients 

^,  ^,  fr^.,  can  always  be  formed.     But  the  series  Is  often  diver- 
dx    dx^ 

gent,  and  tlieii  of  no  use  in  giving  the  value  of  the  integral  ap- 
proximately. 


CHAPTER    X. 

I  N'i  EG  EAT  I  ON    BETWEEN    LIMITS    AND    BUOCESSIVE    INTEGRATIOrf. 

84.  The  iategrals  determined  by  the  jnethods  hitherto  esplained 
are  called  indefinite  integrals,  because  the  value  of  the  variable  x, 
and  that  of  the  constant  0,  both  of  which  appear  in  the  integral,  re- 
maia  undetermined.  But  in  applying  the  Calculus,  the  nature  of  the 
question  will  always  require  that  the  integral  should  be  tai";'.  be- 
tween given  limits,  Thus,  suppose  the  integral  to  originate,  {yc  ils 
value  to  reduce  to  zero)  when  x:rza:  this  condition  will  i.r  the 
value  of  the  constant  G.  Then,  to  determine  the  value  of  ibo  ctire 
or  definite  integral,  we  replace  x  by  b,  the  other  extreme  vali  ,i  of 
tlie  variable. 

Ex.  To  integrate  dy  =  ^x'^dx,  between  the  limits  x  —  x-^  and  a      x^. 
y  —  fSx^dx  =  x^+  a     But  when     x  =  a,,     y  -  0. 
.  • .  0  ==  a,3  +  C    and     C=-  Zy^, 
and  by  substitution  in  the  indefinite  integral 


Now  make  ^  —  a^,  and  there  v 


result 


the  complete  or  definite  integral. 
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A  slight  examination  will  show  that  the  lea  red  res  It  -n  II  al  i^  s 
be  obtamed  by  substituting  in  the  indefinite  ntegial  f  tl  e  *  ble 
x,  first  tlie  inferior  limit  a^^  and  then  the  s  pe  or  1  t  a:^  a  1  the  i 
subtracting  tie  first  result  from  the  se&jnd  I  these  s  1  at  t  t  ona 
the  constant  C  may  be  neglected,  since  t  v  11  1  ^^  j  e  r  n  the 
subtraction. 

85.  The  integration  of  Sxhlx  between  the  limits  jcj  and  Kg,  when  .r, 
is  the  inferior  Inoit,  or  that  at  which  the  integral  originates,  and  ,rj 
tho  superior  limit,  is  indicated  by  the  notation. 


/: 


Sx^dx. 


86.  The  precise  signification  of  this  definite  integral  will,  perhaps, 
be  better  undei-stood  by  the  aid  of  the  following 

Prop.  The  definite  integral  L  Xdx,  (where  X  is  a  fijnotion  of  x, 
which  does  not  become  infinite  for  any  value  of  x  between  the  limits 
X  =ia  and  x  =  S,)  is  the  limit  of  the  sum  of  the  values  assumed 
by  tlie  product  Xh,  as  x  is  caused  to  increase  by  successive  equal 
increments  (each  —.  h)  from  x  =  ato  x  =z  b;  tlie  value  of  h  being 
-continually  diminished,  and  consequently  the  number  iif  thewe  incre- 
ments being  indefinitely  increased. 

Thus,  if  Xo  Xi  Xg  X, . . .  X«_i  be  the  values  assumed  by  X,  when 
*  takes  successively  tlie  values  a,  a+A,  a-j-3/s,  a+3/i, . . .  a+(!i  — 1)A, 

then  will  J^Xdx  be  the  hmit  to  the  value  (Xo+X,+X3...-|-X„_,)/i, 

provided  nh  —  b  ~  a,  and  h  be  diminished  indefinitely. 

Proof.  Let  «  and  «  +  A  be  any  two  successive  values  of  x,  and 
denote  by  Fx  the  general  or  indefinite  integral  fXdx. 

Then  by  Taylor's  Theorem, 
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wliioh  may  be  written,  F{x  +  k)  =  Fx  -\-  Xh  +  Pli^,  . .  ,  (1),  where 
/■  is  a  function  of  a:  and  k. 

Suppose  the  difference  i  —  a  to  be  divided  into  n  equal  parts, 
eath  equal  to  A,  so  that  i  ^  tt  ~  nk. 

Now,  putting  successively  a,  w  +  A,  a  +  2A  . . .  «  +  (n  —  ]  )/i  for  a; 
in  (1),  and  denoting  the  coc responding  vaUies  of  P  by  P-,,  Pj,  &c., 
we  get 

F{a  +  /'.}  ^Fa  +  X„h  +  P^h'- 

F{a  +  2/0  ^  P[(«  +  h)  +  h]  ^  F(a  +  h)  +  X,h  +  PjA^ 

F{a  +  SA)  =  P[(«  +  2/0  +K\  =  F{a  +  2k)  +  X^k  +  7^^ 

&o.  &o.  &c. 

adding  these  equations,  and  omitting  tiie  terms  ciiinmoii  to  both 
members  of  the  sum,  there  results 

F(a  +  nh)  =  /■«  +  h(X^  -f-  Xi  +  ,Y2 +  AVi) 

+  A^(P„  +  Pi  +  P, +  A-i). 

But,  since  every  value  of  X  \s,  finite,  none  of  the  values  of  P  will 
become  infinite.  If,  therefore,  we  denote  the  gi'eatest  value  of 
P  by  P,  we  shall  have 

P^  +  P^  +  Pi...  +  P^^<Pn,^^As:m<iaF{a  +  nh)  =  Fb,aiv\nhr=b~a. 

.-.  Fb-Fa-  k{X^  +  X^  +  X^...+  X^)  <  (6  ~  a)P .  h. 

But  h  —■  a  and  P  are  both  finite,  and  theref<;re  by  diminishing  7i,  the 
second  member  can  be  rendered  less  than  any  assigu able  quantity. 
Hence  Fb  —  Fa  must  approach  indefinitely  near  to  equality  with 
h{Xa  -\-X^-\-X^ +  X„_|)  when  A  is  continually  diminished. 
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SuGceissive  Integration. 

87.  If  the  second  diSerential  coefficient  -jy  —^^^  given  instead 
of  the  first,  two  successive  lategratioiis  will  be  required  U>  deter- 
mine the  original  function  y  in  terms  of  «.  Tims,  niultiplying  \iy  dx 
and  integrating,  we  get 

Multiplying  again  ty  dx,  and  integrating,  we  get 

f'^dj:  =  fXAx  -I-  /  O.dx, 
or  y-^X^^  G,x  +  C3. 

88.  Simiiarlv,  if  there  were  given  —^  =  X,  three  successive  in- 

"  dx^ 

tegratlons  would  give 

And  if  there  wei'e  given        ^^  =  X,       then 


-x„  + 


].a.3...{«-i) 


+i,a.3':'.>-.)+^°'-+^-'+'^" 

the  number  of  arbitrary  constants  introduced  being  n. 

89.  The  result  obtained  by  performing  the  above  integrations  may 
be  indicated  thus 

pXdx''  =  y : 

it  is  called  the  m""  integral  of  Xdx", 

90.  Prop.  To  develop  the  n.'*  integral  /"Xdx"  in  a  series. 
Employing  Maclauriu's  Tlieorem,  we  have 
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/•x<it'=yfxdi~]+[f-'xd^—iy-+[f—-xdi—]—^+  &o. 
+[/«']r:d^r(,7=rj+['^]T:2^8TT^+[f]r£5?(^i) 

The  terms  within  the  [  ]  are  the  arhitrary  coHstaiita  CiC'2  C^.  ■  ■  Oa, 
as  tar  as  [/Xife]  inclusive,  but  taken  in  an  inverted  order. 

91.  I'lop,  To  deduce  the  development  of  /"Xdx"  from  that  of  X. 

By  Maolaui-in's  Theorem,  we  have 

and  this  may  be  converted  into  the  series  [H]  by  multiplying  each 
term  by  a",  then  dividing  llie  successive  tenns  by  1 .  2 .  'S  .  .  .  n, 
by  2  .  S  .  4  .  .  .  (d  +  1),  by  S  .  4  .  5  .  .  ,  («  +  2),  &c.,  and  finally 
annexinc  terms  of  the  farm 


C'u. 


1.2.S  .  .  .[n-1]       1.2.3..  .(n-i 
1.  To  develop  / ;-■ 

Also  n  —  4.  Therefore  multiplying  by  ■^  and  dividing  successively 
by  1.2.3.4,  by  3.4.5.U,  &e.,  and  finally  aimc.\ing  the  terms 
containing  the  constants,  we  get 

•^  yT^'^"  1    ■^1.2"^1.2.3'^1.2.3.4^2.3.4.5.t! 

^2. 4. 6. 0.7. 8^2. 4. 6. 7. 8. 9. 10^ 


-d  by  Google 


SUCCESSIVE   INTEGRATION,  821 

2.  What  curves  are  characterized  hj  the  equations  -—  =  0,  and 

-"Y  =  0,  respectively  1 

l,t.  It         ^=0,    ttau      f^d.='^=C,. 
dx^  "  aa^  a.t' 

.  • ,  J 2.  dx  =  f  C\dx,     Of     y  =  C-^x-Y  C^,     a  straight  line. 

2d.  if         ff^O,     then      f^,d^=tl  =  C, 

.-.   f^^dx^fC.dx     or     1^  =  a.r  4-  Ca, 
J    dx^  dx 

p^dx^JG^vxlz^  JC^dx    or    y  =  ^  +  C^,r  +  Cg,  a  parabola. 
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KECTIPICATION   QB   CURVES.    QUADRATURE   OF 
AREAS.    CUBATURE  OY  VOLUMES. 


CHAPTEK 


92.  To  rectify  a  curve  is  co  determine  a  straight  line  whose  length 
shall  be  equivalent  to  that  of  the  curve,  or  siiriply  to  obtain  an  ex- 
pression for  the  length  of  the  curve,  in  terms  of  the  co-ordinates  of 
its  two  extremities. 

93.  I'rop.  To  obtain  a,  general  formula  for  the  length  of  the  arc 
of  a  plane  curve,  when  referred  to  rectangular  co-ordinates. 

Let  AS  be  the  proposed  arc,  P  a 


point  in  it,  OX  and  OY  the  co-ordi- 

T 

nate  axes. 

- 

Put  OD  ^x,  I)P  =  y,  AP  ~  s. 

./"'^ 

Then  since  ds==dx^l  +  ^^, 

n 

0 

wo  shall  have  by  Integration 

e; 

f 

s  =  f(l  +  j^^dx (S),     tne  required  formula. 

94.  To  apply  (S)  we  replace  -r-j-  by  its  value,  in  terms  of 
deduced  from  the  equation  of  the  curve,  and  then  integrate  betwi 
the  limits  x  :=  OS  and  x  ~  0I>\ 
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95.  Again  if  y  tie  taken  els  tiie  independent  variable,  we  shall  have 


1  -V-f-^Y  dy  .  .  .  (iSj),  a  second  formula. 


This  will  be  applied  by  substituting  for  -^    its  vali 


of  1/,  derived  from  the  equation,  of  the  ( 
between  the  proper  limits. 


terms 
if  and  then  integrating 


r 

i<L 

96.  1.  To  fmd  the  length  of  the  para- 
bolic arc  AS,  included  between  the  ordi- 
natea  6j  and  b^. 

The  equation  of  ihe  curve  is  y^  —  2px. 

■    —  =  1,  „       .  , 

'    '  dy       p 

which  substituted  in  [S^  gives 

But  by  formula  (-fi), 

fif  +  y^)^ dy  =  '^-{p^  +  y')^y  +  \p^f{:i^  +  y^)'^ dy  ....  (I). 

To  integrate  the  last  term,  put  {p^  -f-  i/^)    =^  z  -\-  y. 

,  ■ .  p2  +  ?/=  =  2^  +  2sj  -H  j/S,     y  =-^-_l,     Ay=—  ^-^^  ds. 
and  '-^   '    ■■^■'^~ 


{p'  +  ff. 


23" 


^  p3_|_^i  (1,.!  J       J,  o         I 
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Anil  hy  aubatitulioH  iu  (1), 


.  ■ . » =  i^l^-  -  5?  •  1»8  [(?"  +  »'■)'  -  ri  +  ".■ 

To  determine  the,  value  of  Cj,  put  y  —  6i  find  s  ^  0,  since  the 
are  is  supposed  to  oommeiice  at  the  point  A. 

Th„,    0  =  LEl+ii!!*^'- Jpi„g[(,,>  +  s,-)*- s,]  +  c, . 

...      c.  =  -L5l±/ja*^  +  lplog[(;,.+  V)*-M,      .,.dl.y 
substitQtioii 

{1  +  ,'f,     (y-+s,>)*»,     1    ,„„  (?■  +  ?'■)*-?       „,j 


If  the  arc  be  reckoned  from  the  vertex  0,  the  ordinate  h^  =  0, 

.    .     {p'+Kh,    1  ,,„-(;■■  +  '.')*- '2 


2.  The  cycloid       y  ~  -/'h-x  —  x 
Here  -£=\/^^,  and 


2!-  —  a      2f 


t^-N 
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Henco  by  substitution  in  formula  (S). 

But  when    ar  ~  0,    s  =  0,    .-.    G  ^0,     iind  heiics     a  =  2-/^, 
or,     tlie  cydoidal  ai'c  0/*  =  3  chord  07  of  the  generating  oirele. 

When         X  —  2r,     s  —  arc  OB  A  =  2  diameter  00. 
.  • .    are  A  OB  of  the  entire  cycloid  =  4  diameters  of  the  generating 

3.  The  circle 


This  .result  involves  a  circular  ai 
determine,  and  is  therefore  inapplicable. 

To  obtain  an  approximate  result,  espand  the  differential  eoefilcient 

(^  —  ,«*)      and  integrate:  thus 

But  if   s  ^  0    wlieii  X  =  0,   then    C  =  0,   and   .  ■ .  -when  x  =  /, 

V        3.3      3,4.5      3.4.6.7  / 

the  viiluc  of  the  are  APB  of  the  quadrant. 

A,KUf  ,=  1,  ,=  i,=  i+A^  +  ^^,+  JJ'5i+*<. 
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.  The  ellipse  o?y^  +  }>''■£'■  ^  a^js. 


tricity. 


■ .     s  ^7  ^^- ^  <^a:  ^   /  ^^^ -M-<^.  by  making  -  =  Xy 

This  expression  has  already  been  integrated  approximately. 
5.  To  determine  what  curves  of  the  parabolic  class  are  rectifiable. 
The  equation  of  this  class  of  curves  is  y"  ■=  oa?",  in  which  n  and 
vt  are  positive  integers. 


dy  _ 


.!\..^^' 


and  this  can  be  rationalized,  when  — =  r,  an  integer,  tliat  is, 

when     — -l^-H?"  (Art.  41). 

Hence,  if  one  exponent,  «,  be  oven,  and  the  other,  ni,  greater  by 
unity,  the  curve  will  be  rectifiable ;  that  is,  an  exact  expression  for 
the  length  of  the  curve  can  be  obtained  in  terms  of  the  co-ordinates 
of  its  extremities. 

The  term  rectifiable  is  sometimes  restricted  to  those  curves  ivhose 
lengths  can  be  expressed  algebraically,  or  without  employing  traa- 
sc«ndental  quantities ;  and  with  this  restriction,  the  value  of  r  must 
be  positive,  otherwise  a  would  be  transcendental. 

Now    applying   the  other   condition   of   integrability,   we   have 

1 1^         .  ,        H^^Lrl 
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Hence,  if  one  of  the  exponents  be  an  even  integer,  and  tlie  other 
less  hy  unity,  the  curve  will  be  rectifiable. 

Combining  the  two  results,  we  find  it  siniply  necessary  that  m 
and  n  should  differ  by  unity, 

97.  Prop.  To   obtain  a  formula  for   the  rectification  of  polar 

Here  we  have  to  express  s  in  terms  of  r  or  fl,  and  for  this  pur- 
pose we  must  transform  the  furmula  [S],  by  means  of  the  relations 

d^^d^      df  ^  =  ^cosfl,...(2).     y::.rsinfl...(3), 

the  quantity  6  being  token  as  the  independent  variable. 
Then  (2)  and  (3)  give 

^^-,.sinrt-fcos4     and     ^  =  .  co.  M- ^m  4" 

...   ^V  r^^\,,^  _  2r  sin  fl  cos  4  +  c"^'"  J 
d&^  dS  d 

+  jScos'O  +  2)-  sin  3  cos  a  -^  +  sin^^  ^ 

■■■-/['■'+£> m. 

1.  The  logarithmic  spiral  )■  —  a^,  between  the  limits  r  =  'i\,  am 

—  =  log  o.  u"  =  — ,  where  m  is  the  modulus. 

,  ■ .   d6  —  "^dr  ~  —  dr.  and  by  substitution  in  ( T), 
aO  r 

But    s  =  0,     when     r  =^  r^,     .  ■ .   C  =  -  (w^  +  if^i- 
.-.  s  =  (1  -[■  m')^(i'-ri),  and  when   r  =  r^,    s^{l-\-nfi)  {r^-r^ 
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aS,   from    th«   pole    to   tlbe 


,1/,.  +  .,^... 


This  expression  is  entirely  similar  to  that  inlcgi-atcd  in  rectifying 
the  parabola. 


.  The  lemniscata      r'^  =  a^cos  S3, 


3.4.6   I 
res  for  the  arc  £IA  < 


wliieh,   integrated    from  r  =  a  to  r  ^ 
one-fourth  of  the  entire  length  of  the  curve, 

98.  When  the  curve  is  characterized  by  a  relation  between  the 
radius  vector  r  and  the  perpendicnlar  p  upon  the  tangent.  To 
obtain  a  formula  for  the  rectification  ia  this  case,  we  assume  the 
value  of  the  perpendicular  found  in  the  Differen,  Caleulns,p.  154viz.: 


0  —  — p=r=^:^  ;     whence 


dr'^ 


^ 


ds''      ds^  dr'' 
di^'^di^^"dS^ 


-d  by  Google 


QUAUKATURE  OP  PLANE  AREAS. 


.^^ 


■  {(T),  the  re C[ui red  formula. 


{'■•-r'T 

Ex.  The  involute  of  the  circle  from  ;;  =  0  to 
p  =  2ira. 

Here  tlie  equation  of  the  curve  is  r^  =  a'  +  ;>^. 


-/^  =  ^- 


C'  = 


2a 


-+0. 


.■.C=:--^;  and 


CHAP  TEE-    II. 


QUADEATUKB    C 


99.  The  quadrature  of  a  plane  curve  is  the  deteiTniuation  of  a 
square  equal  in  area  to  the  space  bounded  in  part,  or  entirely  by  that 
curve.  The  problem  is  regarded  as  resolved  when  an  expression  for 
the  area  ia  terms  of  kno-wn  quantities  has  been  obtaiiied,  the  number 
of  terms  being  limited. 

100.  Prop.  To  obtain  a  general  formula  for  the  value  of  the  plane 
area  ABOD,  included  between  the  curve  _Z)C,  the  axis  OX,  and  the 
two  parallel  ordinates  AD  and  BO,  the  curve  being  referred  to 
rectangular  co-ordinates. 

Put  OS=x,  BP=y,  EF^ 
and  the  area  AEPB-A. 

Then  when  a:  receives  i 
the  area  takes  a  corresponding  increment 
EPPyF,  intermediate  in  value  between  the 
rectangle  FP  and  the  rectangle  FS. 
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=  1  +x---+Tl-r-ii 1-  ^<^-  ^  1,  when  A  =  0. 

dx   y        da?    1.2.y  ' 

Hence  at  the  limit,  when  A  is  taken   indefiiiitelj-  small,  the  area 

EPP-^F,  which  ia  always  intermediate  in  value  between  FP  and  FS, 

must  become  equal  to  eaeb  of  these  rectangles,  or  equal  U>y  "Kh. 

.  ■ .  dA  =z  ydXf  and  consequently 

A  =  fydx (F),  the  required  formula. 

101.  If  the  area  were  included  between 
two  curves  DC  and  D^G^,vit  should  find  hy 
&  similar  course  of  reasoning 

A^fiT^y)dx {V,), 

in  which  Y  and  y  denote  the  oi-dinates 
£1P  and  EP^,  corresponding  to  the  same 
abscissa  OF. 

102.  To  apply  ( F)  or  ( Fj),  we  eliminate  y,  or  y  and  r,  by 
employing  the  equation  of  one  or  both  curves,  ajid  then  integrate 

n  the  limits  x  =  OA  and  x  =  OB. 


103.    1.  The  area  ABCD,  included    between   the  parabolic  arc 
DC,  the  axis  of  x,  and  two  given  ordinates  AD  and  PC. 

Put    OA^a-i,  AD=b^,   0£z=a^  BC-b^,  OF^x,  and  JSP^y. 

Then,  from  the  equation  of  the  parabola, 
we  have 

y^  =  2px,     ov     y=  (2j,)*  x^. 

.  • .  And  hy  substitution  in  formula  ( F),  " 


=  iPi»)' 
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Gut        A=0,  VAlien  x^a,  and  w  ^  6„  .-.  0~~--a,h, 

.  ■ .  A  =  -  {xy  —  a-J)^)  =  ADPE ;  and  when  :c  —  n^  and  y  =  b^ 

A^~  {aj)^  ~  a,b^)  =  ADCB. 

Cor.  If  the  area  OBCB  of  the  semi-parabola  were  required,  we 

should  have 

2  3 

flj  =0,  &i  :^  0,     and     .' .  A  ~  ~  Cjij  ~  -  circumscribing  Clj  ; 

and  for  the  entire  area  of  the  parabola 

4  2  " 

■  2-4  =  j;  o,6,  =  -  a, .  36, . 


2.  Tlte   circle    y'  ^  ?'^  —  x%   or    its    seg- 
ment ACD. 

Here     ^  = /;/<;jr  = /(.-^  -  s'^j^rfir, 

or  by  emplojiiig  formula  (B), 

Suppose  the  area  to  be  reclioned  from  A. 

areii  -^  ^  0     when     x  —  OA  = 

And  when  2  =  -f  »■,  A  —  -'Hr^  —  area  of  sem' 
.  '.  area  of  entire  circle     AEBD  =  «r\ 
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To  find  the 
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a  of  the  segment  A  CD,  maUo  xz^  da=  -a,  thei 


=  l,[„-,.c„.^.(-5)]-i.(,.-.,i 

=  l,-.Aa^la.oe. 

.  ■ .  segment  CABO  =  r.AC-~a.Ca. 
3.  The  elliptic  segment         AC^D^. 
Hei'e  liie  equation  of  the  curve  is 

.■  .2A  =  segment  AC\I>-,  =  -  .  segment  ACB  of  a  circle  described 


jn  ^j5. 
He- 


;e  the  area  of  the  entire  ellipse  =  — area  ciroic  ^:  -■  '::a"='^ab. 


4.  Tlie  cycloid         ij  ^  (2ra:  -  ,-bS)^4-  r .  vers! 
Put     Oi>  =  a,     DP  =^  y. 
Then  the  area  OPB  —  fydx. 


But 


I  transcendental 


function  of  x,  it  will  be  preferable     ft 

to  integrate  this  expression  by  parts.     Tims 

A  —  fydx  —  xy-  fxdy. 
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But  from  the  equation  of  the  curve  we  have 

dy           /2>'  -  X                ,            I'Zr  ~  -.6   , 
-j-—\    — ~     or     dy=-.    —dx. 

.• .  A  =  xy  —  f  -i/%Tc  —  x^ .  dx. 

Now  /  i/^x  —  x^dx  =  ffidx  where  j/j  is  the  ordinate  DP-^  of 
the  generating  circle,  corresponding  to  the  abscissa  0I>  =  a;, 
or  / 1/2(  ;e  —  x'^dx  =  area  OP-iD. 

.  ■ .  area  OPT)  —  ay  ~  area  OP^^D;     and  when     x^  0C=  2r. 

area  semi-cycloid  OAC=^OCx  OA-  arc^ semicifcle  OP, 0 


I 


S 


.  ■ .  nvi;a  entire  cycloid  ~  3*>'^  =  3  area  generating  circle. 

104.  Piop.  To  determine  a  general  formula  for  the  quadrature  of 
polar  curves,  their  equation  having  the  form  r  =  Pi. 

Let  QX  be  the  fixed  axis,  QP  the 
radius  vector,  forming  with  QX  an 
angle  measured  by  the  arc  6  described 
with  radius  equal  to  unity. 

Let  6  take  the  increment  t,  convert- 
ing »■  into  ^i  —  P{6  +  i),  and  adding       **  ^' 
the  sector  QPP,  to  the  area  QJP=A, 

previously  swept  over  by  the  radius  vector.     Now  QPPi  >  QPJ^, 
but  <  QPiO.     Also  the  ratio 

^     ,  dr   t 
QPiO_2*''  "^'" 


(.^  +  7> 


^d^r 


z  1     when     (  ^  0. 
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Hence  at  the  Jitnit,  when  (  is  replaced  by  dS,  and  QPI\  becomes 
dA,  the  value  of  QPP^^  will  be  cc|ual  to  QKP  or  gPjO.     Thus  we 

bhiill  have  dA  ^-r^.dii. 

.  ■ .  .i4  —  -^ff^di  .  ,  .  ,  (  V2),  the  required  formula. 

1.  The  spiral  of  Archimedes  r  =  afl. 

A^^fr-'dS  —  a^fS^'dd  ~'^aW+  C=:^  — +  C. 
U  A=Q  when  r  =  )-,,   then   0  =  — -'^■ 

For  the  area  of  one  eonvolution  estimated  from  the  pole,  we  have 

the  limits  1-1  =:  0  and  r^  =  2m. 

4 

2.  The  logarithmie  spiral  from  r  ~  Tj  to  ?■  —  i-^. 


=  ^'"'(''2^  ~  ''i^);  between  the  limits  )\  and  f^:  the  quantity 
n  denoting  the  modulus 
3.  The  hyperbolic  spiral  from  r  ~  i-,  to  r  :=  j'j. 

Here  »■  =  7- '      «'■  = 7^'      dA  =  —  —  -  &■  — Jr. 

■■     ^1  =  -  i/«*  =  -  iar  +  C  =  °('l-^)  betwe.,  lii.  lim. 
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4,  The  leniniscata  )■'-  =  a'-'cos  2  S. 

A:^^  frm  =  ^  o=  /  COS  2«  ^  ^  a%in  23  +  C. 

Put  ^  ^  0  -when  ()  =  0  ;    then  (7  =  0,  and  ^  —  -  a^sin  38, 
which  iri^'ss,  when     r  ~  f),     or     d  :zz  ---^,      ^J  =;  -a^, 
,  ■ .     Entire  area  =  a^  —  square  deseribed  on  seini-asis. 

106.  Frvp.  To  find  a  formula  for  the  quadrature  of  a  plane  curve, 
wher.  its  equation  is  given  by  a  relation  between  the  raclius  vector, 
and  the  perpendicular  upon  the  tangent. 


«i' 


1.     The  involute  of  the  circle 


A^'^f,^,B  =-/ 


_1    /■     j»-A' 


and  this,  between  the  limits  p  =  0,  and  p  =  %ira,  within  which  the 
entire  circumference  is  i 


A  =  -  ^%'. 

Cor.  The  area  included  between  the  involute  ABS,  the  circle, 
and  the  tangent  AS,  is  equivalent  to  that  swept  over  by  the  radius 

vector,  and  therefore  equal  to  —• 

2.  The  epicycloid  p^  —  — ^ ^,  where   c  ~a  +  'ib,  a  and  h 

being  ihc  radii  of  the  fiscd  and  generating  circles. 
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Put    (.••-»■)■ 


(< 

.-..,*=(.-, 

..-..)* 

■^4l/(- 

-..-.fV.. 

z(,'^ 

a'  -  i')K       (c« 

-«■)'/• 

This,  between  the  limits 

,3  +  sai  +  26^)  =  OIF  VO. 
But  OJi  =  ^  ira&. 

.  • .    IPVL^~  epicycloid  =  -£{?.a  +  25), 
and,     JVI^LI^-— {3a  +  25),  the  entire  epiejcloid. 

If    l>  =  ~a,  then  epicycloid  =  4<i3  =  ^^a  =:  area  fixed  cirde. 
If   /j=z  a,     then  epicycloid  ~  5*5*  =  5ir(i^  =  5  area  fixed  circle 
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106.  Prop.  To  obtaia  a  general  formula  for  the  qusidiatare  of  a 
fiurface  of  revolution. 

Let  AB  be  the  arc  of  a  plane  curve 
which  revolves  about  the  axis  OX,  P  and 
P^  points  taken  on  the  curve  so  near  to 
each  other  that  the  ai-c  PP,  may  present 
its  eoucavitj  to  OX  at  every  point.  , 


Put      OD  =  x. 


DP  = 


DD,: 


:  h,      D.P,  -. 


-Vv 


The  surface  generated  by  the  arc  PPi,  is  intermediate  in  magni- 
tude between  those  generated  by  the  chord  PP-^,  and  the  broken 
line  FTP^.     Demoting  these  surfaces  by  C  and  B,  ve  have 

hpj)  4,  TD-,)2rPT  +  {TD^^  -  F^D^^)^ 

_  (2FD  +  VT)PT+  {2P,D^  +  P^T)P^T 
~  (2Pi>  +  FP  JPP"  ' 


b'-^ 


i'lh'. 


.][. 


Jd^      flj^ 


i^-)?- 


Dividing  numerator  and  denominator  by  h,  and  then  pasf 
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tho  limit,  wc  obtain  -^  ~  1.     And  hence  the  limit  to  the  value  of 

tlie  snrfsHie  0,  generated  hy  the  chord,  will  be  a  proper  expression 
for  the  elementary  surface  generated  hy  the  arc  PPj,  when  that  ai'C 
becomes  indefinitely  small. 

But  at  the  limit,  when     k  —  dx,     C  —  ^ffy/'l  +  -^\  dx. 

Hence  we  have  for  the  differential  of  the  surface, 

dA  ^  2-^'Jl +'^^\Kl'^,     and     .■ .  A  =  2*fJl +^\^dx,..{W}. 

or,  A  7=  ^fyd'.  { H'l) 

107.  To  apply  (TF),  ne  elimm  f     hy  means  of  the  equation  oi' 
the  generating  curve,  y,  and  -^    and  then  integrate  between    the 

given  limits.     Similarly,  wp    pply  ( TF,)  h\  expiessing  y  in  terms 

of  s,  or  ds  in  terms  of  y  and  dy. 


108.  1.  The  surface  of  the  sphere. 

Here  the  generating  eurvo  is  a  circle  wliose  cqua- 

.-.  Arr.  2<y '-^  =  3*r/c£c  ^  H^rs:  -h  C 
Put  ^  —  0,    when    s  =  —  r  ;    then     0=  Sffc^. 

.■.  A  —  1i^T(r  4-  it),  which,  when  «  —  +»■,  gives  for  the  surface  of 
the  entire  sphere  A  =  4i'»^  =  4  great  circles. 

For  the  zone  whose  height  is  ft  —  ^^  —  a;,,  we  have 
A  =  ^'!rr(x^  —  Kj)  :=  'iirrh. 
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1.  The  parabolokl  of  revolution, 


If  the  surface  he  reckoned  from  tlie  vertex,  wo  sliull  have  3Tj  ^  0. 

2.  The  surface  generated  by  the  revolution  of  the  Ciitenary  ahdut 

The  equation  of  the  curve  is     s=  =  x^  +  2ax.'t 

.' .  ds  =  -    -■■  and  dy  =  ■•Jds'  —  dx^ = '  =r  — '— 

vV+2o^  VV  +  2oa:  ■* 

Now,  applying  formula  {W-^,  and  integrating  by  Ar — — -i -iV. 

parts,  we  have  iV-ij — ^0      / 

A  =  '^fyds  =  2*{ys  -  fsdy)  ^  2*(ys  -  afdx)  ^OV^ 
=  2ff(ys  — a^)  +  C. 
But  when       a  ^  0,  y  -  0  and  s  ^  0,  .  ■ .  C  ^  0. 
.  ■ .  A^  2*{y-iAM^2^  -  ax). 

3.  The  surface  generated    by  tlie  revolution  of  a  semi-oycloid 
about  its  asis. 

Here  dy  = 

.*,.  A  —  2iifyds  =  2T(y^  —  fsdy)  ~2t{ys  --  /2-\/^^\/~ --dx) 

=  2w{)/v'§rJ  —  ^/Srf-^/2r~^:^^J7dx) 

^2^[y^/8f^+  y^.|(2,--^)^]+  0. 

32 
But  when       a^O,  A  =  0,  .-.  Ci=— -5-  tc^. 
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10    . 


33 
and  when  x  —  2i;  A  —  S*^'* ^■n'r^,  the  entire  surfiice. 

4,  The  surface  generated  hy  the  revolution  of  the  cycloid  ahout 
its  base. 

Ill  the  formula  A  ^  ^fyds,  the  quantity  y  denotes  the  distance 
of  a  point  ill  the  rc\olvh]g  curve  from  the  axis  of  revolution,  and 
must  therefore  he  replaced  in  the  present  instance,  by  2r  —  x. 


4  --=  2«f{2r  - 


2:r/(2. 


-)v 


.  C^O,   .-.  A  =  2r-^/2^{'irx 


64 
md  the  entire  surface  2A  =:-—tr^. 


But  j4^=0,  when  x  = 

'""".. =f,. 

109.  Prop.  To  obtain  a  generoJ  formida  for  the  quadrature  of  any 
curved    surface,  whose  equation   is 
referred  to  rectangular  co-ordinates. 

Let  CAl'B  he  a  portion  of  the 
surface  included  between  the  piunes 
of  xn  and  ye,  and  the  planca  SP^, 
AP^  drawn  parallel  thereto. 

Put  OA^  r=  X,   OB^  =  A^P^  =  y, 
P,P=z,  ACBP  =  A,  and  let 
3=  ii'(a!,?/),..(l)  be  theequation   y 
of  the  surface. 

Then,  since  the  value  of  .d  will  be  determined  by  the  assumetl  values 
of  the  uidependent  variables  x  and  y,  we  shall  have  A  —  f{^,y). 

Now  when  x  receives  an  increment  A^a^  =  h,  the  area  A  takes  thfl 
increment  AD,  becoming 


""TOT  ft,  I 


A,='},{x+  h,y)^A  + 


dA    k        d^A     li?     ,    iPA       /;3 


da" 


d3?    ).: 
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Similarly,  when  y  alone  tal;es  an  increment  B-fi-^  =  /c,  A  takes  the 
increment  £(?,  becoming 

^A       k^  ^ 

But,  when  X  and  y  increase  simultaneously,   A  takes  an  inci'emeiit 
AD-\-BG-\-  PI,  becoming 

-  A^—    --!-—    -J-—     -^J-iM    ^_u^   ^ 

■^  '(/,);«  ■  1 . 2 .  3  "'"  (it^rf^  '1.2"''  dxdf  ■  1 .  3  "*■  ,;P" '  ITsTS  "'"       ' 

_  d'>'A    hk       d^A      h^k         d^A      k/c^ 
""  dxdy  '^^       dx'dy  '  172      diuly^ '  iTS  "^ 

which,  at  tie  limit  when  7;  =  0  and  A  =  0,  reduces  to 
P/  _  d^A 

Now  this  quotient,  which  results  from  dividing  the  elementary 
surface  PI  by  its  projection  P^I^  on  the  plane  of  cKy,  is  equal  (o 

— -,  where  v  denotes  the  angle  formed  by  the  tangent  plane  at  the 
point  P  with  the  plane  of  xy. 

But  from  the  theory  of  surfaces  (DilT.  Cal.,  Art.  177),  we  ha\e 


■(!)■ 


—  -  A" 

dxdy       V 


iPA 
e  the  second   differential  coefEoicnt  -r—^  is  olatained  liy 
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diftefnt'iti  a  the  fin  ticn    1  (.f  -c  and  y    first  as  though  i  wei 
aline  mailable    and  then  as  though  y  o  Ij  ^alled    we  shall  obtai 


'=//(' 


^dxdy (Jr^), 


by  di,di)    and  then 


required  foi-niula. 


tiie  value  ot  A  bj  niultiplj mg  the  value  of  i 

peiformiig  two  sufceflMve  mtegiationa  with  le^pectto  e  an!  /  tie 
Older  of  these  lutegiations  beiiij  immWLii  1  smoe  that  ol  tie 
differentiations  is  aibitrifi 

This  djuble  jutegration  is  iiidicattd  bv  the  s^nbol  If  1  tit, 
result  is  cailed  a  double  integral.     Tliiia 

The  limits  of  these  integrations,  in  the  case  represented  in  the 
diagram,  are  j/  =  0  and  y  =  OB-i  =  b,  x  =  0  and  x  ^  OJj  —  a. 
But  if  the  surface  were  terminated  laterally  by  a  cylinder  (instead 
of  by  planes  pai'allel  to  3:2  and  yz),  the  elements  of  this  cylinder 
being  parallel  to  the  axis  of  s,  and  its  base  in  the  plane  of  ;ey  j'epi'e- 
sented  by  the  equation  y^  =fx,  then  the  superior  limit  of  the  first 
integration  would  be  ji  =  2/1  =fi>,  the  inferior  limit  being  still  zero. 
This  will  be  rendered  plain  by  an  example. 

110.  1.  Required  the  surface  of  the  tri-rect angular  triangle  ABO. 

From  the   equation   of   the    surface  ^ 

s^''  -\-  v^  +  s'  —  r\  we  obtain 
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betweea  the  limits  x  =  0,  and  a 

2.  The  axes  of  two  eijual 
circular  semi-cylinders  in- 
tersect at  right  angles,  form- 
ing the  figure  caJled  the 
groin.  Required  the  entire 
surface  intercepted  upon  the 
two  cylinders. 

Assuming  the  axes  of  the 
cylinders  as  those  of  ix  and 

y  respectively,  the  equation  of  the  cylinder  whose  axis  coincides 
witk  X  will  be  j/^  -(-  s^  =  r',  and  that  of  the  cylinder  whose  axis 
coincides  with  y  will  be  s*  -|-  s^  =^  r\ 

The  entire  surface  lo  be  estimated  is  projected  upon  a:i/  in  the  rec- 
tangle ABUF,  and  the  triangle  OGF  is  the  projection  of  one-eighth 
of  this  sm-face.  To  cjjmpute  this  portion  to  which  the  equation 
a^  +  z^  =  1^  applies,  we  have  A  —j  /  ( '  +  j~5  +  -^  1  ^xdy,  in 
wliicb  the  limits  of  integration  are  y  =  0  and  y  =  a:,  *  =  0  and  x  =  r. 

But  from  the  equation    x^  ■{-  z^  =     "" 


^,'^V 


=  0. 


•^  -\-  G  =.  r*  between  the  limits  x  ^  d  and  x 

—  8)'^,    tiie  entire  surface  of  the  groin. 


db,  Google 


CHAPTER    IV. 


ill.  Prop   To  obtain  a  general  foramla  for  the  voL 
by  the  revolutioa  of  a  piano  figure  about  a  fised  axis. 

Let  OX,  the  asis  of  s:,  be  tbfl  axis 
of  revolution,  ABCF  the  generating 
area.     Put 


OD^x,  DP-^,  DD^=h,  D,P^~y„ 
and  let  y  =  Fx  be  the  equation  of  tlie 
bounding  curve  AS. 

The  vohime  generated  by  the  revolution  of  the  small  quadrilateral 
DPP-^S^  is  intermediate  in  magnitude  between  the  cylinders  gene- 
rated by  the  rectangles  PD■^  and  ED^.     But 


cylinder -ffZ*!  _ 


■  ir*/=A 


iv 


dx   1       rf.i^     1 , 2  ' 


^dy   h  d?y       k^  dy^    h^ 


-  1     when     h  —  0. 

Thci-cfoi-e  at  the  limit  the  volume  generated  by  DPP^D^  —  cyl 
iudei-  PI>i,  or  dV  =  -Jiifdx,  and  consequently  V  ~  ■'fyHx  . . .  {X) 
the  required  formula. 

To  apply  (X),  we  substitute  for  y"^  its  value  in  terms  of  x  derived 
from  the  equation  of  the  bounding  curve  AB,  and  then  integi'ate  be 
tween  the  given  limits. 
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112.  1.  The  sphere. 

Hei-e  the  equation  of  the  circle  whieli  bounds  the  general 
area  is  ^^  +  ^^  ^  r= 

Put       F  =  0    when    ^  =  -  r, 
then        C=  —'!T\-r^  —  fA=  ^*r^ 


3.  The  8l]ips{iid  of  revolution,  generated  by  the  revolution  of  the 
semi-eliipse  about  its  greater  axis  2a. 

ii.„  j==^,(..-.^,. ...  F=5;/(«.^:..)i=5:(«%-i,.)+(7, 

■which  gives  between  the  limits  x  ~  —  a  and  x  =  +  a. 

V^^  ■Kh'-a  ^  I  (as .  ^J=)  =  I  drcurascrihiiig  cylinder. 

3.  The  paraboloid  of  revolution 

y^  —  2px.      V  ~  2*p  fwdx  =  ■rp.i-^  +  C. 
If      F  ^  0  when   «  =  0  ;    then    C  =  0    and    F  —  ffps^ ; 
■which  becomes,  when  a  =  a^j  and  y  —  j/j, 

F  =i  ■jf^Xj^  =  -  ajj .  ffjij!^  ^  -  circumscribing  cylinder. 

4,  The  parabolic  spindle  generated  by  the  revolution  of  the  para- 
bolic area  AQB  about  the  double  ordinate  AJi. 

Put   OQ  =  a,   0A  =  b,    OD  ^  .x,  DP  ~  y.     Then  QC  =^  a  -  y. 
x^^^pia-y)  and   F=^/(«- Q'^:s=  ^yi;4<ty- 4c?>.*=  +  ^-*)rfir. 


-d  by  Google 


846  INTEGRAL   CALCULUS. 

But  if  r  =^  0  whfin  K  ^  0,  then  0  =  0;    and  when  x  ^  OA  =:  h. 

t-  /      'A 

Y  =  ^a%  I"!  -  ?  +  i\  =  ~  ^o?b  -  Yolume  AQO. 
.  ■ .  volume  A  QB  ~  —  ita^. 

5.  The  Yolunie  generated  hy  the  revolution  of  the  cycloid  about 
its  base. 

Put      0V=  2r,      OD^x,     DP  =  y,     IV  ^z  =  2r  —  y. 
Then  from  the  equation  of  the  cycloid, 


aiid  since    &  i^  — ~  dy. 


But  by  formula  {A), 


J  y       y^LT  —  y  \       ay  ^=    i  „  ^^^  vi^iaiu.       — ■ 
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Put  F==0  and  2/  =  2r,     '■Jlicu  C  =  |r%^  and  when  y  =  0. 

V  =  ^  r%3  —  yoliime  £  VO. 

.-.  volume  BVA  =  5j-%2  =  2*j--wr^  ^  -  cireamsoribing  c_^lindei-, 

C.  The  Tolume  generated  by  tho  revoluLlon  of  the  oyoloid  about 
its  axis.     (See  lasb  Fig.). 

Put  VI  —  a-,  //■'  =  y,  VO  =  2c,  and  to  facilitate  the  integration, 
iutroduce  the  variable  angle  VG£1  =  A. 

Then     x  =  r{l  -  cos  »),  y  =  ('(sin  fl  +  &),  dx-r.  sin  m. 
.-.r  ~  '^Sy^dx  =  «-3  /{ainSO  +  23  .  mi^  +  6^ .  iin  i)M. 

But /silica. dfl^—-sm=S.eo9fl  —  |cosdr^|,  from  i-0  to  6--^. 
^Si.si'a^.di  =  fli.dS  —fS.cos2Sd6 

=  n^^—  5  ^  ^'^  ^^  +  o  /^"^  2fl .  tifl  by  integrating  by  parts, 

=  K^''-S^sin2fl-7Cos2d^^7r2  fromfl  =  0  tofl^'x', 
S3  4  2  ' 

and  /()2.sliid.rf3  =  — d^cosfl  +  2/d.cosW3 

=  -  fl2  oos  a  -f  2fl  sill  a  -  2  /sin  Mfl 

=  — fl^cosfl  -!-2flsrai5  +  2cosd 

=  *a  -  4,  from  fl  =  0  to  fl  =  tf, 

. -.Entire  volume  ^^^'sg^^^  I). 

Iia.  -Pj-oja  To  oljlftlu  a  general  formula  for  the  volume  of  all 
solids  which  are  symmetrical  with  respect  to  an  axis. 

Such  solids  may  be  generated  by  the  motion  of  a  plane  figure,  as 
ABCD,  of  variable  dimensions,  and  of  any  form,  whose  centre  & 
remains  upon  the  axis  OX,  its  plane  being  always  perpendicular  to 
OX,  and  its  variable  area  X  being  a  function  of  x,  its  distance  from 
the  origin. 
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By  a  method  entirely  similar  to 
that  applied  to  solids  of  revolution, 
we  may  show  that  dV  =  Xdx, 

and      .-.  V  =  fXd^ (Xi), 

the  required  formula. 

To  apply  (X,)  we  must  express  the 
value  of  the  iirea  X  in  terms  of 
proper  limits. 

Cor.  The  same  formula  is  appliciible  to  any  solid  generated  by 
the  motion  of  a  section  of  variable  dimensions  parallel  to  a  gi\'en 
plane,  when  tlie  area  of  the  section  can  be  expressed  in  functions  of 
its  distance  from  the  fixed  plane. 

114.  1-  The  ellipsoid  with  three  uneijual  axes. 


id  then  integrate  between  the 


Her 


r  +  ;i 


- 1. 


Make  CCj  =  x,  and  put  successively 


.  ■ .   area  J},D^F,S,  ^  X  ^  ~  (a'  -  x^)  ; 
and  this  value  substituted  in  {X^  gives 

Put  F  =.  0  when  x^-a;  then   (7  =  ^ .  ?  ^3,  and  fl'lion  x=  ■ 

4  2 

V  ^  -itlca  =  entire  ellipsoid  ^^  -  ciroumscrlbiiig  cylinder. 
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2.  The  elliptical  paraboloid  es^  +  hif'  =  a\ 
ivcly  y  =  0  and  e  ~  0 ; 


Then 


ra=.0)',  „„d  ™  =  .(!)* 


X  =:  -~^,     And 
<«=    /-  1  M^a'S 

If     r^O    when    X=0,    then    C  =  0, 


"2y^ 


2v/fc 


:-^Xi^',=^ 


.  ■.  When  X  ~  OA  ; 
cvlinder. 

3,  The  groin  or  solid  formed  by  tJie  iiiterse 
whose  axes  are  perpendicular  to  each  other. 

1st.  Let  the  bases  of  the  cylinders  he 

Then  the  generating  section  A-Ji-yC-J)^ 
will  be  a  square. 

Put    OG^GE=EA=^r,   Oa^^x,       , 

Then    A^B^  C\D^  =  4f,    and  from  tlio 
e<|iiation  of  the  circle  EOF,  '' 

f-  =  ^Tx  -  «\  .  ■ .  F=  JXdx  =  f{9rx~4:x^)dx  ^  4rx^  -^x^+C. 

But    V^O  when  k  =  0,  .  ■ .  C  =  0,  and  when  a;  =  r, 

Y-=  —  T^^—  i'.2?'.2r:^  —    dreumscribing  parallelopipedon. 

2d.  Let  the  bases  be  unec[ual  parabolas. 
Then  the  generating  section  will  be  a  rectjingle. 
Put  0(?  =  a,  QE^h,  EA=b„   OG,  =  x,   G^E^-=y,  EyA^  =  y^ 
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Then       y^  =.  3p.r,  y^  —  Ip^x.  .-.  X—2y.2y^  =  S.i'y^pJ. 
V ^  fXdx  ^^Sy^^f^dx  ^  ix^y'pp^  ^2ie.i/r/^,  and  when  a:  =  a 
Fizz  2ai6j  ~-tt.26,2i,  =  -  oircumsci'ibing  parallelopipedon, 

4.  The  Conoid,  with  a  eirciilar  bi 

Put     HA  -  a,  nS=  2r,    DG 

Then  the  generating  triangle  IFH - 


ibing  cylinder. 

Cor.  A  similar  result  will  be  obtained  if  we  suppose  the  base 
to  liave  any  other  form,  the  generating  triangle  being  still  perpen- 
dieular  to  the  base. 

115.  Prop.  To  obtain  a  general  formula  for  the  volume  of  a  solid 
bounded  by  any  curved  surface,  whose  equation  is  referred  to 
rectangular  co-ordinates. 

First  suppose  the  volume  bounded  by  the  co-ordinate  planes  of 
xy,  xe,  and  ye,  by  planes  parallel  to  xz  and  yz,  respectively,  aud  by 
the  curved  surface  Calb,  whose  equation  is 
^,  -  F{^,y). 

Put   OA^  -  x,  OB^=A^P^  =  y, 

A■^a■^  =^  dx,  P^G-i  ^  dy,  p^p  =  ih. 
Let  the  volume  be  ijitersected  by 
planes  Aff^  and  al^,  parallel  to  yz, 
and  including  between  tlieni  the 
lamina  or  slice  A^T:  let  this  la- 
mina be  cut  by  planes  Wj  -Bi?i,  &c, 


db,  Google 


CUBATUEE  OF  VOLUMES.  351 

dividing  it  into  prisms  such  as  P/j,  &e. ;  and,  finally,  let  each  prism 
be  subdivided  into  eleinentary  porallelopipedons,  such  as  ^^d  by 
planea  parallel  to  aiy,  the  sueeessive  planes  being  at  clistaii>:es  from 
each  other  denoted  by  dx,  dy,  and  cfe,  respectively.  Then  the 
volume  of  one  of  these  elementary  parallel  opipedons  will  be 
expr!;:^>'t'il  by  dxdydz ;  and  if  this  be  integrated  with  respect  to  e, 
regarding  x  and  ji  as  constant  between  the  limits  z  =  0  and 
e  —  0^  —  P^P  =  F(^x,i/),  the  result  obtained  will  represent  the  sum 
of  all  tlie  parallelopipedons  contained  in  the  prism  P/j.  A  second 
intejiration,  with  respect  to  y,  between  the  limits  j/— 0  and  yr=A^&^, 
will  give  the  sura  of  the  prisms  contained  in  the  lamina  j4/j  ;  and  a 
third  integration,  with  respect  to  «■,  between  the  limits  s  —  0  and 
»  =:  Offlj,  will  give  the  sum  of  tbc  larainje,  -whicli  constitute  the  (■■ntiro 
volume. 

Hence  the  required  formula  is 

r=fffdxdyd^ (1). 

Tbe  symbol  ///denotes  three  successive  integral  ions,  witli  respprt 
to  the  variables  x,  y,  and  z,  and  the  result  is  called  the  triple  integral 
of  dxdydz. 

Cor.  If  the  volume  were  bounded  on  every  side  by  the  curved 
surface,  the  same  forniula  (1)  would  apply,  but  the  limits  of  inte- 
gi-ation  would  be  different,  those  of  the  first  integration  being 
z  ^^  z-y  and  z  =^  z^  where  s-y  and  z^  are  the  two  extreme  vahies 
of  2  corresponding  to  the  same  values  of  «  and  y,  and  derived  from 
the  equation  of  the  surface ;  those  of  the  second  iut^ration  being 
y  =  Pi  and  ij  =  1/2,  the  extreme  values  of  y  corresponding  to  the 
same  value  of  x,  and  derived  from  the  equation  of  the  section  per- 
pendicidar  to  OX;  and,  finally,  those  of  the  third  integration  being 
jCj  and  a'a,  the  extreme  values  of  x. 

lie.   1-  The  tri-rectangular  spherical  sector. 

Here  the  limits  of  the  integration  are  z—0  and  Pj^P~'\/r'^-~.v^—y^, 
y=0  and  y=DjBz='i/r^—.i:^,  x—O,  and  x=OA=r. 
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.  ■ .    V=:  fffdxdyds  =  ffzdxdy 


^fS-/^ 


fV^ 


x^  —  y^ ,  dxii'j.       But 


^^,j(,--^--,') 
+l("-")'< 


=!•(•■' 


between  the  limits. 

2.  The  volume  cut  from,  a  paraholoicl  of  revolution,  the  equation 
of  whose  generating  curve  is  y^  =  3p»,  bj  a  right  cylinder  with  a 
civculai-  base,  its  axis  passing  through  l!ie  focus,  and  the  diameter  of 
its  base  being  equnl  to  p. 

The  eqimtion  of  the  paraboloid  being  y^  +  g^  =  2px,  and  that  of 
the  cylinder  ij^  ^^  p:e  —  a'^,  the  limits  of  integration  in  tho  present 
case  will  be 


-  0     and    X  ^^  p. 


.■.V=SS;dxdydz^fS3dady=ffli2px-y^)\ 

But  J\2px~y^)  dy^-y{%px-y'^)  +2'x  f-= 

=  ^  J/(Sps;  -  7/)  +  px .  sin-'  -^ 


-  between  the  limits. 


-d  by  Google 


CUBATUKE    ( 


,-.F  =  2/[.vi? 


=  -  =  (?■-«-)'+ 


/2       1    \ 

=r jo^l- +  — 's'j  between  tlie  limits  a:  ^^  0  and  a;  =  p. 

in.  Prop.  To  obtaiQ  0  general  formula  for  the  volir.ne  of  a  solid 
bounded  by  a  surface  whose  equation  is  refci-red  Lo  polar  eo-oi-dinates. 

Let  the  volume  be  divided 
into  elementarj  wedges  such 
as  6'ii),  CO  by  planes  drawn 
through  the  axis  OC.  Let 
eaih  wtdge  be  subdivided 
into  elementary  pyramids, 
such  as  FGDEO,  by  coni- 
pal  6111  faces  generated  by 
the  revolution,  about  the 
aM3  OC,  of  Imce  OB,  OE, 
&,o ,  mcliied  to  OC  in  con- 
stant ing]e=  Finally,  let  each  pyramid  be  subdivided  into  elemen- 
taij  paialielopippdons,  such  as /ifj  hy  concentrio  spherical  surfaces 
■ttith  then  coiitieb  at  the  origin  0. 

The  co-ordinates  of  a  point  d  are  Od  =  r,  dOD^—S,  and 
yl02)j  ^=v;  and  the  three  edges  of  the  elementary  pariillelopipedon 
fcl..^ are  d'J^  ^  di;  de  ^  rd&,  and  dt  r=r  cos 6 .dv;  the  last  expres- 
sion beiiiy  obtained  by  observing  that  when  the  line  OD  revolves 
around  the  axis  00,  the  point  d  describes  a  small  arc  dl  whose 
23 
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d  whose  ratlins  is   the    pcrpen- 
is,  and  thei'efore  expressed  by 


centre  lies  upon  tho  axis  OC,  t 
dicular  distance  of  d  from  that  t 
r.  sin  ZOd  —  r  cosfl. 

Hence  the  volume  of  the  pai'allelopipedon  will  be  espresKed  by 

r'cosSdv.dSdr,     and     .-.  V=  fffr^oosMv  .dB  .dr (1) 

■will  be  the  rec[uired  formula  for  the  entire  volume. 

The  first  integration,  if  performed  with  respect  to  »■,  while  v  and  6 
remain  constant,  will  give  tte  sum  of  the  parallelopipedons  con- 
tained in  the  jivramid  BEFGO,  the  limits  of  the  integration  being 
r  =  0  and  v  =  0I>  =  M''(v,B). 

A  second  integration  with  respect  to  i,  while  v  remains  constant, 
will  give  the  sum  of  the  pyramids  contained  in  the  wedge  G^D-^CO, 
and  the  third  integration  with  respect  to  v  will  give  the  sum  of  the 
wedges  which  constitute  the  entire  volume. 

HS.  1.  The  hemisphere  with  radius  equal  to  a. 

Here  the  limits  of  the  integrations  are 


c  =  0  and  ;■  =  £!,    t)  :=  0  and  d  =  --w,  ;-  ^  0  and  v  ^  2v. 
'"  =  fffr^ coslrfi'.rfM!—  - //>■'  cos SJvdi  -  I a^ffcofi S.dv.di 
^  L^/sina.dv^  L\  sifi  l^/dv:=  lyv=  la\2^^=f^:.a\ 


3.  The  volume  cut  from  a  sphere  whuse  rad 
with  a  circiilac  base  whoso  radius  =  6,  the 
centre  of  fhe  sphere  being  on  the  axis  of  the 
cylinder. 

Here  we  shall  have  for  half  the  required 
volume  or  ABOBB, 

i  V  ^fffr^  cos  S  .  dvdSdr, 

She  limits  of  integration  being 


a,  by  a  cylinder 
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r  =  0  avd  r  -  01=  b  see  (), 
a^O  and  6=coir-'  -.     v^O  and  i 
1 


-2«. 


2d.    c^O  and  ?■=:«,     fl=cos~i-  and  &  =  ~<,    v  =  0  and  a  =  2ff. 

The  first  set  of  limits  give 
rffr''cos6dv.Sdr^^//r^cosSdv.cie  =  ^//b^ sea^A  coiSdv .dS 

=  ^  iV/sec^^  ■  "^"i^^  =  o  * Vtan  fl .  i^y 

And  the  aecoKd  set  of  limits  give 

fffr^cosMv.dSdr=  ;rffr\  cas6.dv.d&^  -a^ffcos Cdv .  dS 

.•.lF  =  ?,[..-{,.-S.)^^i34i].nd    F=j»[,>»-(a'-i')*]. 
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CHAPTER  I. 


119.  When  a  ditferential  expression,  containing  two  or  more 
independent  variables,  can  be  obtained  directly  by  difFerentiating 
■soma  function  of  those  variables,  it  is  said  to  be  an  exacl  differential. 

Thus  xdy  +  yds  is  an  exact  differential,  being  eqnat  to  d{a:t/) ;  so 
also  is  Sx^dt/  ~  S^dx  +  Saj/dx  —  Sxdy,  being  equal  to  d{3ayh/—3s:!/) ; 
but  x^dy  ~  Sydx  is  not  an  exact  differential,  there  being  no  expression 
which,  when  difff  i entiatpd   will  produce  that  proposed 

120.  If  a  differential  be  exact,  its  mtegLil  lan  be  deteimnied  m 
all  oases  by  methods  which  will  be  explained,  but  we  shill  fii^t 
establish  whereby  to  distinguish  cxatt  differentials 

121.  Frop.  To  determine  the  coi  ditnu''  which  mdmte  that  any 
proposed  differential  is  exact 

Lot  the  pi'opo'ied  expiession  he  P  h  +  Qdi/  m  whuh  /'  inl  Q 
may  be  functions  of  one  or  both  variables. 

If  this  expression  be  the  exact  differential  of  some  function  M  of 
s  and  y,  we  shall  have 

du  —  Pdx  +  Qdy (]). 
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But  hj  the  general  process  for  differentiating  a  function  of  two 
independent  variables,  we  have 


And  since  (1)  and  (2)  must,  from  the  nature  of  the  siippoi;ition,  he 
identical,  the  following  conditions  will  exist,  viz.  : 

^  =  ^ w.  «  =  | » 

Now  dilTerentiate  (3}  with,  respect  to  y,  and  (4)  witli  respect  to  ic, 
and.  there  will  result 

£P  _  dhi  dQ  _  dhj, 

dy       dxdy  dx       dydx 

But  it  has  been  shown  that  the  result  of  differentiating  it,  with 
respect  to  x  and  y,  successively,  is  the  same,  without  reference  to 
the  order  of  the  differentiations,  or  that 
dhb        dhi 
dxdy       dydx 

Hence,  when  the  proposed  differential  Pdx  +  Qdy  is  exact,  the 
condition  (5)  will  he  fulfilled.  The  converse  is  equally  true,  as  will 
appear  fully  when  we  attempt  to  integrate  such  expressions,  and 
hence  the  condition  (5)  is  called  the  test  of  iiikgj-abiUiy. 

122,  Now  let  the  proposed  expression  be  Pdx  +  Qdy  +  Rds, 
involving  three  independent  variables. 

If  this  be  an  exact  differential  of  some  function  u  of  x,  y,  and  z,  then 


dv.= 

=  -^dx  +  —dy  +  —  dn  =  Pdx  +  Qdy  +  Edz; 

■P  —  J-,     §  =  J-'     -^  —  j-i  or  by  differentiation, 

dP 

d^u      dP        dH      dQ        d^u      dQ       d^n 
~  dxdy'     dz  ~  dxdz'     dx  ~  dydx'     ds  ~~  dyds' 

dR       dhi       dR        dhi 
dx  ~  dxdx'     dy  ~  dzdy 
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<Pu   _  d^u        d^u  _  iPu        dht  _  d^ 
dxd'j      di/dx'     dxdz      dsdx'     di/dz      dsdy 

Hence  we  have  three  iblJowing  conditions  of  integrability, 

dP_dQ     d_P_dR      dQ  _  dR^ 
dy        da:'      dz        dx^      dz        dy 

Siniilarlj,  if  the  expression,  were  Pdx  +  Qdy  +  Ed«  +  Sds  +  Ace, 
involving  n  independent  vamHes,  there  won  Id  he  -«(w—l),  con- 
ditions of  the  forms 

dP^__dQ     dP  _dB     ^_^^    ^_^     ^l^Ai 
dy        dx^     dz       dx       ds        dx  '       '    dz         dy''ds        dij 

123.  1-  is  (^ydx  +  x^dx  +  h^dy  +  a^xdy  an  exact  difFerential  % 
Here  P  =  a^y  +  x'^  and    Q  =  b^  +  a?x. 

_^     _^  ^dq_ 

dy  '      dx  '  dy 

integrahle. 

dy  xdy 


2.  Is. 
Her 


3,  Is  ^xdy  —  4:y^da:  an  esact  differential '? 

and  since  Sj/  and  3  are  not  equal,  the  expression  is  not  integrahle. 

124.  Prop.  To  oblain  a  general  formula  for  the  integration  of  the 
form  dv.  =  Pdx  +  Qdy,  when  the  condition  of  integrability  is 
satisfied. 
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Since  the  tonn  Pdx  has  resulted  from  the  difforetitintioa  of  the 
function  u,  with  respect  to  x  only,  y  being  regarded  as  iavariable,  it 
follows  that  u  will  he  obtained  by  JDtegi'ating  Pdx  with  reference  to 
X  alone ;  but  as  u  may  have  contained  terms  involvirig  y  alone, 
which  terma  nece^arily  disappear  in  a  differentiation  with  referenc* 
to  X,  we  aiust  complete  the  integration  of  Pdx,  not  as  iisual  by 
adding  a  constant  C,  but  by  adding  a  quantity  Y,  which  is  some 
unknowu  function  of  y  and  constant,  and  we  thus  provide  for  the 
reappearance  of  such  terms  as  may  have  disappeared  in  the  first 
differentiation.     Thus  we  get 

wzz: //>(&+  r,  .  .  .  .  (1), 
in  which  the  \'alue  of  Y  remains  to  be  determined. 

Differentiating  (1)  with  respect  to  y,  there  results 

_  dfPdx      dY 
dy  dy 

dJPdx 

dy     ' 


d/Pda: 
dy 

integration  would  be  attended  with  the  same  difficulty  as  the  firiit. 
Differentiating  that  eoeffioient  with  respect  to  a;,  we  obtain 

dQ       d-^fPdx  _dQ  ^  d^fPdx  _dQ__dP 
ds  dydx  dx  dxdy  dx        dy 


db,  Google 


Sou  l^^TEGRAL    CALCULUS. 

snd  this  is  equal  to  zero  by  the  condition  of  integrability,  which  ia 
supposed  to  be  satisfied.  Hence  the  coefficient  of  dy  in  (2)  cannot 
contain  a. 

126.  This  proof  also  establishes  the  truth  of  the  converse  of  the 

first  proposition,  yiz, :  that  when  the  condition  -r-  ^  —    is    satis- 
fy       dx 

fie.d,  the  integration  is  possible. 

127.  By  a  similar  process  we  obtain  a  second  formula 


=  /«..+/[.^^^>.. 


in  which  the  coefficient  of  dx  does  not  contain  y. 

Cor.  If  there  were  given     du  =  Fdx  +  Qdy  +  Edz,     we  would 

u  =  fFdx  +  F, 
in  whicii  F  is  a  function  of  y  and  z. 

Then  differentiating  with  respect  to  y,  we  obtain 
dV  _  du      dfPdx  _  dfPdx 

dy   ~  dy  dy       ~  dy     ' 

...-.,./[«^^->, 

and  by  integrating  with  respect  to  y  and  adding  a  function  Z  ijf  s. 

Now  differ entJating  with  reference  to  z,  we  obtain 

dZ_du       dJPdx      d/Qdy       d^r  fd/Fdx      1 

&  ~ dz   ~~d^       IT  ■■"  dzV  ^iiy~  y} 

in  which  the  coefficient  of  dz  is  independent  of  x  iuid  y. 
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138.  Ill  piaRtice  it  will  be  fomid  usually  more  coLivenient,  and 
always  more  instructive,  to  apply  the  method,  rather  than  the  form- 
ula explained  above ;  especially  where  there  are  three  vai'iables. 


129.  1.  integrate     du  —  (3k^  +  9.^y)dx  +  {ax^  +  ^y^)dy. 
Here  P  ^  Ss^  +  2axy,         Q  =  aw"^ -\-  Zy\ 

But  fFdj)  -  /(3a'2  +  2ax>j)dx  -  s:'^  +  ax^y, 

These  values  reduce  (2)  to  the  form, 

u  =  »■•  +  ai'f  +  /SjiVj/  =  x'  +  ax'!,  +  •/'+« 
2.  Integrate     rfw  ~  (3a:y'— a^)(;i- —  (1 +02/^— 3^^^;/. 

^  =  319'-!',     Q=-{l+<i,j'-St's),      'U  =  6i!/=^- 

•.  ^=^~3i-y=-(l+8s'-3«W-3«'j  =  -l-%". 
—  <i 
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„.  dZ       du  ; 

Then        —  =  --.—  — 

az        02       i^a  —  zj~ 

...  „  =  _S_  +  a 

130  Tn  pnctice  the  pieceding  piocess  may  he  abridged  by  first 
mte^iating  PJs,  then  mtegiiting  the  tiiins  in  §(?!/,  which  do  not 
contnm  x,  ^nlI  finally  uitegratmg  those  tLi-ms  in  Bdz  which  do  not 
eontwn  cither  a*  oi  y,  and  addnig  the  results.  That  the  complete 
integral  will  be  given  by  thia  process,  appears  immediately,  from  the 
consideration  that  the  integratioii  of  Pdx  necessarily  gives  all  the 
t«rma  in  the  integral  sought  except  such  as  contain  y  and  a  without  ,1;, 
Hence  in  integrating  Qdy  we  must  not  consider  any  term  which  con- 
tains X,  as  otherwise  we  would  introduce  into  the  integral  new  terms 
eontalfiing  x.  Similarly  the  integiation  of  the  selected  terms  in 
Qdy  gives  all  the  remaining  teims  oai  ept  such  s.-^  contain  2  only,  and 
therefore  in  integrating  Rdz  we  must  neglect  all  terms  involving 
both  X  and  y. 
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{.'  +  y'  +  .'f       '+" 

This  satisfies  tlie  conditions  of  integrabilitj,  and  by  taldng  fchs 
terms  in  Pdx  we  get 

fPi,  =  /•— "^  +/^.,  =  («■  +  y'  +  ..')*+ ....-  '-■ 

Now  taking  the  terms  in  Qdy  whicl]  do  not  contain  x,  wo  get 
fQdy  =  JyMy  =  -  f, 
and  finally  taking  the  terms  in  H  which  do  not  contain  w  nor  y, 

JRd^=f,dz  =  \z\ 


-  C. 


Somogeneous  Sxact  Diffefentials. 

131.  Although  the  methods  of  integi'ation  just  explained  i^ppiy  to 
all  exact  differentials,  yet  another  and  simpler  process  can  be  used 
when  the  expression  belongs  to  the  class  called  homogeneous.  A 
differential  expression  is  said  to  be  homogeneuns  when  the  sum  of 
the  exponents  of  the  variables  is  the  sanie  in  the  coefficient  of  every 
term.    Thus 

xhlx  —  h'xf'dy 


<cdy  +  ydXf     si^zdx  +  xe^dx  —  xyzdy, 


are  homogeneous  differentials.    The  degree  of  the  terms  is  estimated 
by  this  sum  of  the  exponents  ;  thus  in  the  first  expression  ifc  is  1,  in 

the  second  it  is  3,  and  in  the  third  it  is  3  — — ^  —  —  ^■ 
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132.  Prop.  If  an  exact  differential  be  homogeneous,  and  the  terms 
of  any  degree  except  —  1,  its  integral  may  be  obtained  by  simply 
replaeiag  d.r.  dy,  and  dz,  &e.,  by  x,  f,  z,  &c.,  respectively,  and  di- 
viding the  1  «^ult  by  «  +  1,  when  n  denotes  the  degree  of  the  terms. 

F7-oof.  l.i'-t  du  =  Pdx  +  Qdy  +  Rdz  -\-  &c.,  be  homogeneous  and 
exiict,  in  which  P,  Q,  R,  &c.,  ai-e  algebraic  fanetions  of  x,  y,  z,  &C., 
of  the  degree  n. 

This  must  have  resulted  from  the  differentiation  of  a  homogeneous 
algebraic  function 

u  =  P^x^  Q,y  +  a,^  +  &c  .  .  .  .  (1), 
of  the  degree  n  -|-  !,  since  differentiation  diminishes  by  unity  one 
of  the  exponents  in  the  term  differentiated  at  every  step. 

Put  y—y-yx,  X  —  z-^s,  &c.,  and  substitute  in  P-^,  Qi,  Bj,  &c., 
which  quantities  contain  x,  y,  s,  &c.,  involved  to  the  n'*  degree. 
Replace  also  y  by  y-^x,  z  by  z-^x,  &c.,  in  (1)  ;  then  each  term  in  the 
value  of  u  will  contain  the  factor 

x''+\     and     .  ■ .  w  =  P2«"+i (2),      . 

in  which  P^  is  a  function  of  !/„  z,,  &e,,  but  does  not  contain  x. 

Differentiating  (2)  with  respect  to  x  we  get 

|  =  (..  +  .)A-....m. 

A  similar  substitution  in  the  value  of  du  gives 

du  ~  Pdx-i-  Qd{y^x)  +  M{s,x)  +  &c (4) ; 

and  therefore  the  partial  differential  coefficient  -r-  derived  fiojn  (4) 

by  differentiating  the  products  y-^x,  z-^x,  &e.,  with  respect  to  x  only,  is 

2  =  ^+  toi  + -K^i,  &(!■■■■  ■  (5). 

Multiplying  (3)  and  (5)  by  x  and  ec[uating  the  results,  wo  got 

(ft  +  l)P,.T"+i  ^Px+  Qy.x  +  Bz^v  ^  Px  +  Qy  +  Bz  +  &c 
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_  P  .+1  _  -Fg  +  gy  +  -g«  +J^ 

as  stated  in  the  enimciation. 

133.  When  n  ^:  —  1,  this  formula  would  m^ke  m  =:  <»  .  In  this 
case  it  is  easily  seen  that  the  formula  ought  not  to  be  iipplica"blc, 
because  it  is  not  then  true  that  the  desired  mtegral  is  an  algebraic 
function  of  the  degree  n  +  1\    but  on  the  contrary  it  is   tran- 


1.  To  integrate  du  =  (3y^^  +  3)/^)(/,k  +  {2.t^i/  +  Ssy^-  +  Si/^)dy. 

. ' .  the  differential  is  exact ;  it  is  also  homogeneous,  and  since 
«^3or«  +  1^4,    u^^^±^  +  0^yh:U-Sf^  +  2y^  +  C. 

ydx       (a  -  1y)dy       {if  -  xy)dz 


2 

1 

0- 

dp 
d,j   - 

1       <(« 

dP 
<fe  ~ 

y       dR 

dQ      iy-x       dR 
ds,            z'           dy 

.  • .  The  differential  is  exact ;  and  being  also  homoge 
order  0,  we  have  n  +  I  =  1. 


134,  When  theie  aie  three  or  more  \arnblfs  the  application  of 
the  test  of  integiabihty  \^ill  ofien  be  very  troubksome  lu  feuth 
cases,  if  the  differential  be  homogeneous,  it  will  be  found  nioic  con 
venient  to  apply  tht  piecedmg  protess  i^  though  the  difteientnl 
were  known  to  be  ex'ict,  and  tlieu  to  ascortam  b^  actual  trial, 
whether  the  given  t\pie='ji3ii  cm  Ijb  lejioluced  by  diffeientiation 
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This  being  homogeneous  and  of  the  degree  —  -,  its  integral,  if 
possible,  must  be 


.--%rf+^^xy^^Ax^-^'^+  2r-^ 


^-  C'= 


This,  differeiitiateiJ,  gives 

which  is  identical  with  the  proposed  expression  (1). 

It  tnusti  be  distiactly  understood  that  in  Che  differential  expressions 
here  considered,  the  variables  x,  y,  ?,  &c.,  are  wholly  independent 
of  each  other.  If,  then,  the  conditions  of  iotegrability  be  not  ful- 
filled,  the, integration  must  be  impossible,  since  there  is  no  relation 
between  the  variables,  by  the  aid  of  which  we  might  hope  to  trans- 
form the  given  differential  into  another  of  an  integrable  form. 

It  would  be  otherwise  if  a  relation  iDetweea  the  variables  were 
given  in  the  form  of  a  differential  equation,  such  Pdx  +  Qdy  =  0. 

Here  the  form  of  the  first  member  may  be  greatly  modified  by 
the  introduction  of  a  variable  factor  (or  by  other  methods),  and  thua 
the  integration  may  be  facilitated. 
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DIFFEKBHTIiL    EQUATIOSa. 


136.    A  differential  equation  between  two  variables  x  ancl  y  is  a 
relation  involving  one  or  more  of  tbe  differential  coefficients  sucii  as 

Sucli  equations  are  arranged  in  classes  dependent  upon  the  order 
and  degree  of  the  differential  coefficient.     Thus,  wlieu  the  equation 


involves  only  the  first  powers  of  -^,  — —  ....  — -^    it  is  said  U>  he 

■'  ^  da  d.v^  rfi" 

of  the  )i'*  order  and  Isl  degree. 

Wken  it  contains  only  the  powers  of  the  1st  differential  coefficient, 

viz. :  -^,  {~\  ■  •  ■  .  (-J^)  ,  it  is  of  the  Isi  order  and  n"'  degree. 

And  when  it  contains  the  m'*  powers  of  one  or  more  diffei-eutial  co- 
efficients, and  a  coefficient  of  the  m'*  order,  the  equ.'ition  is  of  the 
ntii  degree  and  m"'  order. 

136.  The  resolution  of  a  differential  equation  consists  in  finding 
a  relation  between  x  and  g  and  constants.  This  relation,  willed  the 
primitive,  must  be  such,  that  the  given  differential  equation  can  be 
deduced  from  it,  either  by  the  direct  process  of  differentiation,  or  by 
the  elimination-  of  a  constant  Isetween  the  primitive  and  the  direct 
differential  equation.  Hence  the  same  primitive  may  have  several 
differential  equations  of  the  same  order.  Thus  the  equation 
ay  +  l>.v  +  c  =  (i (1) 

gives  by  differentiation  a  —  +  b  —  0  .  .  .  .  (2), 
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and  by  eliminatioE  between  (1)  and  (2)  we  get  tlie  indirect  dilTereii. 
tial  equations 

/,.  ^  _L  .'^y 


—  iy  =  0  .  .  .  ,  (o),  when  a  is  eliminated  ; 


imd  ay  ^c—  ax-^  =  0  ,  .  .  .  (4),  -when  b  is  eliminated. 

In  enoli  of  the  equations  (2),  (3),  and  (4),  llie  variables  are  con 
nected  by  the  same  relation  as  in  (I),  wliich  latter  is  their  common 
primitive. 

131.  As  the  integration  of  differential  equations  can  be  effected 
in  comparatively  few  cases,  it  is  found  convenient  to  arrange  them 
in  the  order  of  the  difficulties  presented,  commencing  with  the  sim- 
plest nase. 

D-{fii-ential  Eqiuitions  of  the  First  Order  cmd  Degree. 

183.  These  are  of  the  general  form  £'+Q-j^=0  or  Pdx-{-  Qd!/=0, 

in  which  F  and  Q  may  be  functions  of  both  «  and  y.  ITie  integra- 
tion will  obviously  be  possible,  by  the  method  applied  to  differential 
expressions,  whenever  Fdx  -\-  Qd'j  i,s  an  exact  differential,  and  the 
required  solution  will  be  of  the  form 

F[x,,)  =  0, 
where  Cis  an  arbitrary  constant. 

139.  Again,  the  integration  can  be  effected  whenever  the  separa- 
tion of  the  variables  is  possible,  that  is,  when  the  equation  can  bo 
reduced  to  tlie  form 

Xdx  +  Tdy  ~  0, 

where  T  is  a  function  of  s:  only,  and  Y  a  function  of  y  only. 
The  form  of  the  solution  will  then  be 
Fa>  +  iify=  C, 
which  requires  only  the  integration  of  fun 
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The  separation  of  the  variables  is  possible  in  several  cases. 

140-    Case  \st.  Let  the  form  be 

Ydx  +  Xihj  ~  0, 
in  which  the  coetTieient  of  olz  contains  onlv  ?/,  and  tliatof  i7j/  contains 
only  X. 

Divide  by  XY,  the  product  of  tiie  two  coefficients,  aud  there  -will 

dx      dy 

-y^  +  -J?  =  0,  ni  which  the  variables  are  separated. 

relation  between  x  and  y. 
Divide  by    (1  +  y'^)^,  then 


da  dy 


=  0,         .'.    ^x'^  —  Uir-hj  =1  C, 


which  is  the  rec[uired  i 

143.   Case  2rf.  Let  the  form  be 

XYdx  +  X^  Y^dy  =  0, 
in  which  eac'h  coefficient  is  the  product  of  a  function  of  x  by  anothei 
function  of  y. 
Divide  hy  X^  Y, 

Xdx       Y^i. 
■'     Xj  Y 

143.  Ex.  Determine  the  primitive  of 

(i  ~  x)hjdx  -  (1  +  y)x\ly  =  0. 
Divide  by  w'y, 


-■2iog  +  .,-i„g,-!,=  a 


-  0,  and  the  variables  are  separated. 
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144.    Case  3rf.  Let  the  proposed  equation  be  homogeneous,  or  o 
the  form 

-H  (ea.-^y™  +_/j;'*+iy™-i  +  ffx-'+^y^-^ ga;''+''y'"-')d'j  =  0. 

Put  y  =  XX,         thcji         (?!/  ^  xds  +  zdx, 

and  by  substitution 

^■"■'■^(2™  +  ft^"-'  +  bz-^^ +  i}z"'-':)dx 

+  .•K«-+™{es"  +/2'*-i  +  gz<^-^ +  qe^-^){xdz  +  zd!c)  =  0. 


7+Z, 


=  0  and  the  variables  are  separated. 
145.  JS^.  To  find  the  primitive  of 

xMj/  ~  yM'ji  —  XT/dx  =  0. 
Put  1/  =  xz,         thou         dy  =  xdz  +  zd-e. 

.  ■ .  x^{xds  +  zdr)  —  xHHx  —  xHdx  =  0, 

.  ■ .  —  -  ^  =  0,         and         log  ,1  +  i  =  C; 
(r,  by  restoring  the  value  of   ?  —  -1 

log  xV-=  0. 


2. 


146.  The  ^ 
such  difTereiitial  equations  as  involve  any  fLincLio 


xdy  —  ydx  =  dxy/x^  —  y^. 
then         x{xdv.  +  zdx)  ~  xzdx  = 

:  o:{\  -  z'^)^dx, 
in-'.  +  G. 

lav  be  extended  to 

ne  method  of  ti-ans formation  n 
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the  Yariablns,  provided  the  equation  would  be   otherwise  homo- 

-&'«.  xydij  —  yHx  =(«  +  y)H  "dx. 

Pat  y  =  ^z,  or,  'i  =  ., 

.  ■ .    x^xds  +  2(fo)  -  x'^s^dx  ^x^{l  +  g)^e-'dx, 
da;         e'gde  ^       ,  e^       ,    ^ 

147.    Cttse  ilk.   Let  tiiB  form   he 

(a  ^.  te  +  cy),^^  +  (a,  +  5i^  +  c^y)d>/  =  0. 
Put       o  +  6,s  +  cy  =  V,  and  a,  +  S^x  -|-  c-^y  =  «. 

Then       dv  =  bdx  +  ciiy,         and.         dn  =  iirfic  4-  c^dy, 
and  by  elimination 

firfd  —  h,dv 


.  • .    By  substitution      v{cjdv  —  cdu)  +  ■a{Ma  —  b^dv)  ^  0, 
which  is  a  homogeueous  equation. 

148.  This  method  fails  when  icj  —  h^c  =  0,  because  the  attempt 
to    eliminate    either  dx    or    dy  causes    tlie    other    to    disappear 

also.      But    since  we   then   have   e^  =  —,  the  proposed  e([iJiitIon 
(„  +  i^  +  c>j)dx  +  («,  +  b^x  +  ^y)d,j  =  0 (1). 
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md,  hj  substitution  in  (I), 

m  cqiiiitiim  in  ivhieh  the  variables  are  sepnrated. 
149,  -Ex.  Find  the  primitive  of 

[l+i^-i-  y)dx  +  (1  +  '2x  +  ^y)dy  r=  0, 

Pot  I -^r  X -\- y  =  V,  l  +  2fl:  +  3)/  =  u;  then 

dx  +  dy  =  dv,    and  2ds^  -j-  Sdy  =:  dv, 

,  ■ .  dx  =^  Zdv  —  du,  and  dy  =  du  —  ^v. 

.  ■ .  v{Sdv  -  du)  +  w{du  —  2dv)  =  0. 

Now  put  M  —  rv,  then  i^u  =^  rdi>-[-vdr,  and,  consequently, 

i'(3(?f'  —  rdv  —  vdi)  +  rv(rdy  +  vdr  —  Si^w)  =  0, 


_^0,  or  ^  +  -^r^-,  +  --  4.-^^-0. 


rfu  (r-  l)rf<- 

...,,H-iH[(,-i)%a.^.»..[A(,_0].. 

150.   Vass  :>ih.  Let  the  form  bo  dy  +  Xydx  ^  X^dx (1),  in 

wliiah  X  iinif  X^  are  functiona  of  cc. 

Tlie  peculiarity  of  this  form  is  that  no  power  of  y  except  the  first 
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enters   into  it,  and   for   tliis  reason   it   is  usually  culled  a  linear 
cqiiatioa.     Its  solution  is  always  possible. 

Put  y  =  X^s  where  X^  is  an  arbitrary  function  of  x,  whloli  may 
be  so  assumed  as  to  facilitate  tlie  integration ;  and  z  a  new  and 
undetermined  variable.     Then 

dy  —  X^dz  +  zdX2,  and  (1)  can  be  reduced  to  the  form 

Xj(/s  +  gdX^  +  XX^zd:^  =  X^dx (2). 

Now  let  X^  be  determined  by  the  condition 

zdX^  =  X^dx (3), 

and  (2)  will  become      X^dz  +  XX^zdx  =  0. 

.•.—=-Xdx     and     log^^-fXdx,.-.z=s-^''^. 
This  value,  substituted  in  (3),  gives 

e-fXi^dX^  =  X,dx     oi'     dX^  =  ef^^X^dx. 
•  ■ .  X^  ~  fcf^'i^X-^dx,  and  y=zX^z=  (rf^'^fef^'^^X^dx  ...  (4), 
which  is  the  required  relation  between  x  and  y. 

151.  Let  there  be  now  taken  the  more  general  form 

dy  4-  Xydx  =  XiV^dx (5). 

This  is  easily  reduced  to  the  linear  form  (1).     For  put 
m  =  n  +  1     and     z  ~  y-". 

Then  dz  ^  —  ny--'^~'^dy  or  dy  ^^  —  ■ - 

Substituting  this  value  of  dy  in  the  equation  (5),  and  rcducirjg, 

_  1£  ^ 1£  —  x,dx,  or  dz  —  nXsdx  =  ~  nX,dx  ....  (6), 

which  becomes  identical  with  (I)  when  we  replace 

z  hy  y,  -  nX  by  X    and     -  nX^  by  X^. 
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...    z  =  ^=,^  ne^.fXd^fX,^''f^''^dx (7). 

Cor.  In  forniijig  the  integral  fXdx,  it  will  be  unnecessary  to  add  a 
constant  C.  For  if  we  replace  fXdx  by  X^  -f-  C,  the  formula  (4) 
wil!  beeome 

y  ^  e-^3  -c/e^3  +  cx^dx  =  e--y=e-c/t.A-3  ^c.  x,(?a  =  <^x,  _y>X'  x/k, 
in  which  the  constant  (7  has  disappeared, 

152,  1,  To  <leterm.ine  the  primitive  of  (1  -|-  ^'^)d>/  —  yxdx  =  adx. 

Here  d;/ — ^  nz  ■  ■  -■    ■  -  dx,  whidi,  compared  with  the  linear 

fonn,  gives 


.-.  y  =  (l  +i=)^r-^^+  (7l  =  «,„+  (7(1  +»■■)* 

S.  rfy  -|-  j/<?3:  =1  xy'^dx. 

Here      Xz=  I,  Xj  ^  ;k,    j--  =  y=,    or   m  ^  3,    and    n  ^  2, 
and,  bj'  substitution  in  (7), 

.-.  -^:^  — a^V'i'..  ft«-V'''.c;c^e=^f.re-2*  +  ie-S"^+  CI. 
y-;  L  -Tg  -r      J 
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Here  X  =  f^,  X^  =  b.     .  ■ .  fXdx  =  f^^^^  =  log  (1  -  *)«, 
1—  .-c  •'1— K  °^  ' 

fX,eJ'^'^ .  dx  =  fb{l  -  xY  c!x  = ^--  (1  -  xY+^  +  a 

4.   Find  an  oxprosKUin  for  the  sum  of  the  series 

Kifleriaitiiiting/we  obtain 

=  \  -{-  xy,     .'.  dij  —  xydx  =  dx,  a  linear  equation. 
Also  fXdx  -  —  /.ri^a,'  ^  _  -  x\ 


153.  (^«se  C(/i.   Let  the  fonti  be 

rf^  +  Si/Va:  =  aif^dx (1). 

This  forjn,  which  is  called  BiccatVn  equaiicin,  involves  only  the 
second  power  of  y.  Its  integration  has  been  effected  for  certain 
values  of  the  exponent  «i,  but  a  solution  applicable  to  all  values  of 
m  has  not  been  discovered. 

154.  It  is  obvious  that  when  m  :=  0  the  equation  (1)  will  be  inte- 
grable,  for  then 

dii  +  b'Afx  —  adx.       .  ■ . ~^  =  dx, 

■'  ^  a  -  by^ 

and  the  variables  arc  separated. 
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f  1 

4*!,  +  ,.*      i\-.' 

.•.2.*i*..  =  logi±^+C. 

Next  suppose  m  to  have  some  value  other  than  0. 
Assume  y  =  t — I — ^,  where  e  is  an  uiideterraineil  variable,  but 
obviously  a  fiinetion  of  x.     Then 

Substituting  these  values  in  (1),  it  becomes 

■^  H J—  =  asf'dx     or     (fe  -j ^dx  =  a.x'^^dx  ....  (2). 

Now  this  equation  (2)  will  be  homogeneous,  and  therefore  inte- 
grable  when  m  =  —  a,  mid  thus  a  new  integrable  case  is  found. 
Again,  if  m=  —4,  tte  variables  x  and  z  can  be  separated,  for  then 


dz  +  l 

•  —  dx  ■=.  aar'^dx 

■     ■■■^ 

hz^ 

which 

is  a 

tliird  in 

tegrable  ease. 

155. 

To 

obtain  i 

others,  put 
-  =  j/i     and 

^+3  ^  ^^ 

Then 

dzz 

~d^^-% 

a^^dx^ 

dx^ 

md  —  =  — —=  x-^  dxj. 

Hence  by  substitution  in  (2), 

—  — 17  +  7 — T-^. — 5  ^1  "^1  =  ~ 
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and  (3)     '11  1    'one  after  reduftirii 

I     +1  y   d     =:  !  (4) 

which  is  d  1       /  th  (1)      H         (4)         t  1         t        1  ] 

when  th       p        t       1         th       i  h    th  I       0   —  —  4 

Moreov        i  Ithb  ht        ILttbt 

jc,  and  pi        b  1 1  t  11  g        th    d       ed      1  t        be- 

tween a      d  / 

We  h         hit  m  h  tl      bj         ^  th       t  tl 

values  '—  —it  iwl         f  II  ar 

m  4-  4 
But%---^^.    .■.mm.+Sm, 

.  ■ .  when         m,  =  0,  m  ~  —  4,  a  case  before  considered; 

and  when       sHj  =  —  2,  in  ^  —  2,     "  "         " 

hut  when       mi  ^  —  4,  »«  —  —  -,  a  new  ease. 

Hence  Riccati's  equation  is  integrahle  when  m  =  —  —  also, 

156.  In  a  manner  entirely  similar  to  that  hy  whieli  (1)  was  trans, 
formed  into  (4),  may  we  transform  (4)  into  a  new  equation 

dy2  +  b^^dx^  =  Vz"'  '^^  •  ■  ■  •  (5), 

in  wineh  m„zrz -,     ana  therefore     m,  =: — — —■ 

nil  +  ^  '"H  +  1 

And  by  repeating  the  process,  a  seriea  of  such  equations  may  be 

formed  ;  so  that  it  will  be  possible  to  find  a  i-elation  between  x  and 

y   when    any   one   of   the   following    qu.intities    or    exponents   shall 

be  ^  -  4  ;  viz.  : 

_  _  "'  +  4  _  _  «!__+ 4  _  _  »vili   . 
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1  =  -4  I 


I-Ience  by  s 


Thus  Elocati's  equation  is  integrable  for  all 
the  sci-ies. 

8  12  ]()  20  24 


-,     &c. 

2ft  -  1 


157.  The  general   formula  for   these   numbers   i 
which  n  is  any  positive  integer. 

To  prove  this,  suppose  one  of  the  numbers,  as  m^,  to  be  of  the 

form  required  — ;  then  will  the  adjaeent  terms  m^  and  rag 

be  of  the  same  form,  with  the  number  n  idwtased  or  diminished  by 


unity. 

For  we  shall  have, 
3mp  +  4           *      \n~\ 

4"  +4 

2((  +  1  ~ 

4(^+1) 

ma  +  1                             4» 

2(«+l)-i 

4>i-4  _  _      4(m  -  1) 
"^2ii-3""       2(»-l)-l 


both  of  which  forms  are  similar  to  that  given  above  as  the  general 
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But  we  have  seen  that  oiio  iiitegvable  caso  is  thiit  in  which 
m  =  ~  ^  =  ~  ^y^' — ;  '^'hleli  being  of  the  required  form,  the 
adjacent  numbers  —4  and  — ^  are  also  of  that  form  ;  and  thence 
the  same  reasoning  can  be  extended  to  the  other  numbers  in  the  series. 

158,  Second  Tramforvmtion  of  BiccaWs  Equaiion. — In  the  given 
equation 

dy  +  by'^dx  —  ax"'dx (I). 

put  y  —  —,     and     :f""'"'  =  x. 

dii.            ,           dx.              ,       ,        X.   '"■'"'(&, 
then       ay  =  —  -  -'        if'dx  ^^ ■^,      and      ax  ^^  ~ ; — rv^- 

Also,    y=  =  — ,  and  therefore  by  substitution  in  (I), 


m  +  1         '■      VI  +  I         "  vt  +  1  " 

and  the  equation  (8)  will  reduce  to 

d^i  +  bj^i'dxi  —  ffii^i^iiiij (!)). 

which  is  of  the  same  form  with  (1). 

The  equation  (8)  will  evidently  be  integrable  whenever  m^  haa 
any  one  of  the  values  included  in  the  series  before  found,  tlint  is, 

when  !«!  or  its  equal — —  has  the  form  — -■     But  if 

—  ■ ^  —  -x — ■ — Ti  then  2rim  —  m  =  Amn  +  in, 

m  +  1  2)i  —  1 

and  .-.    «i_-^— j-^. 
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Hence  we  have  a  new  series  of  integrablc  cases  corrcsp  on  cling  to 

4» 
all  values  uf  m,  included  in  the  formula  —  rr — --r-   Thus  ELeeati'a 
2ii  +  I 

equation  is  iiit^grable  whenever  the  exponent  m  can  be  expressed  in 

ill 
the  form  — r,  the  quantity  «  being  a  positive  integer. 

It  appeal's  also,  that  whenever  the  given  value  of  m,  is  found  in 

4(4 

the  second  series,  the  terms  of  which  have  the  form   —  K~"X~T'  ^^ 
application  of  the  second  transfiirmation  will  transfer  ire  to  the  first 
series,  and  then  the  repeated  application  of  the  first  transformation 
will  eventually  reduce  m  to  the  yalue  —  4. 
169,  1,  To  integrate  the  equation 


dy  +  f-d^  -  <x^x  ^'dx (1). 

Here 

4                4.1                   4)! 
"*  -       3  "       y .  1  +  1           2/.  +  1' 

and  m  is  found  in  the  second  series. 

.  ■ .     Put 

.-.    x  =  x^-\     dx=  -  S.r^-'t&i, 

Hence  by 

^^^dx  =  -  3(/.r,,     ,ind      dy  =  -  ^h- 

substitution  in  (1), 

_^^__5,^,-..^^_s„2«;,,, 

or, 

dy,  -  3a=j/iMsi  =  -  3sr''fei.  ■  ■  ■  (3)- 

Now  put 

-  3a^  ^  6i,     and     -  3  =  a^. 

then 

dy,  +  h^Ji'dx^  =  a.xr'dx, (3). 

Here 

^                4.1                   4!i 
^^~         ~       2.1-1           2«  -  1' 

■■■  P"*  ^'"^6r^:  +  S' 

db,  Google 


SEPAEATIOU    Of    THE   VARIABLES.  381 

dx,         2i:,dxi       (fe.       ,  „         1      ,    32,   ,    b^r.'^ 

Hence  by  substitution 

rfs,       b-^z-i^dx-,       a-^ilx^         _  dz-^        __      dx^ 

)!■,  by  replacing  Oi  and  h-^  by  tiieir  valiiea 

i^Sj _  u^i  3Qt;.r,  _   % ^  _  _2_  ^ 

r       /Sa'Si^y,  +  ^1  +  3«"| 


_.  „  (7^  ^  ^gb^  j  , ^  I 

-  *a 


2.  1^!/  +  ?/^t/.T  ~  4k  V,i^.  .  .  (1). 

Here     „.=  _-=_^-^-_^.     ...Puty^-  +  ^=.-+- 
Thcii  tfei  +  Si%-^(fo  =  4:k  ^i^r. 

Nownwkes,^-,     and     a'^'^' ^  o!^  =  x^.     Then 
_  5^^'  4-  —  .  — 1  ^  12(/.r,,     or     dy,  +  12(/,=(;:.   =  3arj-^<fc,.   .  (2). 
Repeating  tiie  process  of  substitution  as  in  the  last  example,  we 


&,  ^-  ia32^3^i-=rfi',=  ^x-r'^d.t^    or,      — J-'  ~  - 


4^  2  _  1 
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2(5,,, 


12'^ 


■•A 


-  123;  ^ 


.-»J 


160.  Ir  the  proposed  form  be  i/y  +  by^x'dx  ^  ra^ito,  which  difiera 
from  the  form  just  considered,  ia  having  a  power  of  a  in  tiie  second 
term  of  the  first  member,  it  may  bo  readily  reduced  to  the  simpler 
form  by  making  '^'dx  =  dz.     For  then 

I'+i  =  (r  +  1).,  «id  art"  =  (r  +  lp..'+'. 

.-.  x'dx  =  [{r  +  -iy\^''dz,  and  dyi-h/dz 

=  c[(r+\)zf*'dz  =  a!l'd,, 
the  form  ill  which  liieeati  equation  has  beeii  integrated. 

Of  the  Factcn's  necesswry  to  render  Differential  Equations 
exact. 

161.  The  cases  exumincfl  above  embrace  the  principal  forma  in 
■which  the  integration  is  possiljle  by  a  separation  of  the  variables. 
Wo.  now  proceed  to  consider  those  in  which  the  first  member  of  an 
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equation  Pdx  +  Qd^  —  0  am  be  roiicleved  aii  es^ct  dilTerontial  by 
iha  iDtrocliiction  of  a  suitatile  fiictor. 

162.  If  the  equation  Fdx  +  Qdy  =  0  has  been  olitahied  by  direct 
differentiation,  it  will  satisfy  the  test  of  integrability,  viz.  : 

d-y  dx    ' 

but  if  it  hiis  resulted  from  the  elimination  of  a  constant  between  the 
direct  differential  and  its  primitive,  that  condition  will  not  be 
satlKiieil,  although  the  same  relation  between  x  and  y  will  he  implied 
by  the  two  diflerential  equations. 

163.  Pri^-  To  show  that  as  indirect  differential  equatiou  can 
alwii.vs  be  rendered  exact  by  the  introduction  of  a  suitable  factor, 

Let  -Pd^  +  §rfy  =0 (1) 

be  the  given  equation  which  has  resulted  from  tlie  elimination  of  a 

cjiistaut  c  between  the  primitive  and  its  direct  differential ;  !ind  let 

the  primitive  be  solved  with  respect  to  e,  giving  a  result  of  the 

form 

c  =  F{x,y) (2). 

Differentiating  (2),  c  will  disappear,  and  we  shall  obtain  an  equation 

of  the  form, 

F^dx  +  Qjdy  =  0 (3). 

Now,  since  (1)  and  (3)  contain  the  same  constants,  combined  with 
.T  and  y,  and  sines  the  same  relation  connects  x  and  t/  in  tlie  two 
equations,  the  differential  coeificient  y  must  be  the  same,  whetlier 
derived  from  (1)  or  (3). 

'^i'  -P  -Pj  -P  _  Z=         ^      ■    :^  -  ^1 

Hcnee,  if  we  multiply  (1),  the  fii-st  member  of  which  is  not  an 
csart  dlffi^^cntiaI  by  y=^%  ^^^  ^^^^^  convert  it  into  (3),  which  is 
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Cor.  If  it  were  poEsible  to  determine  this  factor,  tlie  integration 
of  every  differential  equation  of  the  first  order  and  degree,  could  be 
effected  without  serious  difficulty,  but,  unfortunately,  the  difficulty 
of  discovering  this  factor  is  usually  insuperalDle. 

164.  Prop.  To  exhibit  the  condition  or  equation,  tlie  solution  of 
which  would  give  the  factor  necessary  to  render  any  proposed 
differential  equation  esaot. 

Let  Pdx  +  Qd;/  —Q  be  the  given  equation,  and  s  the  required 
factor. 

Then  Pzdx  -\-  Qzd'j  =  0,  and  the  first  member  will  be  exact, 

dPe        dOz       , 
. ',  -— ; —  =  — 7 — ,  the  required  condition. 
dff  dx 

No  general  method  of  resolving  this  equation  is  known.  There 
are,  however,  several  particuliir  cases  in  which  the  factor  can  be 

165.  Prop.  To  show  that  when  the  factor  which  rendei-s  an 
equation  integrable  has  been  found,  an  indefinite  number  of  such 
factors  can  be  discovered. 

Let  z  be  the  factor  fii-st  found.     Put 

Pedx  +  Qzdy  =  du. 

Multiply  by  Fu,  an  arbitrary  function  of  m,  and  there  will  result 

Fu .  Pedtc  +  Fit .  Qsdy  —  Fu .  du  ; 

and,  since  the  second  tueniber  is  exact,  (containing  u  only)  the  first 

meniber  must  ho  exact  also, 

.  ■ .  z.Fu  =  s. Ff(Psdx  +  Qedy)  is  a  suitable  factor, 

166.  Prop.  To  explain  the  process  for  finding  the  required  factor, 
when  the  equation  can  be  separated  into  two  parts,  for  each  of  which 
a  aeparato  factor  can  be  found.     Let 

Pdx  +  Qd'!/  ~0 (1)  be  divisible  into  the  two  parts. 
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{PA  -t  Q^dij)  +  {I\dx  +  Q^dy)  ^0 (2), 

and  let  gj  and  %  be  the  factors,  which  will  render 

F^  +  Qyd'j  and  P^dx  +  Q^y  separately  integrable. 
Put  ^iiPjdx  -\r  Qidy)  =  du-^    and    ?g(P/a:  +  ^^i^ji)  ~  du^ 
Then  2i-^iMi  and  SjF^^  will  also  be  suitable  factors  to  render  the 
two  parts  separately  integrable.     If  therefore  we  can  so  select  ^,Wj 
and  i^^K^as  to  fulfil  the  condition 

either  of  those  factors  will  render  the  entire  equation  integrable. 
161.  1.  To  find  tlie  primitive  of 

^  +  ^_^  =  0 (1). 

This  can  be  resolved  into- the  two  parts 

adx       hdii          ,          cx^dx 
1 ■  -     and r~ : 

X  y  y" 

the  first  of  which  is  an  exact  differential,  and  therefore  s,  ^  1  ;  and 
the  second  can  be  rendered  exact  by  the  factor  y*  ;=  z^. 

■•■•'.=/['.(?+t)]=/(-?+t) 

-  a  log  ,i;  +  &  log  y  =  log  (a^".  j/*) . 
Hence  wc  must  endeavor  to  satisfy  the  condition  Hj^F^u^  =  ^^^^^ai  or 

Assimio   ii',[log(»V)]  =  («V)'     "i'   ^i{-i;'+\j  =  '''"' 
in  which  k  and  /c^  are  undeterminefl  constants.     Then 
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a  condition  which  will  be  satisfied  by  making 

kh  -^b     and     ha  =^  k^n,     or     A  =  1     and     k^  -. 
Hence'a;"^*  is  the  required  factor. 

Now  multiply  (1)  by  x''y^,  and  there  will  result 

ax"-'  y''dx  +  bx"y''~-'-  dy  —  kx"'^'^  dx  —  0, 
which  ia  exact,  since 

dy  dx         ' 

and  the  required  solution  is 


—  xdy  —  ydx  —  —  adx  =  0. 


This  can  be  resolved  into  -  xdy  —  ydx,  and  —  --  adx,  of  which  t!" 

first  will  he  rendered  exact  bv  the  factor  z,  -—  — ,  and  tlie  secon 

ay 
ie  already  exact,  givinjr  z^  ■=  1. 

.•..,=/l(i..,-,..)=/i*^-/*=log?*. 
•J  xy\^  I      ^  H  y      ''    X  X 

tt3  =  f{--adx)  =  --ax, 
and  we  must  satisfy  the  conditions 

■fi(log-)x-  =  l  XF^(-Iax). 
^\    "^  xl      xy  '>■     ' 


A 


and  .  ■  ■  -^2  (  —  o  "^■)  =  'T  ^'*" 
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Hoiioe  -J-  is  the  proper  factor. 

1    xdy       ydx       1    adm 

which  is  exaetj  and  the  solution  is 

J  +  ^-J+C-O       or       y+C;.3  +  |^0. 

168,  Prop,  To  determine  the  fiiotor  necessary  to  render  a  differ- 
ential equation  exact,  when  that  factor  is  a  function  of  one  variahla 
only. 

■    Let  Pdx  +  Qdy  =  0  ....  (1)  be  the  given  equation,  and  s  =  Fx 
the  required  factor. 

.  ■ .  ePdx  +  zOdu  ^  0  will  be  exact,  and  therefore 


difP)  ^  i(je)  ^_  _  __^_  _  ^^__  ^^^_  ^^__  _^^   ____  „„..„,.  _  _ 

dy  d^     '  dy 


z  does  not  contain  y,  and  therefore  —  =  0, 


^   dy  ~^  dx'^  ^'  dx'     '''    ^   ~  QLdy  ds:\    ^' 

Here,  by  hypothesis,  the  first  member  does  not  contain  y,  and 
therefore  the  second  member  must  be  independent  of  y  also.  Con- 
eequently 

fTdP       dQldx  ,  A^     ,  .     ,      , 

'"S  '^Jldi-^lQ^'^''  ""^  '='    '  '''^  '"^''''-''^  ^"^""• 

169.   1.  Given         ydx-xdy  =  0  .  .  .  .  (1). 

Suppose  3  to  contain  m  only, 

dP^^^  dQ^  d(-x)  ^_^ 

dy       dy         '      ds  dx 


r  dP      dQl  dx 


dy         dx  A  Q 
•2dx      , 
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Mi.ltiplj-iiig  (1)  by  i^  we  get 


jiii/c  —  xdy 


^  0     and     ^  ^ 


3.  The  linear  equation  dy  +  Xj/cfs  ~  XjC^s  =:  0. 

^                       „              dP      d[Xy~X,) 
Suppose.  ^.iP-:;..     .■--^--^ ^'- 

.  ■ .  log  2  =  fXdx     and    2  =  g/^Ji,    th(i  fiictor  sougiit. 
Multiplying  (I)  by  this  factor,  we  have 

ef^'^.dy  +  eJ^'i-'- Xydx  -  eS^'^^ X^dx  =  0,  which  is  exaet. 

Remark.  The  value  of  s  found  by  tbe  method  just  explained,  was 
obtained  by  assiiming  that  a  factor  containing  »  only  can  be  dis- 
covered ;  but  since  such  factor  may  not  exist,  it  will  be  proper  to 
appiy  the  test  of  integrahility  to  the  transformed  equation. 

170.  Prop.  To  determine  the  factor  necessary  to  render  a  homo- 
geneous differential  equation  exact. 

Let  Pd.>:+  Qd-!/  =  0.. (1) 

be  a  homogeneous  differenUiil  equation,  the  coefficienLs  P  and  Q 
being  each  of  the  n""  degree ;  and  let  the  factor  z  be  of  the  m"' 
degree.     Then 

^Pdic  +  zQdj/  =  0 

will  be  exact,  homogeneous,  and  of  the  (m  +  «)'*  degree. 

Hence,  by  the  rule  fur  integrating  homogeneous  exact  dilfcreiUial 

in  -|-  «  +  J 

m  +  «  +  1  p.  +  Sj      ■ 

or,  since  C  is  nrbiti-ary,  we  may  put  {m  +  «  +  1)  (7  ™  I. 
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ui tabic  fajator. 


Ex.  {xy  +  ,f-)dx  -  if-  -  xy)dy  =  0 (1) 

Here  xy  +  y'^  ■=  P    and     —  x^  -^  xy  =  Q. 


1 


1 


Fx  +  Qy        2j:y^ 

'2y"^'2x" 
.  • . \~  -logx  -{-  -logy  —  C,     or     - — h  log  {^If)  =  Ci- 

Geometrical  Applications  of  Differential  EguatioTis  of  tlie 
first  order  and  degree. 

171.  1.  Detei-niiiie  the  curve  whose  tangent  PT  is  a  mean  pro- 
portioiial  between  the  parts  A  T  and  BT 
of  itB  axis,  intercepted  between  the  tan- 
gent and  two  fixed  points  A  and  B. 

Place  the  o 


BI) 


-B,  and  put 

DP  -y,     BA-  a. 


The  equation  of  tiio  tangent  is  jf  —  i/^  —  -^—  ■  (x  —  a,), 


111  which  when         y  —  0,     x  —  x^ 
and  ''-'-^ 


PT'=FJ>'+J>T'  =  i/,'+!/;'j\- 
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Hence,  by  tlie  conditions  of  the  2'i-ob!em, 

PT^^BTxAT,     or     y.^  +  y,^'-^l 
I  dx,\  I  dx,  \ 

=  ("-''4ij{"--'"W.-"} 
Eeducing,  and  omitting  accents,  wo  get 

yM^  ^^  afld^  —  'ixyds  —  axdy  +  aydx, 
wliich  is  the  differential  equation  of  the  required  curve. 
This  may  be  written 

,  %xydx  —  x^dy  __     ydx  —  xdy 

and,  since  Ijoth  members  are  exact,  we  gel  by  integration 

?/  +  —  =  a-  +  C,     or     x^^y'-  —  ax—  C'y=\) :  or,  finally, 

which  is  the  equation  of  a  circle  whose  radius  is  -  -^/u^  -\-  C'^ ;  and 

the  co-ordinates  of  whose  centre  are  -u  and  -  C,  the  iatter  co-ordi- 
nate  being  arbitrary. 

2.  Find  the  curve  in  which  the  subtaiigent  is  constant. 

Let  a^i^/i  be  the  co-ordinates  of  the  point  of  contact. 

incn,  subtangcnt  ^  —  j/j  -    ■  ^;  —  a,     or     — ■=  — - 


Tliis  is  the  equation  of  the  logarithmic  curve. 

3.  To  find  the  curve  in  which  the  subtangcnt  is  equal  to  the  s 
of  the  abscissa  and  co-ordinate. 

The  differential  equation  of  the  curve  will  be 

—  J/  --  ^  a  +  y,     or     xdy  +  ydx  +  ydy  =  0. 
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•.  yi  -\-%xy  —  0,  &  hyperbola. 

which  the  suhiiornua  i 

constant. 

^y£'-=a.     .-.yd, 

—  adx. 

.-.  2/^  =  2w+  C,  ap 

arabola. 

,  in  which  th 

parameter 

1/'' 

a  may 

tak 

e^ 

^ 

■-— 

A,               fi' 

173.  Frop.  To  find  the  equation  of  a  trajectory  or  curve  which 
shall  intersect  all  the  curves  of  a  given  family  in  the  same  angle, 

Let  9(^,y,a)-0 (1) 

he  the  equation  of  a  class  of  curve 
any  vahie;  and  let  i;^tang^, 
where  /3    represents    the  con- 
stant angle  of  interr^ection. 

Suppose  a  to  take  a  parti- 
cular value,  dj  and    let  A^B^ 
be  the  partieuliir  curve  in  the 
general  class  resulting  from  this  supposition.     Then,  if  x-^y-^  denote 
its  general  co-ordinates,  its  equation  will  be 

(p(x,,y„a,)  ^0....{2), 

and  the  difierential  coefficient  ~,  derived  therefrom,  will,  when  an- 
plied  to  the  point  P,  express  the  trigonometrical  tangent  of  the  angle 
£TX  or  !>;,  included  between  the  tangent  FT  and  the  axis  of  x. 

Also,  if  a:  and  y  denote  the  general  co-ordinates  of  the  required 
trajectory  CFD,  the  differential  coefficient  ~,  given  by  its  equation, 
will,  when  applied  to  P,  give  the  tangent  of  PLX  or  v. 


ut                /3  —  Cj  — 

■    •■•""^=T+T 

n)j|t 

ITv 

by  substitution. 

*,      i. 

(__ 

-'     <",  ....(3 

dx,    dx 
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Now  at  the  point  P,  where  the  curves  A^B^  md  CPD  intersect, 
a^i  =  ce  and  y^  =  y.     Hence  y-^  can  be  cspi'cased  in  functions  of 
X,  y,  and  «i,  and  therefore  (3)  may  be  written  thus 
^Kj,|,..)  =  0...,(4). 

But  (2),  when  applied  to  P,  gives 

<f{x,y,a,)=0....{:>). 

If  then  ft]  be  eliminated  between  (4)  and  (5),  the  rcsTilting  equa- 
tion, being  independent  of  the  position  of  the  particular  curve  A^B^, 
■will  cipply  to  all  points  in  the  required  ouri-e  CPU. 

173.  1.  Determine  the  curve  which  cuts  at  right  angles  all  straight 
lines  drawn  through  a  given  point. 

Let  z^y^  be  the  co-ordinates  of  the  given  point. 

The  equation  of  one  of  the  straight  lines  pajsing  through  that 
point  will  be  of  the  form 


and  consequently 


fl-'lSlO.)  =  ».-»!.- 

-i:!j(ki  — -■Ea)—  0    ™'i 

<=t«»i»=».       .■ 

dy-^       dy 
dxi       dx 

dx      ^ 

Also  at  the  point  of  intersection 

y-y.  ~«i(.^-^'.)  =  o.....(2). 

Now  eliminating  Oj  between  (1)  and  (2),  we  get 
»  ~  %  +  ;^  (y  —  ^2)  =  0,     or     xdx  -  x^dx  +  ydij  —  y^Jy  ^  0, 
which  is  the  dilTercntia]  equation  of  the  curve. 
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And  \iy  integration  ; 


'^  +  :t!/^~  W-  0, 


or  {x  ^  x^f  +  {y-,j^f^20+  x^  +  y^\ 

Hence  the  curve  sought  is  a  circle  whose  centre  is  at  tlie  point  a:^,  y^, 

and  the  radius  arbitrary, 

2.  The  curve  which  cuts  at  aa  angle  of  45"  all  slr.iight  lines 
drawn  through  the  origin. 

Here  ,(»i,  tx.  ".)  =  J,  -  'V,  =  «■ 


l  +  o, 


,hj  ^ 


JJL 

.y    dy  _y 


45°  =  1. 
(1),     ami     y-o,..  =,0 (2). 


Eliniinatiiig  tt„    \+  --j-^-  —  --     or    xdx  +  ydy  =  ydx  —  xdy. 
This  being  a  homogeneous  equation,  it  will  he  rendered  exact  by 
multiplying  by   ■ 


Fx  +  Qy       .>■'  +  !/! 
xdx  +  ydy ydx  —  xdy 


'  +  y' 


.l.g[^]*: 


Put  y  —  rsm6,  w  =  )■  cos  (*  —  fl)  =  —  r cos d.    .■.)■=  {x'  H-  j^) 

ajid  ^  =  -  tan  d.     .  ■ .  log-  =  d     nnd     r  ^  ce", 

a:  (.' 

tlie  equation  of  the  logarithmic  spiral. 

3.  The   curve  which  cuts  at  right  angles 

all  parabolas  having  a  common  vertex   and 

coincident  axes. 
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.f-  ~  ^a,X  =  0  .  .  .  .  (2), 


This  is  the  ec[uatioi]  of  an  ellipse  whose  axes  liave  the  ratio  1 :  ^/%. 


CHAPTER    III. 

EQUATI0S9    OF    THE    miST    O 


174.  These  equations  contain  the  several  powers  of  the  coefficient 
~  to  the  n"*  power  mclusive  where  n  denotes  the  degree  of  tbe 
equation.     The  most  general  form  of  such  au  equation  Is 


:£+^|s+«is+*« +-|4 


which  equation  can  be  derived  from  its  primitive  only  in  attempting 
to  elirainate  the  n.'*  power  of  a  constant  c  between  the  primitive 
and  its  direct  differential.     For  the  direct  differential  contains  only 

if  we  suppose  the  primitive  to  contain  several  powers  of  the  same  con- 
stant e,  as  c^,  (?,•?•■■■  C,  and  resolve  with  respect  to  c,  there  will 
result  n  values  of  c,  fi-om  each  of  which  c  will  disappear  by  differen- 
tiation ;  snd  each  of  the  resulting  differential  equations  will  contain 

oil])'  the  first  power  of -—,  each  being  afactor  of  (]):    Hence  by  multiply- 
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iiig  together  these  w  equations,  we  shall  produce  (1).  If  thei-cfore 
wc  resolve  (1)  with  respect  to  -j-,  tliereby  ascertaining  Its  n  con- 
stituent factors  of  the  first  degree,  then  integrate  each,  annexing  ihe 
same  constant  c  to  every  result,  and  finally  mnltiply  the  results  to- 
gether, the  complete  primitive,  which  inchides  all  the,^  separate 
results,  will  he  ohtairied.  It  will  be  obvious,  that  in  order  to  render 
this  method  applicable  to  all  equations  of  the  first  order,  it  would 
be  necessary  to  have  a  process  for  the  solution  of  equations  of  all 
degrees. 

Unfortunately  no  such  process  is  known. 

175.  1.  To  find  the  complete  primitive  of  the  equation 

l^  =  -^- (')• 

Kcsolving  with  respect  to  -4—,  we  get 

|=+»....(^).     -      |=-«....(B). 
Integrating  (2)  and  (3),  and  annexing  the  same  constant  to  each, 

2/  =  M  +  c (4),     and     y  =  -  ax  +  c (5), 

either  of  which  satisfies  the  given  equation  (1).     It  is  j 

by  their  product. 

(2/  -  M  -  c)  (t/  +  a;r  -  c)  =  0, 

or  j/3  -  2fy  -  ««K^  +  c^  ^  0 (6). 

For,  by  differentiating  (G), 

%ydy — '2edy — 2o?xdx-=(),  and  c=;y . 

dy_ 

Tliis  value,  substituted  in  (0),  gives 

dx  dx  dx^ 
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or,  by 
■whith  i 

reduce: 

;iiial  w 

ith(l). 

t^ 

2, 

s-"  =  " 

.{1). 

dy 

dz 

=H..y,  „a 

=  -0 

y. 

.  • .  By  iiitegi 

■at  ion 

,4At., 

,  and 

!/  = 

-|.y+< 

:. 

■■(J 

-lA.-,, 

■A 

A*- 

-  t)  =  0, 

or 

(y 

—  c)^  =  jj.oa'  the  complete  primitive  of 

(1). 

3. 

-y  = 

^0.  . 

■  ■  (!)■ 

^v.._ 

=  -! 

^(yM-_^* 

.-.  di 

xdx  +  j(rf(/ 

.  ■.  it  =  +  (i"  +  i/>)'+t,  una  x=-(ifJrff  +  c. 
,-.  (^^t- vS^+1?)  (!-.+  •..■ +  !/•)  =  0,  or5>  =  o>-2ti. 
4.   Deterraiiie  the  equation  of  the  curve  whicli  li;is  the  property 

s  =  (.m^  by. 


dy-^ 


.2  -  1    df  ""  fis  -  1' 


and 


e  +  na:  +  c,     and     y  =  » 
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.  ■ .  ji^  =  m%^  —  li^j?  +  2cma:  +  c^. 

This  is  Ihe  eqiialion  of  twc  straight  lines,  which  iiitersfict  on  the 
ixis  of  y,  and  which  become  imaginary  whiin  a^  +  &'  <;  1.     Suppose 


.^vf--v/| 


3  +  S=  =  I,  ah  =  -  and  1  -  i^^  -■ 


.  ■ .   m  =  1      and     ji  —  0,      .  ■ ,   y  =  x  -{•  c, 
and  the  two  lines  become  a  single  line,  inclined  to  the  axis  of  s 
an  angle  of  45°. 

176.  When  the  proposed  differential  equation  cannot  Lo  resolvi 


he  principal  of  which,  will  he  examJaed. 

Cose  1st.  When  the  equation  contains  only  one  of  the  variables, 
ml  the  solution  irith  respect  to  that  variable  is  possible. 

be   the  variable  whicli   enters   into   the  eqnatiun.     Put 


But  since  dy  :=  p^dx,  an  integration,  by  parts  will  give 

y=p^x~  fxdp^ (2). 

Eliminating  x  between  (1)  and  (2),  we  get 

y  =Pi  ■  W'l  -  fWi  ■<ipi (3), 

in  H  hich  the  last  term  is  integrable  as  a  function  of  a  single  variable. 
Effecting  the  integration,  we  may  unite  the  result  thus 

y^-P'Pi (4). 

Thtii,  ellmlniiting  p,  between   (1)    and    (4),  wo  obtain    thu  desired 
relation  between  x  and  y. 

177.  This  method  may  sometimes  be  applied  advantageously 
even  when  the  more  general  method  is  applicable,  pi'ovided  the 
differential  equation  can  be  solved  more  easily  for  x  than  for -^■ 
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Ex.  To  find  the  primitive  of  tlw  diffBreiitial  cqimtio 
-1  =  0. 


dx^ 


H„,  .  =  .-—  =  , p...,,  (1) 


-  f  Jl\ 

.'  i 


1  +  ef 

B„tfrom(l),      A  =  ('^)*     ...cl      '  +  ft"  =  J 
and  these  values  reduce  (2)  to 

178,  When  the  equation  (still  supposed  to  contain  x  only),  cannot 
be  resolved  eitlier  for  .-e  or  ^j,  we  may  substitnte  xz  for  ^j,  and  wu 
ran  then  divide  eveiy  term  by  a  power  of  «,  thereby  depressing  the 
degree  of  the  equation,  except  in  the  case  where  there  is  an  absolute 
term.  If  tlien  the  depressed  equation  can  be  solved  for  x  or  :■,  wc 
shall  have  either 

dy 
X  =  <fz,     and    p^  -  £  =  z-f^, 

.-.  dy  =  z.ifz.d{(^z\     and     y  ^J e.-^z.diofz), (-5), 

-  =  ,.  and    r=i--,^, 

.- .  dy  =  vieidx  1     j  =  fx  nfx.dx (6). 

In  the  iirst  case     e  e!  n  e      be  v  on  (5)  and  x  =  tpz.     In  the 

second,  the  desired  relit  t      d       (C) 

Ex.  x'  +  L^       ax^  ^  0. 

dx^  ax 

Put     jj,  =  xz,     then      «■<  +  x^2^  —  ax^s  =  0,      and 


-  l  +  z- 


-l-rf^-  "-rf^^tfj-f^- 
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-  exprfsse";  the  rolation  be- 


This  relation,  together  with  x  ~ 
tween  x  and  y. 

179.  Case  2d.  When  the  equation  is  homogeneous  with  respect 
to  X  and  y. 

Let  II-  denote  the  degree  of  the  e.quatiun  in  x  and  y,  and  put 
y  —  X2,  then  the  equation  will  be  divisible  by  s",  and  if  the  trans- 
formed  equation  can  he  solved  for  z,  we  shall  have  a  result  of  the 
form 

?  =  ifPi,      .  ■ .  ffe  —  d{(f,pj).      But     y  :=ag,     .■ .  dy  =  xdz-\-  zdx, 
or,  dy  =  x(!(ipp,)  +  ip^jjrfa;,     or,     p^dx  =  tcd{<fp^)  +  (pp^dx, 

X       Pi  —  ipp^  J  p^  —  ^Pj         -^" 

This  combined  with  y  =  x-^pi,  gives  the  desired  relation  between 
X  and  y. 

-^^-  y  —  «J?,  —  VT+  p^^ .  X. 

Put  1/  =  xz,     substitute  and  divide  by  cc,  then 


,  =  -/l  +  p 


-  -i/r+i>i^  dz:^dpi+  .-^-^ 


-/fH-?;,^' 


Zi^l'i_ 


p,d:i;  ^  dy  =  :cd!^  +  -dx  ^  xldp,  +  --pJ-_^\+{p^+  y^i+Tp^^y^^ 


\/l+p 


dx  dpi  P-idpi 

-  1oe(?,  +  vT+p?)-  iiig(i  +  ?,■)*+  log  • 


the  desired  relation. 
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ISO.    Case  ^d.  Let  tlic  foi-iii  be 


^='l+'(l>  ■■■<')• 

which    ffif-/ 1  does  not  coutain  nr  or  y. 

B,a.ft,,„.».»„,|  =  p,=ft  +  .!|?  +  |;! 

■■■('+t)'==«- 

This  is  satisfied  citlier  bj  maidiig 

^  +  ^,=  0 (2),      or,      t-'=»-' 

...  (3). 

Knw- the  (lifferentiii!  coefficient  -^^  in  (2),  contains  only  ^.^.j  since 
ipp-^  does  not  contain  x  or  y,  and  therefore  (2)  contains  only  x  and 
^([.  If  then,  we  eliminate  p^  between  (1)  and  (2),  the  result  will  he 
a  rehition  between  a:  iind  y.  But  this  relation  cannot  be  the  com- 
plete primitive,  because  it  contains  no  arbitrary  constant.  Wo 
must  then  refer  to  the  condition  (3),  which  gives  by  integration 

p-^  =:  C,  a  constant. 

It  appears  then,  that  in  the  proposed  equation,  whicli  is  Icuown  as 
ClairaiiU'i  form,  the  complete  primitive  is  obtained  by  sinipiy  re- 
placing   -~  by  nn  arbitrary  constant. 


.&'(■.   1.  To  find  the  primitive  of 


.,*= 


,j-a  =  „{i  +  c'). 
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The  correctness  of  this  solution  is  easily  verified ;  for  by  differen- 
Jating  (2)  we  got 

%-"  =  " » 

md  by  eliminating  C  between  (2)  and  (3),  we  obtain  (1). 

■2.    yd^~a:dy^a{dx^  +  dy^)^,  or,  y  ^  J^ +(x +'^-f\^ a. 


181.    Case  ilk.  Let    y  =:  Fx  +  Q, (!). 

when  P  and  Q  are  fanotions  of  pj. 

By  differentiation,     dy  4=  p^dx  ^i  Pdx  +  xdP  +  dQ. 

■■■     ip,~P)dz-xdPr=dQ,     and    dx  A — dP  =  --^^. 

P  —  Pi  i'—Pi 

Tliis  being  a  linear  equation,  its  solution  is  of  tlie  Ibrm 


^^r-^^f  //^  ^^ 


^  i^i- 


Hence  if  ^i  be  eliminated  between  this  and  (I),  tlio  result  will  b 
,  relation  between  x  and  y. 
182.  1.  y=Pi^T.+p^^....{\). 

dy  —p-^dx  =.p^dx  +  'ixp^dpi  +  '^Pi^py 
.  ■ .  (1  -  Pi)dx  -  2xdpy  —  Idp^. 


.  dx  +  ^  - 


2dpj^ 
~Pi  ~  l' 


'  =  (,,^l)»     and     ,     "   '  = 
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1 


if'Klh  -  1)*,  =  7 


-1. 


Pi  =  1  + 


^;     .„dfrom{l),    y,  =  j£=. 

/I  +  »■  vtt; 

!,  =  (l+y,)j+p,'....  (1). 
Pii^a  =  (1  +  pi)dx  +  xdp^  +  2pitlp^. 

.  dx  +  xdp^  =  -  S^i^-i,    and    K  ^  e"^^'''  [-/2e^^^'  .iJii^^JjJ. 

/^?i_/.^    and    Se^'p^dp^  =  (^'{p^~\)  +  G^. 

.-.  a^3(l -ji,)  +  C'^"'"'    where     C=-Ci; 


.  ■ .  By  eliminating  ^,  we  get 


0  =  2  T  i/*7^  t»  +  ;i' +  a"  . 

3.  !/  =  >'(j>,  ~  1/1+ r,")..  ■■(!). 

In  tills  example  Q  =  0,  and  by  differentiation 
^i(£r  —p^dx-\-  xdpi  —  ^/l^^^  di:  ~  p^>:(l  +  p^^)     d^ 


-  (?^i,  the  integral  of  which  is 


i+ft' 


But  from  (1),  p^x  —  iry  1  +pi^  ^  y. 


rfr  +  l.-l)/!  -?,=  =  «■■■■  (2)- 

y(«  -  ■') 
-d    vT+p,.  =  -jj5:L.  .-.?.'= -L_ 

,  ■  .  y^{x^~  2c,li)  ^ 


i(2.-„)'-..'(2«-i)' 
(2e  —  x'f,    or  finally    x^  +  y'  =  2ck. 
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183.  Differential  equations  may  be  regarded  as  resulting  in  all 
cases  either  from  the  immediate  diiFerentiation  of  their  primitii-es  or 
from  the  elimination  of  constants  hetweeii  the  primitives  and  their 
direct  differentials. 


184.  TakiEg  the  latter  and.  more  C' 

F{z,i/,c)=<}....{i) 
be  the  complete  primitive  of  the  differential  equation 

,(„,!)=«... .(.,, 

where  (3)  has  ariseu  from  an  elimination  of  the  constant  c  between 
(1)  and  its  immediate  differential 


p3^  =  o....(„. 


Now  if  the  constant  c  were  replaced  in  (1)  and  (3)  hy  any  func- 
tion of  X  and  y,  the  elimination  of  this  function  would  necessarily 
load  to  the  same  equation  (3). 

If  then  it  be  possible  to  replace  c  by  such  a  function  of  x  and  y, 
in  equation  (1)  as  shall  give  by  differentiation  a  result  entirely  simi- 
to  (S),  after  it  has  been  modified  by  a  like  'substitution  of  this  func- 
tion of  X  and  y  for  c;  then  the  elimination  of  that  function  would 
necessarily  lead  to  (2)  the  proposed  differential.  Hence  equation 
(1)  with  tie  value  of  c  so  replaoed  may  be  properly  considered  an 
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ititcgral  of  (2) ;  although  it  Is  essentially  different  in  form  from  the 
ordinnry  integral  (1),  in  which  c  is  an  arbitrary  constant. 

Such  a  solution  of  a  differential  equation  is  called  a  singular  solu- 
tion or  a  singular  integral,  while  the  term  particular  integral  is  ap- 
plied to  each  of  the  results  obtained  by  substituting  various  constant 
values  for  c,  in  the  general  integral. 

185.  Prop.  To  determine  the  conditions  necessary  to  render  pos- 
sible a  singular  solution  of  a  differential  cijuatiou. 

Let  the  ordinary  primitive 

F{^,y,c)  =  0 {]) 

be  differentiated  regarding  c  as  variable,  and  there  will  result 

L       dx       A^         dc        '  \dx] "    ' 
and  to  render  this  equation  identical  with 


i  obtained  by  supposing  c 
dl'(t):,g,c)     /dc 


Nov!  (a)  is  satisfied  either  by  making 

^'=« (*>■  °-  (9- (^)- 

The  condition  (5)  gives  c  =  constant,  and  therefore  (4)  can  alone 
supply  the  suitable  variable  value  of  e. 

The  equation  (4)  may  give  several  values  of  c,  and  tbea  there 
will  be  as  many  singular  solutions. 

186-  It  nuist  be  observed  that  the  value  of  c  clerivBd  from  (4), 
is  not  necessarily  a  function  of  x  and  */,  or  of  either :  for  if  c  he 
connected  with  a:  and  i/  only  by  the  signs  +  an<i  — ,  those  variables 
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will  not  appear  m  (4),  and  consequently  the  values  of  e  derived 
from  (4),  will  be  constants  corresponding  to  pai'tioular  integrals,  aiid 
not  singular  solutions, 

187.  And  again,  tlie  derived  values  of  c  may  ha  functions  of  a' 
and  t/,  and  yet  not  variable.  For  if  the  primitive  (1)  lie  solved 
with  respect  to  any  constant,  as  a,  appearing  in  it,  the  result  will 
assume  the  form 

«=yi;.,y,«),....(C); 

and  if  by  assigning  any  particular  value  to  c,  this  value  of  a  should 
become  either  identii:al  with  that  of  e  given  by  (4)  ;  or  if  the  latter 
be  a  funetioE  of  the  former,  then  e  will  be  invariable,  and  tliei'efora 
will  not  correspond  to  a  singular  solution. 

188.  if  we  solve  the  complete  primitive  (1)  for  x  and  y  succes- 
sively, the  results  may  be  written  in  the  forms 


^=/{y,c) (7).         y=A{^,c] 

1 (S). 

Which  differentiated  with  respect  to  c,  give  (sin 

ce  the  first  members 

do  not  eontmn  c) 

•nil.  4^ ... 

dc  '         dc  '     '    '    dc 


=0,  "-"r  '=-.&, 


That  is,  if  the  primitive  can  be  solved  with  respect  to  x  or  y,  we 
may  differentiate  either  of  those  values  with  rei-pect  to  c,  placing  the 
result  eijual  to  zero  Thus  (*>)  or  (10)  may  be  employed  nistead 
of  (4),  when  more  convenient,  m  obta  unig  those  values  ot  r  whidi 
give  singular  solution? 

189.  It  may  be  observed  that  no  difteiential  equation  ot  the  first 
order  and  iirst  degiee  cin  have  a  singular  solution,  foi  suth  equa- 
tions have  complete  pr  miEives  containing  only  the  first  povvois  of  e, 
and  these  piimitives,  when  differentiated  with  respect  to  c  give  a 
result  (4)  independent  ot  c  which  result  cannot  turnieh  a  \  tlue  of  c. 

190.  The  relati  n  conneaiug  the  complete  jimiifve  h  ththe 
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siiiguiar  solution,  can  be  illustrated  geometriwUIj'.  For  the  foi-mer 
always  represents  a  series  of  curves  of  the  same  class,  in  which  c  is 
the  variable  parameter,  and  as  i he  process  for  obtaining  the  equa- 
tiun  of  the,  envelope  of  these  curves  is  identical  with  that  by  which 
we  find  the  singular  solution,  it  follows  that  this  solution,  must  repre- 
sent the  envelope. 

191.  1.  Required  the  singular  solution  of  the  differential  cqurLUon 


This  example  belongs  to  Clairaiilt's  form,  and  thcrcfoi'e  the  com- 
plete integral  is 

,  =  ,.  +  .{l+c')*....(3)- 
.-.  '.|  =  i  +  .<l  +  ='f*=0,     and     .  =  -    //_,,- 
This  value  substituted  in  (2)  gives 
y  =  -  -y=~  +  «  \/l  +  ^^,,    .-.  -/^  +  .^^  =  «=,....(3). 

Tlius  the  general  solution  (2)  represents  a  series  of  straight  lines 
all  tangent  to  the  circle  represented  by  the  singular  solution  (3). 
2.  yp^  -f  S.-Kpi  —  y  =  <i. 

The  general  solution  of  this  e:iarap!e  lias  been  found  to  be  (p, 30(5) 

~  '     ■    ■    rfc  ^  yV^  _  2ea  ~    ' 

This  value  substituted  in  the  general  Integral,  gives 

y^  ■=  x^  —  33;^,     or    y'^  ->t-  x^  =  0,  the  singular  solution. 

The  general  integral  in  this  example  represeats  a  series  of  para- 
bolas  which  do  not  intersect,  and  therefore  the  singular  solution  can- 
not, in  this  case,  represent  an  envelope. 
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.0,        or,      y=.p,^^^ (I). 


This  is  ClaJraiilt's  form,  and  therefore  the  general  solution  is 

y  =  c.  +  i- (2).      .•.f  =  «-|,,  =  0,    ...a    c=Jf 

This  value  in  (2)  gives 

y  ~  Y  2  S"  +  V^  ?^  =  2  y  g  gE,     or     y^  =  2q^. 

Here  the  singular  solution  represents  a  parabola  tangent  to  a 
series  of  straight  lines  represented  by  (2). 

192,  In  the  method  of  finding  the  singular  solntion  of  a  differential 
equation,  just  explained  and  iOnstrated,  it  has  been  supposed  that  the 
general  solution  of  the  equation  was  known ;  but  when  it  is  not 
given  we  require  the  following  proposition. 

193.  Prop,  To  determine  the  conditions  by  whioh  singular  solu- 
tions of  differential  equations  may  be  found,  without  first  determin- 
ing their  complete  primitives. 

Let  V  ^F{x,y,  c)  =  0 (1), 

be  the  complete  primitive  of  the  diffei'cntial  equation, 

u^  =  iJ^j(«,  3/,^i)  =  0,  .  .  .  .   (2}  ;  and  suppose 

«.=  [^^]  =  -'.(-«^.)  =  » w. 

to  he  the  direct  differential  of  (1). 

Also  let  U  =  f{x,y)  =z  0 (4)  be  the  singular  solution  of  (2), 

^.  =  [%^]=/'(-)  =  «- ■■•<»)■ 

the  direct  differential  of  (4). 

Now,  whether  we  eliminate  c  between  (1)  and  (S),  or  eliminate  s 
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certain  fimetion  of  fc  and  y ;  "viz.,  trhe  value  of  c  (expresseii  in  terms 
of  »  and  !/),  derived  from  tlie  coiiditioB 

between  (4)  and  (5),  the  result  will  be  (2)  or  its  equivalent. 

Let  (3)  be  solved  with  reference  to  c,  giving  a  result  of  the  form 

«  =  »(»>  Ml) (6), 

and  let  this  value  be  substituted  in  (1)  ;  we  shall  thus  have  (2)  or 

its  equivalent  under  the  form 

^  =  F{x,,j,^)^0 (7), 

where  <p  is  put  for  (p{a:,y,Pi) ;  for,  by  hypothe.'sis,  (2)  is  the  result  of 
the  elimination  of  the  constant  c  between  (1)  and  (3). 

Now,  since  (2)  and  (7)  are  equivalent,  the  elimination  of  p-i 
between  them  Inust  lead  to  an  identical  equation  in  x  and  y;  that 
is,  an  equation,  which,  being  true  for  all  values  of  x  and  j/,  does  not 
imply  a  relation  between  them. 

Let  3>,  =/(^,j) (8) 

be  the  result  uhta'  ed  by  so]  'ng  (3)      th  le  pect  to Pi 

Tl  9    al  e  &ub     t  ted       (7)  g  ves  tl  e    de  t  cal  equif    n  b     re 
refer  el  to     vl  ch  can  be  dffeie  tated  w  th  respect  to  t    nl 
sue  e  ^veb,    IS  tho  gh  they  vere    nlepenlert  i  r  able*  e  tl  e 

equat  on  does  >  ot  mply  anj  rel     on  or  mutuil  depende 
the 

Then  d  fferent  at  ng  (7)  alb  g  tl"  t  ip  r 

whle_p   =f{v    )    veget 

dii      du   dip      du    dtp    dpj 

dx      dip    dx      dp   dpi    dx         ' 
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jdu      du   d^\   _    Idu    dip  \ 


du   dv\    _    /dti    dq)  \ 
df   dx)  '   Wgj   dp^r 

dy  \. 


dp-,  Idu      dit   difi\       (du     dp  \ 

But  when  the  solution  is  singular,  we  have  the  condition 

d((i~  dc         '  '    '  dx  '  dy  ' 

or  ^-  =  0   and  -f-  =  0. 

If  pi  be  ehminated  between  either  of  the  last  two  equations  and 
(2),  the  result  will  be  a  singular  solution,  provided  it  satisfies  (2). 
Thus  we  can  find  the  singular  solution  without  previously  finding 
the  general  solution. 

Or,  again,  from  (2),  wo  have 

\jix  J       dx        dy     dx      dpi  \dx        dy     dx/ 

and,  since  the  divisor  is  infinite,  when  the  solntion  is  siogular,  i 
shall  have  the  condition 


(du^       du^    dyX    _    Idp^       dp^    Ay\ 
dx        dy     dxj  '    \da        dy     dx} ' 


dp^ 
which  will  give  suitable  values  of  jJi  to  be  substituteij  in  (2),  in  order 
to  obtain  singular  solutions. 

194.  I.  Find  the  singular  solution  of  the  differential  equation 
Mj  =  xp^  —  j/^i,  +  S  ^  0  .  .  .  .  (1), 
without  previoiasly  finding  the  general  integral. 

DifterentJating  «2  with  respect  to  ^i  and  placing  the  result  equal 
to  zero,  we  get 
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this  substituted,  in  (1)  gives 

■£--|^  +  '  =  »'   «   o'-i'^^o P). 

This  equation  satisfies  (1),  as  will  be  seea  by  substituting  for 
X  and  j>i,  their  values  i^erived  from  (3). 

i^-(fr-Kf)+-»' " '-— »• 

iin  identical  equation.     Hence  (2)  is  a  siiigiihir  solution. 

..         ..  =  .+  (,-,)  |+(.-.)(|)-=o, 

or  Wj  =  y  +  (y  -  a;)iJi  +  (a  -  s;)_Pi=  =  0 (1), 

This  value,  substituted  in  (1),  gives 


:  {x  +  y)3  _  4ay  _.  d_ 


This  satisfies  (I),  and  is  therefure  a  singular  solution. 
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195.  Difl'erential  equations  of  tho  second  oi'dcr,  when  presented 
n  their  most  general  form,  include 


/        dy      dh/\ 


Of  these  comparatively  few  admit  of  being  integrated,  and  there- 
fore only  such  partieular  varieties  of  the  goneral  form  as  admit  of 
integration  or  reduction  to  a  lower  order  will  be  examined. 

!96,   Case  1st  Let  the  equation  in^ 

,1.  m. 


-  F^x  :=  X.      .  ■ .  y^  dx  ^r  Xdx,  and  by  integration, 


and,  y  =  fX^dx  +  fC^dx  ^  X^+  CjX  +  C^. 

The  constants    Cj  and  0^  being  arbitrary. 


db,  Google 


412  INTEGEAI,    CALCULUS. 


^_!?^  _  ^r=  -  ft         m-        tl  - 


198.   Case  2d.  Let  the  equation  involve  only  i/  and  -j-|,  the  form 


-(^^S)= 


Bcsolviiig  the  equation,  if  possible,  with  respect  to 


•Pf 


dhj      dp,       dp,    dy 
dj?  dx^       dx       dy     dx      ■^'  dy' 


1 


and     dx  =  — ^ .  and  the  viiriaWcs  are  separated. 

V^r,  +  C  . 

m.£^.p!, ^  =  0,     or     ^^f^  =  _L. 

aa;        y^  rf.t?-       de       y^ 

Then    w.-^-'— -^^,  a', -r -'*''=:  ^^=.. 

V  y" 

...  i.  =  _Vii^. 

To  integrate  this,  put     '/y^T/h  —  -^,     .-.    y~{z~^/hf. 
*/  =  2(.-V»)4,,     and      ...    At  =  *^''  -ygj;. 
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200.   Case  3rf.  Let  the  equation  iiii'dlve-^    and    ^-^     only,  the 


EBSolviiig  with  respect  to  j^  if  possible,  wo  have 

This  is  an  equation  of  the  first  order,  which  being  integrated  gives 
dp. 

Hence,  by  eliminating  p-^,  we  obtain  a  relation  btit 

«»i-^-        «g  +  (>+S)'=»- 


(!+?,•)' 


Hence,  by  eliminating  ^j,  we  got 

302.    Case  4;A.  Let  the  equation  involve 
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Replacing  -j~  and  yj-  by  p^    and    -A-,    the   proposed    eq^uatioii 
reduces  to 

^(.P„t)  =  o....(.). 

which  is  of  the  first  order  between  x  and  pj,  and  must  therefore  be 
resolved,  if  possible,  by  soiiie  one  of  the  methods  applicable  to  such 
equations. 

Thus,  if  the  eijuation  (1)  can  be  solved  with  respect  to  x,  giving 

=■  =  ^J, (2), 

we  shall  have,  since     y  =  Jp^ds  =p-^x  —  fxdp^, 
V^Fi^-f-P\p,dp, (3); 

and,  by  eliminating  'pi  between  (2)  and  (3),  the  desired  relation 
between  x  and  y  wUl  be  obtained. 

Or,  again,  if  (I)  can  be  solved  for^,  giving 

f,  =  J',^' (■!), 

then  y  =:  fPidD  =  fFi^ .  dx,  the  integral  sought. 

If  neither  of  these  suppositions  be  true,  we  can  only  resort  to 
some  one  of  the  expedients  exhibited  in  the  foregoing  chapters. 


««3-  "'■       i,  i.. 


and  by  integration 

{i  +  P.'f 
■  •  r,'     (4"  -  »■)'  (4-  -  'V 
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_  (^ ^^i:h! - 

,  • .  w  ^   /  —  .  tne  aesivea  relation. 

204.    Case  bth.  Let  the  equation  involye  y,  -j-;,  aad    -j--  only. 


4>I'S)=«- 


By  a  substitution  similar  to  that  adopted  in  the  last  case,  we 
B,„  ^  =  *l.f^=ft$l,  n4b,«>b.ti.„tion 

.■.4...4)=^(...,t)=o. 

which  is  an  equation  of  the  firat  order  between  y  and.j^j. 
By  substitution  -yi-  —  y  —  inp-^  —  0. 

or  by  making  fj^  =  2s,  and  consequently  "p^^f^  =  (^2, 

This  la  a  linear  equation  of  tlie  first  oi-der  and  first  degre 
therefore  integrable. 

206.    Case  6tk.  If  we  reckon  (as  usual)  x  or  y  as  of  the  ( 


-d  by  Google 


416  r>'Tj:GBAL    CALCULL-S, 

dimension  —  1,  tlien  every  equation  of  the  second  order  which,  upon 
this  supposition,  ia  honiogeneoaa,  may  be  reduced  to  an  equation  of 

the  first  order,  by  making  y  =  vx  and  -3-^  =  -■ 

For,  if  n  denote  the  degree  of  the  coefficients,  the  terms  contfiiu- 
if'K  T-^  must  have  a  factor  of  the  degree  n  +  1,  and  those  contain- 
ing  -J-  must  have  factors  of  the  degree*.  Hence  after  substituting 
the  assumed  values  of  y  and  -r-j ,  every  terjn  of  the  equation  will 
necessarily  be  divisible  by  x",  and  thus  ^  will  disappear,  leaving  an 
equation  between  i^.s,  and^j,  of  the  general  form 

F(v,  .,p,)  =  0  .  .  .  .  (1). 
Bitt  dij  =  p-^dx  =  vdx  -\-  xdv.     .  ■ .  -^  = 

AI.„       $!=!.     , 

dx       A- 

or  by  substituting  the  value  of  s,  obtained  by  resolving  (1),  an  equa- 
tion of  the  first  order  will  arise  between  v  and  ^j,  from  which  p, 
may  be  found  in  terms  of  v.  Then  by  eliminating  p^  from  the 
equation 

end  integrating,  we  shall  get  log  x  =  (pv. 

Lastly,  eliminating  «  between  this  result  and  y  =  vx,  the  desired 
relation  between  s:  and  y  will  be  obtained. 

Aiakiiin  -^  =  ~     and     ?/  —  vx     wo  set 

xz  —  «^j  —  Zvx  =  0     or     s  ^  p,  —  3u  =  0. 


db,  Google 


,   EQUATIONS,  417 

.  ■ .  g  —  j5j  +  3u     and     {p,  +  Sv)dv  ~  {-pi  —  v)dp-^, 


=  V4.. 

+•5 

+  36'.     H«nc6 

V4.= 

^^ 
and 

^  +  2(J1. 

V4. 

>  +  3C 

2  +  SC).     But  V 

M  +  JW: 

2(7(7, 
4.^     ^  "■' 

'-  +  '20 

.3            * 

5J^  +  2(7. 
(7(7,       J 
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!    DlFFBRESl'lAL    EQUATIONS    OF    THE    HieHEE    011DRR3. 

208.  The  integration  of  differential  equations  of  an  order  higher 
than  the  second  m  attended  with  diffiwilties  still  greater  than  those 
which  have  been  overcome  hitherto,  and  in  consequence  the  number 
of  integrable  forms  is  very  restricted.  The  following  exhibit  a  few 
of  the  simplest  cases. 


1st,   Let  the  form  be     -F(;^,     ■:^^ )  ^  0. 


Put       -7 — ^  =  M,     then 


4>S)-. 


which  is  an  equation  of  the  first  order  between  u  and  x.     This  beiiifj 
resolved,  gives 

W  -  i^,a:.      .  ■ .  ^^  =  I'\x     and     ;/  ^  /""'i^i^ .  d.<:''--\ 


)9.  Next  let  the  forir 


/dy      d<'-"~>/\ 


=  0. 


d'^y       d'^v,         ,  ,         ... 
-j-^^  -r~^,    and  by  sufcistitutio 


/<^^«..\    ,0, 


sc  integrable  form  of  tlie  second  order,  whidi  has  Ijeeii  already 
examined. 
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210.  1.  Let 


rfV 

d^y 

dx* 

d^^ 

' 

dhj 

du 
dx 

or   dx^ 

=  udu,    i 

and     : 

=  -/ii  -  2(?, 


g-^P^^'-^^M-*^^^^-'^. 


-  =tt^  +  (7,     and     (fc  —  —        — - 


dy        .    ,  f      udu  , .._._      ,     _ 
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Thou,  to  eliminate  u  between  (I)  and  (3),  we  get  from  (1) 

f^e^  =u  +  yAF+^v      C.J'e'''  -  %uC^t^  +  «3  zz:  «'  +  G^. 
C  2,2.  _  Cj 


which,  substituted  in  (2),  gives  a  result  whidi  may  be  written  in  tlie 
form 


CHAPTER   VII. 

ISTE ORATION    OP    SIMULTANEOUS    Bll'lJiaENTIAL    EQUATIONS. 

211.  In  the  applications  of  the  r  1  !  to  Phy  ■»!  \s  on  y 
it  oeours,  not  unfrequeiitly,  that  se  e  il  varalles  as  y  *c 
are  connected  by  co-exiateiit  relat  s  tl  e  nu  be  of  ^uel  rel<it  o 
being  one  less  thira  tlio  number  of  \a  alles  a  d  the  object  [  ro 
posed  is,  to  deduce  equations  which  si  all  e  [  es's  the  val  es  of  -c  y 
&c.  in  terms  of  the  remaining  var  able  t  The  foil  v  ng  solut  n  of 
some  of  the  simplest  cases  of  s  ch  q  it  s  as  at  g  e  I  v 
D'Alembert. 

212.  Pi'op.  To  resolve  the  system  of  equations, 

, .  *  J 

dt 


A'^,  +  B'JL+a+J,,j=T, 


in  whicli  A.,  5,  C,  D,  ^„  5„  0^,  and  D^,  are  constants,  and  T  and  Tj 
fljuetioKH  of  (;  so  as  to  express  ar  and  y  in  terms  of  /, 
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Elimiimtiiig  first  ~^  and  then  -^,   we  can.  reduce  the  proposed 

equiitioiis  to  the  forms 

il+oi  +  i,=  r,....(l),     md     ^+af+lj,,j=T,...(2), 

in  which  T^  and  T^  are  also  functions  of  t,  and  a,  b,  o,  6j  are  coiistauta. 
Multiply  (2)  by  an  undetermined  constant  m,  and  add  ihe  resulting 
product  to  (1). 


m  given  by  this 

J.     Then 

^  (..  +  m,y)  +  r,  {x  +  ™,^)  -  T.  +  "h  T,, 

-- (a;  -)-  ^i^y)  +  r, {x  +  pj^j)  :=  2^  +  m//;. 

These  being  linear  equations  of  the  fii'st  order,  their  solutions  will  be 

*+«»i!/— «"'■'*  \_fe''-'{T^-\-m^T^dt\  1  from  which  «  and  y  may  be 
x-^vi^:=e-'-''  [fe'-''  {T^-\-'m^T^)di\  [found  in  terms  of  (. 

213.  Ex.  Let  J  +  4y  +  5k  --=  e',  and  J  +  ii:  +  2^  -  ^''  bo  tho 
proposed  eq^uations. 

Aa  these  have  the  forms  (1)  and  {2}  of  the  last  article,  we  miil- 
tiply  the  second  by  m,  and  add. 

•  ■  •  1  (* + "»'  *-  p + ")  {' + V^') = '' + """■ 


Now  deter m 

.me 

ni  by  the  conditiou    in  =  ——- 
ma  +  M^a,  —  b  —  mb-^  =  0, 

and  suppose  v 
niuadratiCt 

nd  )»2  to  bo  tho  two  values  c 

Also  put     a 

+ 

!B,«,  =  I-,     and     a  +  m3<(i  = 
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4  +  2m 
Put  "'=r+m"'     "     '»'  +  3'»=4- 

.  ■ .  m^  =  1,     and    Mj  z^  —  4,  ij  ==  5  +  1  :^  0,  j'^  =  5  —  4  =  1, 

.-.»■  +  »  =  r"[/."(.'  +  ,"}dq  =  ^'  [is"  +  i."  +  e] 

.>-4j=.-'[/.<(.'-4<")<*]  =  '-'[i<"  -J'"  +  6-,] 

-5'      5'    +"••    ■ 

from  which  ^  and  y  are  readily  found. 

314.  Prop.  To  integrate  the  system  of  oqiiatioiw, 

-J  +  {A,x  +  £,P  +  C^)  =  y,  .  .  .  .  (S), 

in  which  A,£,  C,  &c.  are  constants,  and  F,  '1\T^  fjiictions  of  (, 
Multiply  (2)  by  m,  and  (3)  by  n,  and  add. 

Hence,  if  we  put 

X  -\-  my  +  fts  =  V,     and     A  +  A^m  +  A.^n  —  M, 
and  determine  m  and  n  by  the  conditions 

B  +  B^m  +  B^i         _C^C^m^G^ 
^      _d  +  A^m  +  ^jw'     "       'a  +  ^iTJi  +  ^2!(,  "  '  '  '  ^  '' 
the  equation  will  assume  tiie  foiin 

-^  -]- Mv  =  T ->r-  T^m  +  'i\n,  which  is  a  linear  equation. 
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This,  being  integrated,  will  give  a  relation  between  v  and  t.  Also, 
in  finding  the  values  of  r/i  and  n  fi-om.  equation8{4),  two  cubio  equa- 
tions will  arise,  and  therefore  each  of  these  quantities  will  have  three 
values.  Deaoting  them  by  »»i,ra2,  and  iWj,  ni,)!^,  and  Wg,  and  represent- 
ing llie  three  values  of  the  second  member,  after  integration  by 
(7„  t^j,  and  fg,  there  will  reswlt  three  equations  of  the  form 

^  +  "*!?/  +  'h^  —  ^11 
a:  4-  m^j/  +  n^z  =  Pj,, 
a  +  wigi/  +  n^g  =   f/g, 
from  which  a;,  y,  and  s,  can  be  found  in  terms  of  t, 
215,  Priy>.  To  integrate  the  system,  of  equations. 

^  +  .«  +  I,!,  +  c  =  «....(l). 

|f  +  V  +  S,!,  +  .,  =  0....(2). 

Multiply  (3)  by  m,  and  add.     Then 


tud  the  equation  will  reduce  to 


The  integral  of  this  equation  is 

Hence  if  mj  and  m^  be  the  values  of  m,  deduced  froiii  the  assumed 
relation  of  ra  and  the  constants,  tJien 
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^  +  lh'J  +  -f— "  =  ''l'"'  +  "''" 


'  +  'iitii+   1  "-  (?,«"■'+ e,«—'. 


&  +  mJi      —  4  -  8;« 


»  +  5» 


o  +  ma,       -  3  +  m 
=  —  1,     and     m2  =  —  4.     .  -.  «j  =  2     and     tt^  =  y^ 

. « =  i  +  4(7.."  +  4e,r-»<  -  (;,('i«  -  ftr'A 
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CHAPTEK   I. 


1.  In  the  gmeral  expression  ^  =  1)1(^1,3:2, 3^3 a„),  whieh  signi- 
fies that  M  is  a  function  of  several  inclependent  variables  x^,  «2,  x^ . .  ,r,„ 
the  value  of  u  obviously  depends  upon  two  esaeiitially  different  con- 
siderations, viz. :     1st.  The  values  of  the  variables  Kj,  3:^,  ^3 ^i,, 

siid  2d.,  the  form  of  the  function  ip. 

2.  The  consideration  of  the  diangcs  imparted  to  u  by  changes  in 
the  values  of  the  independent  variables,  while  the  funetion  ^  is  sup- 
posed to  retain  the  same  focm,  is  the  chief  object  of  the  Differential 
Calculus,  and  then  the  form  of  the  function  is  supposed  to  be 
known.  But  there  are  many  cases,  especially  in  questions  relating 
to  maxima  and  minima,  in  which  the  form  of  the  function  necessary 
to  fulfil  some  specified  condition,  is  the  principle  object  of  inquiry, 
'Sor  the  resolution  of  such  questions,  the  ordinary  methods  of  the 
Differential  Calculus  do  not  suffice,  and  their  consideration  is 
reserved  for  the  Calculus  of  Variations. 

3.  There  are,  it  is  true,  some  eases  in  which  it  becomes  necessary 
to  consider  the  change  in  u  due  to  both  these  causes,  nnmely,  a  change 
ia  the  values  of  the  independent  variables,  and  a  change  in  the  form 
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of  the  function,  but  it  is  with  the  latter  thut  the  Calculus  of  Variations 
is  more  immediately  concerned. 

4.  Tlie  form  of  a  function  may  he  so  connected  with  the  form  or 
forms  of  one  or  more  other  functions,  that  when  the  latter  are  given, 
the  former  will  become  known.  Tor  example,  a  differential  coefficient 
has  a  certain  form  always  deducible  fiom  that  of  the  function  itself 
This  coimection  between  functions  is  expressed  by  calling  the  original 
function,  whose  form  is  arbitrary,  the  pi-imitive,  and  that  whose  form 
is  dependent  upon  it,  the  derived  functioa. 

Now  if  the  form  of  one  or  more  of  the  primitive  functions  be 
supposed  to  change,  the  form  of  the  derived  fuuctioa  will  undergo  a 
corresponding  change,  and  if  the  relation  connecting  the  forms  of 
the  primitive  and  derived  functions  be  invariable,  the  change  in  the 
form  of  the  latter  will  not  he  arbitrary,  hut  will  be  connected  with 
the  change  in  the  form  of  the  former  by  a  fixed  relation. 

6.  To  trace  this  dependence,  or  to  investigate  the  change  in  a 
derived  function  resulting  from  an  arbitrary  change  in  the  form  of  its 
primitive,  is  the  design  of  the  Calculus  of  Variations. 

6.  In  this,  as  in  the  D  fferent  al  Cilculus  t  s  usually  necessary 
that  the  increments  of  the  funct  on  shall  adn  t  of  be  nsf  definitely 
diminished,  and  also  that  s  ch  noreme  ti  h  II  co  t  e  definitely 
small,  when  any  values,  cons  stent  w  tl  ti  e  co  d  t  ons  of  the  ques- 
tion, are  assigned  to  the  vai  ahlea  x^,  v^,  A,c 

Hence  tlie  necessity  of  the  following  proposition. 

7.  Frop.  To  investigate  a  general  method  of  giving  to  a  function 
such  a  change  of  form  as  shall  impart  to  it  an  increment,  of  any  pro- 
posed order  of  magnitude,  without  reference  to  the  values  of  the 
independent  variables  x^,  a;^,  ^3 . ,  ,  .  a;,  which  enter  into  it. 

Let     M  =  (p(xi,  a^a,  iKg , , , .  x^  be  the  original  function,  and 

"1  =  ?i(^ii  ^si  ii's  ■  •  •  ■  ^»}i  iifter  it  has  undergone  the  required 
change  of  form ;  and  suppose  i  to  represent  a  small  quantity  of  the 
aame  order  of  magnitude  as  that  which  we  desii-e  to  impart  to  the 
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difference  ?fj— m,  so  that  if  «j — «  —  ws,  the  quantity  n  shall    be 
neither  exeessiYely  great  or  extremely  small.     Then 


must  he  finite  for  all  values  of  .rj,  3-5,  ■j:^.  .  . 
coiidilions  of  the  ijuestion.     Assume 

in  wtioh  the  function  4'  is  subjected  to  no  condition  but  that 
of  not  becoming  infinite  for  any  values  of  x^,  Kg,  x^. . .  x„  within  the 
resti'iction  of  the  problem. 

Hence,  in  order  to  impart  to  a  given  primitive  function  such  a 
change  of  form  as  shall  cauae  it  to  receive  an  increment  susceptible 
of  indefinite  diminution,  wo  must  add  to  it  another  arbitrary  function 
of  the  variables  (subject  to  the  above  restriction),  multiplied  by  a 
constant  i,  which  constant  is  to  be  assumed  of  the  same  order  of 
magnitude  as  that  proposed  to  be  givea  to  the  increment  of  the 
function. 

8.  -Ee.  Suppose  M  =  sin  x,  where  a:  can  take  sny  value  between 
0  and  ir,  and  let  the  increment  U-,  —  w,  proposed  to  be  given  to  m  by 
a  change  of  form,  be  required  of  the  same  order  of  magnitude 
with  dc. 

Then  making  i  —  adx,  when  a  is  nearly  equal  to  unity,  we  may 

U|  =M-|-icoss,  or  Ml  ^  !(  +  ;  sin  2k,  or  !(i  =  m  +  i  sin  4a,',  &c. ; 
but  it  wouid  not  be  admissible  to  assume 

because  tan  x  would  become  infinite  for  one  of  the  admissible  values 


-d  by  Google 


428  CALCULUS    OF   VARIATIONS. 

of  X,  viz.,  [t  =  -<,  and  therefore  i  tana:  ■would  not  ha  necessarily 
small,  as  required. 

If  the  inci'^'ment  required  to  he  given  to  u,  were  of  the  same  order 
with  dx^  01'  i/j;',  then  we  would  make 

9.  The  indefinitely  small  change  in  the  value  of  a  function  pro- 
duced by  a  change  m  its  form,  is  called  a  variation,  and  it  appears 
that  the  viintion  of  tt  primitive  function  is  entirely  arbitrary,  hut 
the  vanotion  of  a  deuved  function  is  dependent  upon  that  of  its 

'pninitue,  and  theiefoie  not  arbitrary, 

10.  -Pf  op  Let  M  =  ip(3;j,  a^,  a^g  . . . .  3f„)  be  an  indeterminate  func- 
tion of  x^,x^,x^  ....  x,,  and  let  v  =  Ihi  denote  a  relation  by  which  v 
is  derived  from  w,  that  is,  a  relation  of  form,  but  not  of  magnitude  : 
it  is  proposed  to  find  the  change  in  the  value  of  the  derived  function 
(or  the  variation  of  v)  resulting  from  an  indefinitely  small  change  in 
the  form  of  tk 

Let  if{a;i,X2,Xg, *„)  be  replaced  by 

•ip{Xj,X2,«s-  ■•■''„)  +  *■  4^  (■*!)%  ■'^g  ■■  ■  ■  ^-0' 
and  let  the  operation  denoted  by  the  symbol  ^'  be  performed  on  the 
substituted  function  so  tar  as   to  obtain  the  coefficient  of  the  first 
power  of  i  in  the  development  of 

J'[9(»i,V>  ...■".)  + i  ■  Tfc  %  «3  ■... '.)] 
If  the  co-efficient  of  this  t«rm  be  denoted  by  w,  then  will  i .  w  be 
the  variation  of  v.     This  will  appear  by  reasoning  entirely  similiu; 
to  that  employed  in  the  Differential  Calculus,  in  finding  the  differen- 
tial of  a  function  (p.  18). 

11.  The  proposition  enunciated  above  is  far  more  general  than 
that  commonly  presented  for  consideration.  Usually  the  only 
derived   functions    necessary    to   be  considered,   are   such   as    are 
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obtained  by  the  processes  of  differentiation  and  integration,  which 
are  represented  by  the  symbols  d  and  /  respeetiYely  ;  and  for  these 
two  cases,  the  symbol  F  is  distributive,  that  is, 

F(v  +  9')  z=Fq>  +  ^,'. 

Then  to  find  the  variation  of  k  =  Fi^,  substitute  ip  -\-  i . -^  (hv  9, 

and  since  F(f,  +  t.4.)  =  J>!p  +  F{i.-^), 

the  vaiiatiiin  or  increment  given  to  Fip  will  be  F{i.-i^)  or  i.F-]', 
since  i  is  a  constant,  and  therefore  not  a  function  o{xj,x^,  &o. 

12,  Thus  far  we  have  supposed  the  function  to  receive  the  kind  of 
increEoent  peculiar  to  the  calculus  of  variations,  viz.,  that  due  to  a 
change  of  form ;  but  if  the  independent  vai'iable  be  supposed  to 
change;  also,  the  function  will  receive  an  additional  increment,  and 
the  total  change  imparted  to  the  function  will  be  the  algebraic  sum 
of  the  two  increments  resulting  from  the  two  causes. 

13,  The  following  notation  is  used  to  distinguish  the  increments 
due  to  one  or  both,  of  tliese  causes. 

Isf.  The  character  S  refers  to  the  change  in  the  value  of  tbc  func- 
tion resulting  from  a  change  ia  its  form. 

^d.  The  character  d  refers  to  the  change  in  the  value  of  the  func- 
tion produced  by  changes  in  the  values  of  the  independent  variables 

3d.  And  the  character  B  refers  to  the  total  change  resulting  from 
both  causes. 

.  * .  If  «i  be  a  determinate  function  of  several  variables,  then 
Dti  =:  du. 

.  ■ ,  If  M  be  an  indeterminate  function  of  invariable  quantities,  then 
Du  1=  Sii. 

And  if  i(  be  an  indeterminate  function  of  variable  quantities,  then 
Da  =  du  -+-  Su. 

14,  Since  an  independent  variable  admits  of  both  species  of  change, 
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we  might  denote  that  change  by  either  character.     Unlcs 
trary  is  specified  this  charge  will  be  indicated  by  d. 

15.  The  distiQctioii  between  differentiation  and  variati 
of  a  simple  geometrloiil  illustration. 

Thus  let  y  —  <fx  (1)  be  the  equation  of  (y 
a  cui-ve  A€B  and  ji  =  9,a  (2),  that  of  a 
second  curve  AyC-^B^,  the  form  and  posi- 
tion of  the  second  curve  being  supposed  I 
to  differ  very  slightly  from  those  of  the    | 
fim.  '^  ■'    '■"' 

Put  OD^x,  J)Di  =  dx,  DC  ~  y,  and  DC^  =  y^.  Then  the 
change  iV"£  imparted  to  y  by  an  addition  DD^  =  dx  to  x,  while  the 
point  referred  remains  on  the  same  curve  A  OB,  will  represent  dy ; 
the  change  CCj  =  yj  --  y,  imparted  to  y  by  passing  from  C  to  a 
point  Cj  on  the  second  curve,  (while  x  remains  nnehauged,)  will 
represent  Sy  ;  and  the  change  iP^j  due  to  both  causes  will  represent 

16.  Prop.  Given  «  =/(«!,  x^,  x^ s„)  a  determinate  function  of 

several  variables,  to  determine  its  total  increment. 

Since  the  form  of  the  function  is  supposed  invariable,  wo  have 


du 


Su^du^-  — dx^  +  ~~.dx^ +  .,,,  + P,,l:,^ U]. 


17.  Prop.  Given  ij  =  (p(arj,a^,itg .^^J  an  indetermhiate  function 

of  several  variables,  to  determine  its  total  increment. 

Here  the  form  of  the  ftuK^Uon  and  the  magnitudes  of  the  independ- 
ent  variables  must  be  supposed  susceptible  of  change,  and  therefore 

Ikt  —  du  +  J-ii. 

Ti.f  J         '^''     J       ,    "'"      7       .  du      . 
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Du  =  —-  da-,  4-  -^  ■  JXn  +  -  ■  ■  ■ 

dxi  dx.^ 

du 

18.  Pi'op.  Given  u=  F-(p  (a^j,  x^,  x^, x„),  where  F  is  the 

symbol  of  a  derived  function  which  fulfils  the  condition  #  (9  +  9') 
z=  Fp  +  F<p',  and  ip  is  the  symbol  of  an  indeterminate  fanotion,  to 
detei-iviiiie  the  total  increment  of  is. 

Here.  5u  =  Fli--\,  {x,, x^, x^ .r„)], 

=  F-S.^{^,,^^,x„-...^„). 

J,         du      ^         du  du     , 

fliBj  ax^  dx^ 

+  F-S.!p{x^,'.Ci,x^,....x,) {O). 

19.  Prop.  Given    y  =  f  {Xi,  x^,  x^ x^,  11-,,  1(3,  v^,  ....  «,), 

where  /  is  a  determinate  function  of  the  quantities  within  the  (  )  ; 
*n  '^2!  3^)  .  -  ■  ■  ^n  being  independent  varialDles,  and  is^,  iij,  Wg,  .  .  .  ?(„ 
indeterminate  functions  of  one  or  more  of  these  variables,  to  find  the 
total  increment  of  V. 

Here  V  varies  iii  consequence  of  changes  in  the  values  of  «i,  cBj, 
jTg, .  .  3;,,  and  also  from  the  changes  in  the  forms  of  Mj,  v^,  n^,  .  .  «(„. 

Now  V  is  directly  a  function  of  x„  and  indirectly  a  function  of  a;, 
through  Mj,  U2,  Mg,  .  .  .  .  M..  Hence,  if  x^  be  supposed  alone  varial)le, 
the  change  in  V  will  be 


dV            dV    du^ 

,          d,V   du„     ,      ,          dF   (ii/„  , 

id  similarly,  where  ^5 

s  alone  varies,  the  ehange  in  V  will  be 

Lt/a^j  ^  rfwi  dx^ 

id  the  other  variables 

i  will  furnisli  like  expressions. 
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Now  let  the  form  of  the  function  «i  change,  otlier  tilings  being  tha 
same,  and  tlie  corresponding  change  iu  F"will  be 


sinco  F  is  a  function  of  u^,  and  the  change  produced 
change  in  Mj  depends  only  upon  the  amouni  of  change 
the  manner  in  which  it  is  received. 

Introducing  similar  terms  foi-  fjie  variations  of  ti^,  Wg, 
adding,  the  total  change  in  V  will  be  thus  expressed 
,   dV    di<,        dV    du. 


DV 


du^    dv^ 


-  r_  4-  —    ^  4-  _    ""a 

Vjlx^       du^    dx^       du^     dx^        •  ■  ■  ■       ^^^    i/a'jj 


-!'::.*■-+... 

^r    da, 
■  +    du.'d.. 

....  +  - K 

■  ■■■  m, 

s- 


VdV    ,    dV  dv. 


da-i  dUf. 

the  quantity  in  the  last  line  being  the  variation  proper  oi-  S  V. 

20.  Given  U~  FV,  when  V  =  f  {x^,  x^,  x^,  ,  .  .  .  x^,  u^,  Wj, 
«3,  ....  «,),  where  /  is  a  determinate  function  of  the  quantities 
within  the  (  ),  and  #a  derived  function  which  satisfies  the  condition 
F  {f  +  nf')  —  F^  -!-  Fof',  to  find  the  increment  of  IT. 

First,  let  x^  alone  vary,  and  since  F"  is  a  determinate  function  of 

*ii  ■'^21  *3 ^)  "[)  ^2,  Mg,  .  .  .  .  w„,  it  follows  that  so  long  as  the 

forms  of  «j,  i(2,  Mg,  .  .  .  .  !i„  remain,  unchanged,  the  quantity  V  will 
be  a  determinate  fanction  of  the  independent  variables  stj,  x^ 
a-g,  .  .  .  .  x^,  and  therefore  the  corresponding  change  in  U  will  be 

g-^]i„         where  [§^] 

denotes  the  total  differential  coefficient  of  U  with  respect  to  a^. 
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And  similarly  %vhen  x^  alone  varies,  die  correspondirg  change 
ii    U  is      3—  U^a;    a""!   the   other  Yariables    will  furnish  like 


Now  to  find  the  change  in  V  due  to  a  change  in  the  form  of  u^, 
we  observe  that  the  change  in  U,  resulting  from  a  change  of  any 
liind  in  u-^,  might,  at  first,  appear  to  be  properly  expressed,  (as  in  the 

last  proposition,)  by  - —    "         N       th's     o  Id  be  t  ue  'f  U  were 

properly  a  func  of        tl  at        a   jua      y      1  o  e  n  ude    s 

fixed  by  that  of  m       but  &  ch    s      t  tl     case     1  e  r  rel  t    n  1  e  ng 
one  of  form,  not  of  n  a^a  tude     a  d  tl  e  et    e  the  le&     d        e    e  t 

is  not  - —  ■  &!.     But  although  U  is  not  a  function  of  u^,  it  is  deiived 

from  -Uj,  the  fm-m  of  U  being  dependent  upon  that  of  V,  which  latter 
depends  upon  the  form  of  Mj.     Andsmce  U  ^  FV,  .-.  5U=FSV. 
But,  by  the  last  proposition, 

liV  ■=  -r —  Su.  +  -;—  Siu  4-  &e. 

.  ■■  F~  -iJmi,  is  the  part  of  Jf7  which  resirUa  from  a  variation  in 
the  form  of  Uj. 

Hence,  the  entire  increment 
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31.  Prop.  To  find  the  total  iEeremeut  of  the  differential  coefficient 


Here  the  quantity  proposed  can  vary  only  in  two  waya,  viz  ;  by  a 
change  in  the  magnitude  of  the  independent  variable  x,  and  by  a 
change  in  the  form  of  the  function  y,  the  case  corre-jponding  to  tliat 
of  formula  (C),  with  the  number  of  variables  reduced  to  one.  We 
therefore  estimate  the  two  changes  separately  and  add  the  results. 

Now  when  x  takes  the  increment  dx, 

d^y  d"y      rf-'+iy , 

M  =  -z~-   becomes  v  -{-  du  — —^  +  - — ^dx 
ax"  dx'^       dx"'^^ 

the  corresponding  change  in  »  being  -—^tfo,':  and    hence   the    tota] 
increment  of  m  will  be 

But  the  symbol  j^  satisfies  the  condition  /'{ip  +  9')  =  F-:^  -\-  F<if', 
and  therefore 


die"  rfa"  rfa-"  ~  dx'  """   dx"'  ^~dx^~~  Iz^ 
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22.  It  is  to  he  observed  that  Si/  requires  a  oeitain  restriction; 
for  it  was  shown  that  when 

5w  —  8,4'(a;j,a^&e.) 
it  is  necessary  to  assume  the  function  4-  of  such  form  as  not  to 
become  infinite  for  any  values  of  x^,  x^  &e.,  withiu  the  limits  of  the 
question.  This  oonditioa  is  sufficient  when  we  consider  only  the 
primitive  function;  but  when  it  is  necessary  to  take  account  of  a 
function  derived  from  the  primitive,  it  becomes  also  necessary  that 
the  function  similarly  derived  from  4^  should  not  become  infinite  for 
any  admissible  values  of  the  variables. 

Thus  when  we  say  that  SF(p  =  iF-^,  it  is  to  be  understood  that 
^■4.  remains  finite  for  all  suitable  valuesof  a,,  .r^.&c.  In  the  present 
example,  there  being  but  one  vai-iable  a,  we  have 


and  we  must  so  select  -1 


J.'^y       .  d'^~\/x 


23.  Prop.  To  find  the  total  increment  of 

■'L'-''  dz'  dx^ dx-] 

where  y  is  an  indeterminate  function  of  x. 

This  is  a  particular  case  of  the  general  investigation  which  resulted 
in  the  formula  [Zi],     To  make  that  formula  applicable  to  the  present 
case,  we  reduce  the  number  of  variables  to  one,  and  put 
dy  dhi 

U,    =11.       u.,~—U~  —  ^^  &C' 

dx      '       dj:'^ 
Making  the  substitutions,  and  putting,  for  brevity, 

d'£  d»^  dx"- 

we  get 
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or  liy  substituting  for  S -j-.  S  —^  &c. 

tlieir  values  given  by  the  last  proposition, 

24.  Here  ffy  is  to  be  expressed  as  hitiierto  by  i .  -^^x,  and  therefore 
4-  is  to  be  assumed  of  such  forai  that  neither  it,  nor  any  of  its  first 
«  differential  coefficients  shal]  be-eome  infinite  for  any  value  of  x  con- 
sistent with  the  conditions  of  the  probJem. 

35.  Prop.  To  find  the  total  increment  of  (7  —  /    ^  Vd'x,      when 

r  =  t\,.,J»    'ElL ^1. 

"  L         dx      dx^  dx"A 

H  is  obvious  that  a  definite  integral  can  change  its  value  only  iu 
tlu-ee  ways,  viz,  : 

\st.  By  a  change  of  the  superior  limit  a;,,  while  the  inferioi'  limit 
Xq  and  the  form  of  the  differential  coefficient  V  remain  the  same ;  2rf. 
By  ft  change  in  the  lower  limit  x^,  while  the  superior  limit  and  the 
form  of  Y  aie  unchanged ;  and  Scf.  By  a  change  in  the  form  of  V 
while  the  limits  are  invariable. 

The  complete  variation  or  total  increment  is  tlie  algebraic  sum  of 
the  tLree  separate  changes  thus  produced.  Denote  by  F",  the  value 
of  V  when  x  ^  ij,  and  suppose  x-^  to  talie  an  incremert  dx^^.  Then 
V,dx^  will  be  the  corresponding  increment  received  by  XJ;  for  when 
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X,  tAkes  Sill  increment,  U,  which  consists  of  an  indefinite  nunaber  of 
terms,  each  of  tile  foi-m  Vdx,  simply  reeeives  an  additional  term, 
expressed  by  Vidx^. 

And  similarly,  when  x^  takes  an  increment  d^o,  the  cori-espond- 
ing  increment  of  U  will  be  -  V^dx^,  siace  U  will  tticreby  bo 
deprived  of  one  term  expressed  by  V(,dxQ. 

.  ■ .  DrT=^  r^dx^  -  V^dxo  +  'Sf^^  Vd^i; 

and  we  must  now  find  an  expression  for  sj  '^Vdx,  the  cliangc  in  V 
due  to  a  change  m  the  form  of  f.     But  the  opeviition  denoted  by  the 
symbol y^'  satisfies  the  condition  F['p  +  ip')  —  -f "P  +  W- 
.-.  5  r^Vdx  ^  T' {V  +  SV)dx  ~  f'^Vdx 

=   r^ Vdx  +  r^ 5V.d^~  r^  Vdx  ^  P' S V. dx. 
Jx^  -/iKo  •'■J'a  -^^e 

Now  as  F  is  a  determined  function  of  x,ij,  y,  ■^,  &c.,  its  form 

a  fanetion  of  a),  can  vary  only  by  a  change  in  the 


form  of  the  function  y. 

Hence  the  variation  of  V,  found  as  in  the  last  proposition,  ; 


Now,  by  applying  the  formnla  for  the  integration  by  parts  to  tho 
second  member,  we  get 

in  which  [PMi  and  [P/yjo  represent  the  valnes  of  P^Sij  at  the 
superior  and  intisrior  limits  respectively.     Similarly 
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or,  by  applying  a  similar  process  to  the  last  term, 

Px,  d'^I\ 

And.  ii  ive  integrate  n  times  successively  the  term 
f       Pn-  -r^  dx,  there  will  re-^nlt 

+(-)"S*4 

Now  collecting  the  coefficients  of  ht   --^    fee  we  o-et 
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+[---].[§].- [-■~^;  [*].+*"• 

which  is  the  expression  required. 

26.  The  value  olD  f'^Vdx  found  in  the  above  propositions,  con- 
tains three  parts  esseDtially  differenfc  from  each  other,  viz. : 

1st.  The  terms  V-,dx-^  —  V^dx^^,  whidi  are  independent  of  the 
change  in  the  form  of  V,  but  depend  exclusively  on  the  variations  of 
the  limits. 

2d.  The  terms  [P,  —  &e.]i5j/,  which  depend  upon  the  form  of  the 
function,  not  for  every  value  of  x  ;  but  for  limiting  values  alone, 

3d.  The  terms  within  the  sign  of  integration 

which  depend  npon  the  general  change  in  the  form  of  the  function. 

27.  The  nature  of  this  differenc«  becomes  more  apparent  by 

g  h       y          4"        F             pi  ■     h       h  ■      h   fi-st 

a                      d  p    d              h  -.^        ^'^ 

h  d                    na 

d                                h    fu            4^  '^  ^         ^^    ^   '^^* 

d                             dfi                    fti  h       m   s; 

d            h                   h         d           d  p  he 

.^                       b                    d  ns 

b 

28.  Prop.  To  find  the  total  increment  of  U  —  J    '  Vdx,  when 
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(I);  ©.-]. 

the  quantity  V  being  supposed  to  contain  explicUly  the  limiting 
values  of  one  or  more  of  the  quantities,  x,  y,  — ,  &c. 

Since  ititj-j  and  x^,y^  are  connected  by  tbe  same  general  relation 
as  «;  and  y,  the  integral  f^''  Vdx  can  be  varied  only  in  the  three 
methods  explained  in  the  last  proposition. 

Now  when  x-^  receives  the  increment  dx^,  the  form  of  the  function 
y  remaining  unchanged,  the  increment  received  by  ETwill  be 

Similarly,  when  x^  receives  an  increment  dx„,  the  change  in  JJ 
will  be 

Now  let  the  form  of  the  function  y  change,  while  other  things 
remain  the  same,  and  the  corresponding  change  in    JI  will  be 

•"Kg  L  dx  '  dx'  d!a"J 

M%\       /-Kj       dV  ldHy\     /-x,      dV 
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dV  dV  dV 

dv  dv  dv 


,m 


^m: 


Now  integraling  by  parts,  as  in  the  last  proposition,  and  collecting 
tjie  terms,  we  obtain 

.[- n. /:■  {.......  (I)...  (S). 

+'•  (3) +*'■!''■'■] '''• 

&C.,  iJjO.,  tfec,  &0. 

29.  Prop.  To  iind  tlie  total  increment  of  U  =f^'  Vdj:,  in  which 
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r          dy  d^y             dHj        dz  d^z 

y  aiid  2  being  indeterminate  functions  of  x. 

rfs                dy                 dy          ^'    dhj 

Td^-'' 

dx  (fe^  rfa!" 

Tiien,  since  the  value  of  fJ  can  change  only  in  four  ways,  viz. ; 
1st.  By  a  change  in  the  value  of  x^  ■  2d,  by  a  change  in  tbe  value 
of  .I'd  ;  3d,  by  a  change  in  the  form  of  the  function  y ;  and  4th,  by  a 
change  in  the  form  of  the  fimction  2;  we  shall  obtain  hy  reasoning, 
as  in  a  precedhig  proposition,  where  y  was  the  only  function, 

£>[/=  Fi^iT,  -  FoJ^o  +  Fi^j  _-  ^  +  &e.]  3y, 


».]-fe,+[p 


-[-■■--];©. 
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t/a:,)  L  dx  dx'' 

+  (-l)-.^;--]fe-J:. {a). 

And  if  there  be  several  indetprmhmte  functions  of  x  in  the  value  of 
U,  each  will  introduce  a  set  of  similar  terms  in  i>(7  or  5(7. 

30.  Remark.  The  results  just  obtained  are  equally  ti'tie,  whether 
the  functions  x,  y,  z,  &c,  iire  entirely  independent  of  eai'li  other,  or 
are  connected  by  one  or  more  equations  of  condition. 

31.  Frop.  To  find  the  total  increment  of  tT  ^  f^'  Vdx,  in  which 

■'  L' '  *'  dx'  dx^  rf^"'    '  dx'  dx^'       "  '  rfa»  J' 

the  functions  y  and  b  being  connected  hy  the  relation  £  =  0,  which 
relation  may,  or  may  not,  be  a  differential  equation. 

The  equation  (a)  of  the  last  proposition  is  immediately  applicable 
to  this  case,  but  since  a  and  y  are  connected  by  a  given  relation,  & 
and  Sy  are  not  both  arbitrary,  one  being  dependent  upon  the  other, 

32.  If  the  equation  i  =  0  can  be  resolved  with  respect  to  one  of 
the  variables  (as  a),  giving  a  result  of  the  form  z  =  Fy,  the  several 

differentia!  coefficients—,  — ,  &c.,  can  be  formed  by  simple  differ- 
entiation, and  these  values,  subslituted  in  that  of  V,  will  render  it  a 
function  of  ar,  y,  and  their  differential  coefficients.  Thus,  the  ease  will 
become  the  same  as  that  considered  in  a  previous  proposition. 

But  since  the  equation  Z  =  0  is  often  a  differential  equation  which 
cannot  be  integrated,  this  method  is  frequently  inapplicable.  It- will 
now  be  shown  that  by  another  method  (due  to  Lagrange)  one  of  the 
variations  Sy  or  Sz  can  be  removed  from  under  the  sign  of  integration. 
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---—13',       ~---f,&:c. 

dz  '         d^       ' 

dx  dx^ 

Nfiw,  since  the  equation  i  =  0  is  true  for  all  forms  of  y  and  2  con 
sistBiit  with  the  conditions  of  the  C[iicstioii,  we  must  have  SL  =  0. 

+  ...  +  ^.f  +  /5  +  .c.  =  o w. 

"When  this  equation  can  be  integrated  so  as  to  give  fi  "value  01 
either  St/  or  Ss  ia  terms  of  the  other,  (as  for  example  that  of  Sz  ii 

terms  of  Sy),  we  caw  form  th 
entiation,  and  then  substitute  them  in  the  value  of  S  U,  as  determined 
in  the  last  proposition,  thus  effecting  the  desired  transformation.  But 
as  this  integration  is  rarely  possible,  it  is  usually  necessary  to  adopt 
the  method  referred  to  above,  which  will  be  now  explained. 
33.  The  value  of  SV  being 

sv  ^  my  +  A  ^  +  A^  +  &c.  +  N's. 


we  can  (without  disturbing  the  equality  here  espresscd}  add  to  the 
second  member  of  this  equation,  the  value  of  5L  multiplied  by  an 
arbitrary  quantity  X,  since  K.5L  =  0.     Hence  we  may  write 

S  V  =  (.Y  +  X«)  Sy  +  (P,  +  X/3)  'II  +  (f ,  +  V/)  ^  +  &o. 
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^^  v.,  ,„,.,, 
-  (A'  +  'f-r'  -  '"■)•  (f  j)  +  *«• 

+ /;■  [if' + X.'  ~  ^^■' +  '-''''  +  &».]  fe .  & 

Now  let  it  be  required  to  determine  an  expression  for  SJJ  con- 
taining but  one  of  tiie  variations  Sy,  Sz,  under  the  sign  of  integration. 
If  the  value  of  >-  be  determined  by  the  condition 


the  variation  &  will  disappear  from  under  the  sign  of  lutcgratioi 
and  similarly,  if  X  be  detei-mined  by  the  condition 


Sij  will  disappear  from  under  the  sign  of  integration. 

The  lollowing  example  exhibits  an  applii/ation  of  this  method. 
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34.  frop.  To  find  the  total  increment  of  U  ~    /^^  Vdx  in    which 


:.  Pa  &c. 


do  _       dv  dv  dv  /•  rfjr 

.(» ^  ""•  ^ -"■  ;^  =^.' 25  =  '■"'"=■  y  "'''^ ='■  ^=  *" 

The  equation  L  =  0  becomes  in  this  case 

^~dx~^         ^"^''^       J  "^^^  ~  ^-     Hence 
dL       dv 


dy 


a~n,     and  simiJai-ly     /3  =.  ^„  y  -  p^^  &o. 

,  I  (^i        dv 

'di'^lh    '"'  "   -  "^  ^'^"^  similarly  ^'  =  -  1,  y'-^  0  &c. 

And  by  substituting  these  vakies  in  the  Cirmula  of  the  last  pro- 
position, we  obtain 

nr  =  [P,  +  -Kp,  _  ^^^^  +  &c.].  .  Sy, 

+  [P.  +  >,.,  -  &C.J,  .  i^-  [P,  +  X^,  -  &c.]„(f  )„  +  &c. 

-  ( V>,  -  V».)  +  f^'  [*'  +  5^]  -a  .  (te. 
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Since  Pj'  ^  0,  Pj'  :=  0  &c.,  there  uill  be  no  tyrms   containing 

(S).(f).- 

By  atldiiig    V-^ch^  —  Vf,daQ  to  the  expression  tor  SU  just  foiiivl,  avc 
shall  obtain  the  total  increment  D  U,  and  in  order  to  I'educ*  D  (7  to 
form  in  wliich  Sy  shall  he  the  only  variation  remaining  under  the 
sign  of  integration,  we  determine  >.  \iy  the  condition 

A '  +  —  :^  0, 

\yhii'h  gives  \r=  —  Jn'cIx. 

Denoting  this  value  by  i  we  obtain 


+  [P,  +  ,>,  -  &o.], .  (^)^  -  [-P.  +  ^>=  -  &c.],.  (^|-) +&C- 
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SUCCBSaiVE  VARIATION. 


S5.  Thus  far  no  condition  has  been  imposed  us  to  the  invariability 
of  form  of  the  fuiictioa  -l^  oi'  5'j.  The  conclusions  arrived  at  are 
equally  true,  whethei-  that  form  be  variable  or  invariable. 

Thus  if  the  symbol  i'' satisfy  the  condition 
/''(?  +  ?')  =  J'''l>  +  ^V', 
it  is  equally  trne  that 

whether  the  form  of  ^)j  be  constant  or  variable.     But  this  condition 

ceases  to  be  immaterial  wlien  it  is  neccssai'v  to  take  account  of  the 

second  varialion,  that  is,  the  variation  of  the  variation.     Thus  in  the 

case  just  referred  to,  we  should  always  have 

S^Fip  —  FS^f  =  FiS-\: 

But  this,  when  the  form  of  4'  i^  supposed  invariable,  reduces  to 

S^Fcp  =  FO. 

Now  FO  =  0,  since  by  t)ie  nature  of  tlie  function  F,  we  have 

F{<(>  +  0)  =  Fif>  +  FO 
.  ■ .  F.0  =  F{f  +  0)  ~  F<f  =  F:p  ~  F<f  ~  0.         .  ■ .  S^Fif  :^  0. 
Hence  for  convenience  wo  agi'ee  that  the  variation  Sv,  of  any  fuuo 
tion  «,  although  of  arbitrary  form,  shall  yet  preserve  that  form  inva- 
riable, so  as  iu  all  cases  to  satisfy  the  condition 
5^1/  ^  Q. 
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36.  We  may  notice  here  a  striking  analogy  between  a  primitive 
function  and  au  independent  variable,  the  fii'sfc  increment  of  eacli 
being  arbitrary,  and  the  second  equal  to  zero. 

37.  J'rop.  To  find  the  second  variation  of  the  differential  coefficient 
—-.     It  has  been  already  shown  tliat 

dx"        «"  UK"  L   dx"A  rfj^"  dx^ 

But  since  y  is  a  primitive  function         5'^y  =  0. 


38.  Prop.  To  fi)id  the  second  v 

We  have  already  found 

dy  dy    dx  d'y     dx" 


--[f^']-^'[5-f]^ 


Ldy 

"  dx 

But  &hj  =  0,      -,^  ^  0,  &c. 

'^  dx 

and,  by  determining  the  value  of  ^ -j—  i"  a  manner  similar 
in  which  SV  was  found,  we  get 
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Similarly  S    — ^-~  ■ 


.  ,  d^F  d^V      dSy 

''"  ay  r    dy\ '  dx 


^^^r  \f%. 


&c.  &c.  &e. 

Henee,  by  substitution,  we  at  length  find 

■^    i^a:  L  rfrj 

39.  /'rojj.  To  find  the  second  variation  of  /  Vdx,  when 

It  has  been  shown  that  5  f  Vdx  —  fS  Vdx,  and  similarly  we  get 

li'fVdx  =  S\SfVdx'\  =  5fSVdx  =  J&^Vdx. 
Substituting  for  5^V,  its  value  found  in  the  last  proposition,  we 
obtain 


dy        dx 


d'^V       rd6y-\-^^ 


m 


By  similar  methods,  the  third   and    higher  varia 
deduced,  but  the  results  arc  of  little  practical  value. 
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40.  The  Calculus  of  Variations  is  applied  with  great  advant;ige  in 
resolving  questions  of  maxima  and .  minima,  to  which  the  oi-din;iry 
methods  of  the  Differential  Calculus  are  not  applicable. 

41.  A  masimum  value  of  a  function  is  one  wtich  exceeds  other 
values  of  that  function,  produced  by  infinitely  small  changes  in  aay 
or  all  of  its  varying  elements. 

In  the  Differential  Calculus,  these  changes  in  the  values  of  the 
function  are  produced  by  changes  in  the  values  of  the  independent 
variables,  while  the  form  of  the  function  remains  the  same ;  but  in 
the  Calculus  of  Variations  the  change  in  the  value  of  the  function  ia 
due  to  a  chcuige  in  its  form. 

42.  The  problem  of  maxima  and  minima,  as  resolved  in  the 
Difierential  Calculus,  is  the  following : 

Given  m  -=^fx,  where  t,  is  an  independent  variable,  and  /  a  func- 
tion of  determinate  form,  to  find  what  values  of  x  will  render  u  a 


In  the  Calculus  of  Variations,  the  corresponding  ]jroblem  is  this : 

Let  ip  denote  a  function  of  indetenninate  fornj,  and  u  —  i\  & 

function  derived  therefrom,  to  find  what  form  of  ip  will  render  m  a 


43.  The  mode  of  resolving  this  latter  problem  is  as  fallows : 
Let  (p  +  i ,  4-  be  substituted  for  ip  in  the  derived  function,  and  let 
i^  (p  +  ! .  -j-)  be  developed  in  terms  of  the  ascending  powers  of  i. 
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T        Ly  a  c  f    ea         g  en  relj  a  a   I  at  e    pi 

tl      D  fie      t  i    U  1  ul  3    t      1    appear    !  at     he    ip  1  as    I     f    m 
p  ope    to    e    le     i^^  a   TiaA  a     a  u  u       t  e  coefto  e  t  of 

tie  fi  st  po¥e    uf      must  le  uce  to  zero     nd  that  of  the  "eco  d 
po    er  (jf  J  must  be     egat    e  fo    a  n  ax  m  n    hut  j  os  fo    a 

m  I    otler     ord      f   he  f    m  of  9  a      e  be  su  jo?  d    o 

chiBge  we  11  u  t  i    ve  01/  _  0      But      1  e     f    m  t        a        ot 
qii^lu     lot     t  e  i,j    nJ  | 

to     we  nus   ha  e 


44.  The  application  of  this  theory  will  new  be  explained,  observing 
that  in  the  present  state  of  this  Calculus,  the  functions  to  which  it  is 
applied  are,  almost  exclusively,  those  having  the  form  cf  a  definite 
integral,  such  as 

/"'  Vdx. 

45.  Prop.  Let  2/  =:  OS  be  an  iiidotei-minatc  function  of  a  single 
variable  »,  and  let  it  bo  proposed  to  find  the  form  of  ip,  which  sliall 
render 


imuin,  the  symbol  /  den 


du  =  M(b:  +  JV-^dfe  +  P^ 


dx^ 


^  da^ 

and  if  the  form  of  ip  be  such  as  will  render  « 
mum  for  auj  given  value  of  «,  we  must  have 

Sn^O,     or     My  +  Pi^+Z'/J 
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This  equation  cannot  in  general  be  satisfied  without  destroyiag  the 
independeiit  character  assigned  to  the  form  of  the  funotioji  4"  or  Sy, 
For,  imless  the  coefficients  JV^,  P^,  P^,  &e,,  be  separately  equal  to 
zero,  the  equation 

«'  +  ^.§  +  ^>t  +  --  =  »- 

■will  establish  a  relation  between  the  form  of  the  function  ■J'  or  Si/, 
and  that  of  9  or  y,  which  is  inadmissible.  Nor  is  it  possible  in  gen- 
eral to  satisfy  the  separate  conditions  2f  =^  0^  F^  ^  0,  Pg  ^  0,  &c., 
since  each  of  these  equations  establishes  a  relation  between  3;  and  y, 
or  in  other  worJs,  determines  the  form  of  y. 

Hence  unless  all  these  equations  should  concur  in  giving  the  same 
form  to  y,  they  would  contradict  each  other  :  and  since  this  concur- 
rence does  not  usually  take  place,  the  problem  does  not  ordinarily 
admit  of  a  solution. 

46.  If  in  the  last  proposition  the  value  of  «  should  contain  but  one 

of  the  quantities  y,  -r^,  -t-^,  &c,  or  if  by  the  nature  of  the  pro- 
posed question,  the  value  of  all  but  one  of  tliese  be  fixed  for  cath 
value  of  a;,  the  equation 

will  be  reduced  to  a  single  term,  and  can  therefore  be  satisfied. 

47.  Example,  het  u  =  f(x,  y, -^V  and  let  it  be  required  to  de- 
termine what  form  attributed  to  the  function  y  will  render  m  a  max- 
imum or  minimum,  it  being  understood  that  the  value  of  y  is  to  be 
given  for  each  value  of  a'. 

In  this  case,  since  y  is  constant  for  the  same  value  of  x,  Sy  ^  0, 
and  the  equation 

1  —   I  .-  3      -  +  &c.  =  0    reduces  to 
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Thy   following  geometrical   application  will   j-cndcr   diis   cj:iimple 
more  intelligible. 

J'rop.  Tu  determine  a  curve  such  that,  if  at  each  paint  P  ;i  tangent 
be  drawn  and  produced  to  cut  tw 
given  lines,  HO  and  B^C^,  psiriillel  t 
the  axis  of  y  the  rectangle  Zl 6'  x  -D,C^ 
ot  the  pills  mteiLEpted  between  the, 
tan^'LUt  an  1  the  axis  ot  jc  shall  he 


del  stood  thit  the  ciiive  is  to  be  compared 
cuivei  a->  pas?  thiou^h  that  point. 

Let  0  be  the  origm    OX  and  OF  the  ases. 
Put  OJ)  =1    OD,  =  a^   OG  ^  a,   GP  r=  y. 

Thci^  we  shall  have 


ith 


>the: 


«'  SI-  =  [.,„  +  (,.  +  ,,  -  2.)|],,  +  p(.  -  ,,,  (.  -  „)  I 

But  since  it  is  proposed  that  the  curve  shall  at  each  point  be  com- 
pared with  such  curves  only  as  pa,ss  through  the  same  point,  we 


tlie  condition  i 

becomes 


F  =  0,  which  is  necessary  for  a 
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T,  dy 


^«, 


whence  by  integration, 

2  log  ^  -  log  (s  -  <i)  -  log  {x  -  «i)  -  log  c. 
or  log(,/)=log[.(^-a)(^--«0] 

the  quantity  c  being  an  arbitrai-y  constant. 

Thig  equation  obviously  represents  an  ellipse  or  hyperbola  accord- 
ing as  e  is  negative  or  positive. 

Passing  now  to  the  second  variation,  we  have 


S^V  = 


1  the  present  case     r  =  /(a,?/,-M     and     5y  =  d 


e  shall  have  6'^V  - 


d'  V        [■(%" 


m 


i>F  =  2(.--«)(s 


'LaJ 


r  by  putting  for  {x  -  «)  (^  -  o,  )    its  value     y 


"  =  ?[f]" 


The  sign  of  this  quantity  is  the  same  as  that  of  c  Hence  tlie 
curve  is  an  ellipse  when  F  is  a  maximum,  and  a  hyperbola  when  V 
is  a  minimum.  In  the  first  case  the  curve  lies  entirely  within  the 
lines  CD  and   C^D-^ ;  and  ii:  the  second  entirely  exterior  to  those 
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48.  Prop.  To  find  the  form  of  tlie  funetiou  y,  and  the  valui 
the    limits    a^g  and  m-^,    which    shall    render  the  definite  inti 


'^-i:: 


=/ 


mininiiim,  when 

\x  y^    ^ ?^ 

L  '      d^  dx^  (is" 


the  character  /  denoting,  aa  usual,  a  determinate  function. 
Here,  we  have 

i>u=  v^dx,  ~  v,d^,  +  [a  -^'  +  &C.1  >hj. 


-[" 


■Jy. 


"'Kd    L  dx         dx^ 

Two  cases  may  occur  in  the  attempt  to  satisfy  this  equation,  viz. : 

Ist.  The  variation  &ij,  or  the  furm  of  the  function  4-,  may  be 
wholly  unrestricted  (except  by  the  general .  condition  always  appli- 
cable  to  this  function)  ;  or, 

2d.  It  may  be  necessary  to  assume  the  function  4-  of  such  form  as 
will  satisfy  some  given  condition  or  conditions. 

In  the  first  case,  the  object  proposed  is  to  determine  among  all 
possible  functions,  that  one  whicli  shall  render  m  a  maximum  or  mini- 
mum. In  the  second  case,  the  derived  function  is  required  to  belong 
to  a  pxrtieular  class,  each  individual  of  which  fulfils  certain  given 
conditions. 

Maxima  and  minima  belonging  to  the  first  of  these  divisions  are 
called  absolute,  and  those  belonging  to  the  second  division  are  termed 
relative.     Talking  the  first  of  these  divisions,  put  for  brevity 
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and  equation  (^)  will  reduce  to  the  form 

aj  -  a.^  +/■''''  6  ■  5i/  ■  (fe  =  0 (B). 

This  equation  cannot  be  satisfied  so  long  as  the  form  of  5>/  or  -^ 
remains  iinrestrioted,  unless  we  have  the  two  iiidepenclcnt  conditions : 

For,  if  a,  ~  a  he  not  equal  to  zero,  we  must  have 

a,  —  Oq  ^=  —  /    '  hSy  ■  t?^, 

a  condition  manifestly  impossible,  since .  the  value  of  tlie  definite 
integral  in  the  second  member  cannot  possibly  remain  invariable ; 
while  we  are  at  libei'ty  to  change  arbitrarily  the  form  of  the  quan- 
tity to  be  integrated  ;  but  the  value  of  Oj  —  a^,  which  depends  only 
upon  the  values  which  certain  quantities  have  at  the  limits,  will  not 
necessarily  vary  with  a  change  in  the  form  of  Sy.  Plence,  we  must 
have 

ai  —  Oq  —  0,     and      Z"^'  iJy  .dx  =  0. 

Now  thia    last   equation   cannot    be  tiijc  for   every   form   of  S^, 
unless  6  —  0,  or 
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a  differential   equfiLion  wliicli   serves   to   determine  the  form  of  the 
function  y. 

49,  The  two  equations,  Bi  —  a,,  =  0,  and  6=0,  differ  essentially 
in  their  signification,  the  Jatter  establishing  a  generil  lelahon  betweep 
the  variables  x  and  y,  while  the  foiraei  (oimeet'!  the  particular  values 
which  these  quantities  have  at  the  limits  ot  mtegi  ition 

50,  Without  this  distinction,  the  ".olution  of  the  piol  km  would 
be  impossible,  since  there  could  not  be  tu.o  gtneial  lelatinu'i  between 

51.  The  coefficients  of  the  increments  in  the  equation  ^^^~  a^^f) 
being  constant,  aad  the  increments  themselves  either  entuely  arbi- 
trary, or  restricted  by  a  limited  number  of  conditions,  that  equation 
will  be  equivalent  to  as  many  distinct  equations  as  can  be  formed  by 
placing  equal  to  zero  each  of  the  coefficients  of  those  increments 
which  remain  arbitrary,  after  we  have  eliminated  all  such  inci-ements 
as  are  restricted  by  the  given  conditions.  We  now  proceed  to  show 
that  the  equations  thus  formed,  together  with  that  obtained  by 
integrating  the  differential  equation  6  =  0,  will  just  suffice  for  the 
complete  solution  of  the  problem  when  a  solution  is  possible. 

52.  The  iMfferential  equation  b  =  0,  or 


is  in  general  of  the  2n**  order.     Por   since    V  contains 
the  quantity  P„  =  -—-  will  usually  contain  — ^  also  ;  and 


d''ij 


will  u 


Hence   the   integral   of  ((7)  will   usually  contain   2n  arbitrary 
constants. 

But  if  the  limiting  values  of  a^. ;/,  ^.  .--^ - — ^  be  entirely 
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unrestricted,  the  equation  o,  —  «„  =  0  will  wmtiiin  2n  +  2  arbitrary 
increments,  viz,  : 

in  wbich  case  that  equation  cinnot  be  satisfied,  since  there  would  be 
formed  h^  placing  the  coefficient  of  each  irbitraiy  mcrement  equal 
to  zero  2/1+2  equations,  \ihile  there  are  but  2«  con'.f  mts  whose 
value?  aie  to  be  deteimjiied 

This  result  might  h'ne  been  inticipUcd,  f  i  it  ii  CMdtnt  that  if 
the  form  of  the  iuiicfaoii  p,  and  the  liniits  oi  late^ntion  be  entirely 
unresti icted,  the  mtegnl  ma/ have  any  value  fiom  0  to  go,  and, 
thoiefore,  cannot  adffiit  of  a  ma-^imuni  or  mimmum 

53.  The  iiatuie  of  the  lestiiction  imposed  upon  the  limits  must 
dtpend  in  each  ea.je  upon  the  conditions  ot  the  proposed  problem. 

1st  Let  the  limiting  values  of  a;,  viz,  a.^  and  :e^  be  g:iven  ;  that  is, 
let  it  be  propospd  to  find  such  a  form  of  the  function  y  as  will 
render  fVdx,  when   taken  between   fixed   limits,  a  mazimum  or 

Here  we  iiave  dic-^  —  0,  and  dXf^  =  0,  and  the  equation  «j—  a  =  0 
is  now  equivalent  to  tlie  following  separate  equations  ; 

[P3-&C.],:zzO,    [Pa-&C,]o^O,    &e.  &C,   &C....  [/•„],  =  0,   [-P„]|i=0. 

The  number  of  these  equations  is  2n,  the  same  as  that  of  the  con- 
3  he  determined ;  and  hence  the  solution  is  in  this 


2d.  Let  the  limituig  values  of  both  x  and  ^  he  given. 

Then  rf.r^  =  0,  Sy.^  =  0,  dx^  =^  0,  Si/g  —  0,  and  the  equation 
Oj  —  Oq  —  0  is  equivalent  to  2n  —  2  separate  equations,  viz. ;  those 
formed  liy  placing  equal  to  zero  the  coefficients  of  the  fullowlng 
iticieinents : 
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But  tliero  iire  now  two  additional  eC[iiations  resulting  from  the 
Bubstitutio.i  of  the  given  limiting  yaluea  of  x  and  y  in  the  general 
solmion  of  the  differential  eq^uation  5  =  0.  For  let  the  integral  of 
that  equation  be 

/[^,  J,  ,„.,,...  rj  =  0, 

where  c,,  r^ . . . .  c^a  are  the  2n  arbitrary  constants.     Then  we  shall 
have  the  2n.  equations 

[P^-^zcli^O,  [p3-&c.]o=0,  &c.  &e....[P„]i^O,  [P«]o  =  0, 
with  which  to  determine  the  2n  constants. 

8d.  Similarly,  if  the  limiting  values  of  «,  y,  unA  —were  given  the 
new  condition,  would  remove  two  of  the  preceding  eqtjafions,  viz. : 

\p^  -ip  +  &C.1  -  0     and     [p,  -  ^  +  &c.]  =  0, 
but  two  new  conditions  would  be  derived  from  the  substitution  of 
the  limiting  values  of  y;  in  tiie  equation  obtained  by  differentiating 
the  general  solution. 

/[«,!/,<.,«>■ '=.]=«■ 

F„,.e.  fd',,.%'.'. <'-]  =  0 

be  the  result  of  a  differentiation  with  respect  to  x.     Then  we  shall 
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dx^ 


54.  Similarly,  if  the  limiting  values  of 

equations  would  disappear  from  the  group  obtained  hy  iBaking 
u,  —  ao=0;  and,  on  the  other  hand,  two  new  ec[iiations  would 
result  from  the  suhstitution  of  the  limiting  values  of  -^-j  in  the 

equation  obtained  by  differentiating  the  general  solution  twice ;  thus 
preserving  the  total  nuniber  of  equations  equal  to  2n.,  the  same  as 
that  of  the  constants  to  be  determiaed.  And,  in  general,  whatever 
may  be  the  number  of  the  quantities  having  given  limits,  the  total 
number  of  equations  will  he  2»,  and  therefore  just  sufficient  for  th_e 
complete  solution  of  the  problem. 

65.  When  the  limiting  values  of  a:,:/,  ^,  &c.,  are  not  absolutely 

fixed,  but  simply  connected  by  one  or  more  equations  of  condition, 
tho  vai-iatjons  of  the  quantities  so  connected  are  not  independent, 
and  tlierefore  two  or  more  of  the  equations,  resulting  from  the  con. 
dition  a^  — ao  =  0,  will  be  replaced  by  a  single  equation.  Thus 
the  total  number  of  equations  deducihie  from  a^  —  af^^O  will  be 
diminished ;  but,  on  the  other  hand,  a  number  of  new  equations, 
just  sufficient  to  supply  tiie  deficiency,  ■will  arise  from  the  equatiojia 
of  condition.     To  illustrate  this,  talie  the  following 

Example.  Let  the  limiting  values  of  x  and  y  be  coimeeted  hy  the 

yi=/A     and     yo=/o% 
The  quantities  d.Xy_  Sy^^  il:e^,  Sy^  will  be  connected  by  the  following 
relations  ; 

[S  ■  "^^^"^^^^  =^^'*''  ■  "^^  [i3 "  '^■"  +  ^^"  =-^»'''°  ■  '■^'^'■ 

Now,  substituting  the  values  of  Syj  and  iyay  derived  from  these  equa- 
tions in  Oi  —  Bj,  ~  0,  aiid  placing  equal  to  zero  the  coefficient  of 
each  remaining  variation,  the  following  equations  will  result ; 
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The  other  equations  being  the  same  as  lieretofore. 

These  equations,  (2ra  in  number,)  in  eonneotion  with  the  foiii'  fol- 

Vi  =AH,     Vi  =f^H,    /(^i,  yi,  ci,  (3, v)  =  0 

/(^o,  ^/o^  Ci,  C3, Cj„)  =  0 

will  just  suffice  for  determining  the  2b  +  4  quantities 

^1,  ^1,  '^O^  ^01  «i.  "2^ '^''■ 

56.  And  if  the  limiting  values  of  x  and  -~  wei'e  also  connected  by 
the  relations 

we  fiTiould  have 

[S]-.  +  ^[|]r^"-.-..-[S].-^^e].=-^"--. 

Hence,  the  first  three  terras  in  each  of  the  quantities,  a^  and  a^, 
will  reduce  to  one,  and  the  number  of  equations  dedaoible  fi'om 
flj  —  Op  —  0  will  be  reclneed  to  'in  —  3.  But  we  shall  have  in  addi 
tion  six  other  equations,  viz. :  the  four  used  ia  the  prei^eding 
and  the  two  following : 

/'  ['i.Ji,  f^v-,,  <!,••• ',.]  =  »,  /'  K,  J„  /.'».,«„  •»  ■  ■  •  •■,.] 

which  are  obtained  by  differentiating  the  general  solution 
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and  substituting  in  thy  result  the  limiting  values  of  x,  y,  and  j-. 
Thus  the  total  number  of  equations  will  be  3?i  +  4,  which  is  just 


And  the  same  result  will  ho   fonnd  true  when  the  restcictiona 
imposed  upon  the  limiting  values  of  the  several  variations  are  more 


51.  'L'he  exceptions  to  the  preceding  theory  will  now  bo  considered. 
5S.   Case  1st  Let    F  be  a  linear  fuuclion  of  the  highest  differ- 


ential  coefficient  -5 


Then  P„  will  not  contain  this  coefficient,  and  therefore  — —  cannot 
be  of  an  order  higher  than  2»  —  1.     Hence,  the  equation 

dx         rfi^  a-'- 

eannot  he  of  an  order  higher  than  2«  —  1,  and  its  solution  will  con 
tain  2i!  —  1  disposable  constants.  Thus  the  equation  aj  —  Op  =  0, 
which  is  equivalent  to  2w  equations,  cannot,  in  this  case,  be  satisfied. 
59.  It  may  even  be  proved  that  the  equation  &  =  0  cannot,  in  this 
case,  be  of  an  order  higher  than  2ii  —  S. 

For,  put  ^2  =  V.         Then  V  ^.  h  +  &\ 

dy_    <^  

dx '  dx^ '  (it-"-' 

It  has  been  shown  already  that  the  equation  6  —  0  does  'lot,  in 

this  case,  contain  ^    and  therefore  it  is  only  necessary  to  provt 
that  it  does  not  contain  the  coefficient      3^— ■ 

Now,  this  coefficient  cannot  occur,  unless  it  be  in  one  of  two  tenns 
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rf"-'.P„-i  .         <^« 

But  F=  dy  +0'      .  ■.  P„  =  _^^  -7-=^^,     H."d     -z-^  =-;-. 
iry         dv  «J^"        (tsT" 

Now  to  find  the  coefficient  of     ,  „  ■-    in  — p— ,  we  must  fonn  the 
dx"'-^         ax" 

value,  of  (I),  (g;),  ....  (^.),  md  rejw,  In  e.ch,  every  term 

except  th;it  of  the  highest  oider. 
Making 


d"-'!/   , 


^dS        di    dy         dS 
dj:        d'j    dx  dy 


T,  .       ,  di      du         dS      d"!!     .         ,  , 

Here,  the  last    term  -; r  —  ^  ■  T"^     is    the  only  term   to   be 

dn    dx       dn    dx" 

retained,  because  all  the  others  r.re  of  an  order  less  than  n.     And 
similarly  the  only  term  in  (y-j)  of  the  ovder  n.  +  1  is 

du  dx^       dv.   dx"'^''' 
111  the  same  manner,  it  appears  that  the  only  term  in  \-r-;\  of  tiis 


order  2n  ~  1  is 

du    rfa^"        du    dx^'^^ ' 
Ag..i„,.i„eeF  =  ..  +  r,    ,..P._.  =  ^l!:^  =  :?^:  =  ,^+f 

Hence,   by  rormniff  the  values   oi   —, — -.  — ^^^  •  ■  ■  ■  — - — -i-, 
dx  dx^  dx'-' 

retaining  only  the  terms  of  the  highest  order  in  each  successive  differ- 
entiation, it  will  he  seen  that  the  oiilj  term  of  the  order  3n  —  1,  in 
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1  — ; — ,  the  two  will  disappear  in 

.  • .  the  equation  6  =  0  is  not  of  aii  order  highei-  than  2«  —  3. 
60.  .Case  2d.  Let  V  =iij  -fx  +F  (s,  p{),  wliere  pi  =  -~. 

and  since  Fis  in  this  case  a  function  of  x,  y,  and  -~-  only,  the  equa- 
tion 5  =  0  will  become  simply 

and  is  immediately  integrahle,  giving 

Substituting  the  value  of  Pj,  derived  from  the  proposed  equation, 
we  shall  have  an  equation  involving  cBj,  p^,  &C',  which,  solved  with 
respect  to  j?i,  will  give  a  result  of  the  fonn 

j;,  =  ,(.,«)  or         I  ^  ?(-.,.) 

■■■  !/ =  fi  (k,  c)  +  Ci (!)■ 

Now  suppose  the  limiting  values  of  x  given,  those  of  y  being  in- 
determinate : 

The  equation      a^  —  a  r=  0    is  then  equivalent  to  the  two  equations 

[Pill  =  0,  and  [P,]o  =  0  or  f-^x^  +  c  =  0,  (2)  and  f^x^+c  =  0  (S) 

The  two  equations,  (3)  and  (3)  contain  but  one  arbitrary  constant 

c,  and  therefore  cannot  usually  be  satisfied,  although  the  general 
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solution  (1)  contains  the  proper  nuiubor  of  constants.     Hence  the 
proposed  problem  dues  not  admit  of  a  solution. 

61.  If  in  the  case  just  considered  fx  =  0,  so  that  V  —  F{x^}i) 
the  two  eqiiations  (3)  and  (3)  become  identical,  aiid  the  solntion  is 
then  possible;  but  it  belongs  to  the  indeterminate  class,  since  on^of 
the  constants  remains  entirely  arbitrary. 

63.  The  results  just  obtained  are  not  peculiar  to  functions  of  the 
iirst  order,  such  as  that  just  considered  for  if  V  be  supposed  of  such 
form  as  will  give 

dV 


s= 

df 

=A 

aiKl  if  the  limiting  values  of  x 

only 

hegi. 

^en,  similar 

apply.     The  equation  6  =  0  w 

ill,  h 

1  thi. 

instanee,  as 

ing,  te  immediately  iiitegrable, 

giTi 

»S 

dx 
and  the  first  two  equations  resulting  from  the  eq^uation  a^  —  «(,  —  0, 
are  f-^x^  +  «  —  0,     and    f^x^  +  c  =  0. 

These  two  equations  cannot  usually  be    satisfied  except   when 
/j*  =  0,  in  which  ease  y  does  not  appear  in  the  value  of  V, 

And  in  general  if  -r-^  be  the  lowest  differential  coefficient  appear- 

dV 
ing  in  V,  the  foiTn  of  Fboing  such  that  —^  — /^i,  and  If  the  lim- 

itiling  values  of  s  and  of  those  coefficients  which  are  higher  than  the 
«'*  be  alone  given,  we  may  prove,  in  like  manner,  that  the  problem 
will  not  admit  of  a  solution. 

Case  Zd.  T,et  iV"=  0,  and  let  the  limiting  values  of  x  only  be 

la  this  case  the  equation  6  =  0  becomes 
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dx         dx"^  da? 

and  is  iutegralile,  giving 

p   „^«  +  ^+&c  =c 
'        dx         dx^ 

and  the  two  conditions  famished  by  placing  equal  to  zero  the  coetfi- 

cietits  5yj     find     Sy^,  viz. : 

are  equivalent  to  the  single  condition  c  —  0. 

Hence  the  equation  «,  —  Uo  =  0  is  equivalent  to  but  2»  —  1 
equations,  instead  of  2m,  and  the  problem  is  indeterminate.  This 
result  might  have  been  expected,  for  since  y  does  not  appeal-  in   V, 

nor  in  the  conditions  fulfilled  at  the  limits,  the  coefficient  —  might 

have  been,  taken  as  the  principal  function,  instead  of  y,  and  then  the 
equations  given  by  Z*  tT  =  0  would  have  been  just  sufficient  to  estab- 
lish a  relation  between  a;  and  -^,  without  arbitrary  constants,  which 
dx' 

relation,  when  integrated,  must  give  an  equation  between  a:  and  y, 
containing  one  arbitrary  constant. 

63.  If,  in  the  last  case,  one  of  the  limiting  values  oiy  were  given, 
the  problem  would  again  become  determinate.      Similar!}',  when 

if™  0  and  Pi  =  0,  and  both  limiting  values  of  y  and  -^  are  in. 

determinate,  the  solution  will  contain  two  arbitrary  constants,  and 
will  be  rendered  determinate  by  assigning  at  least  one  limiting  value 

to,  and  |. 

And  generally,  if  the  first  m  terms  of  the  equation 
,.      dE,   ,    d-'P.,      , 
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be  wanting,  and  if  there  be  no  conditions  fixing  the  limiting  values 
>t'  y,   T"i  ■  ■  ■  ■  ■    .  „_,;  tlie  solution  will  contain  m  arbitrary  constants. 

The  preceding  cases  afford  the  principal  examples  of  esception  to 
the  general  theory.  We  now  return  to  tlie  consideration  of  that 
theory. 

64.  As  it  will       net     e^  h    i        ble  t       t  t  tf  tl  e  e^  it 
I  P 


di' 


+  -^-1     -0 


one  or  more  times  v  th  ut  det  in  i  ^  tl  e  f  rm  of  tl  e  funct  on  F, 
and  as  the  cons  der'kt  on  ot  tl  pse  cas  s  w  11  gieatlj  f  1 1  te  the 
application  of  the  theoiy  to  intculai  exanples  we  pruceel  to 
examine  some  of  these  cases,  arranging  them  in  two  classes. 

65.  \st  Case.     Let  the  first  m  of  the  quantities  v.  -r-.  — ^.  &c,  be 


•^/[. 


le  fii'st  m  terms  of  the  eqniitian 

dp 
IV      !^  +  &c.  =  0 

inting,  and  that  equation  will  reduce 


which  gives,  when  integrated,  m  times, 

^■- %-'  +  *=»■  ='.  +  •.-+■ 

a  differential  equation  of  the  order  3»  - 
66.    ("'a.'i;  2rf.  Let  the  independent  ^ 
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„     T   ill    i'v        <'".y1 


or,  by  suLstituting  for  N,  its  value  derived  from  tlie  equation, 
iir^''Z.  +  ^_^e.=0,>,eget 

But  the  (iiiantity  fp^  j^  .ie  gives,  by  an  integration  by  pai-ta, 

.../•rf/j-?_(_i)4.!^],.=p/_2-!^.^+to. 

-/   L      (1^"+^     ^       '  dx     dx"  J  dx''        ax     dx"  ' 

+  (_i).-..*.'?:^. 
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,..  r^c  +  p  ^  +  {p^-'^.  —^1 

dx       L       dx^       dx     dx  J 


1_      dx^        dx     dx^        dx^    dxJ 


+  p.. 


which  ig  a  differential  oqiiation  of  an  order  not  higher  than  2tt  —  !. 

Thus  it  appears  that  when  V  does  not  contain  the  independent 
variable  x,  the  eq^iiatioii  S  =;  0  can  be  reduced  at  least  one  order. 

67.  The  following  are  the  most  important  applications  of  for- 
mula {!)) : 


Henoe  by  substituting  for  V  and  P^  their  values,  and  then  solving 


Here  y  is  a  linear  fonction  of  x,  and  this  result  shows  that  li 
functions  have  the  property  of  giving  a 

ax 


,  -If 


r  =  c  +  p^ 
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-=4S)- 


^  dh,       dy  dP„ 

Then  F  =  c  +  P,  — -■ 

(ii!^      dx    dx 

68.  (7«se  3i^.  Let  the  fuHCtion  F  belong  at  tlie  same  time  to  both 
of  tie  preceding  classes,  tliat  is,  let  the  independent  variable  a,  and 
the  first  first  m,  of  the  quantities  y,  — ,     — ,  &c.,  be  wanting  in  V. 

The  equation  J  =  0  gives,  as  in  the  first  case  by  integration, 

P,.  _  ..     "'-t-l  J-  H,<:.    —r..  4-  r.T.  4-  r^r?  4-  K-.f. -;..._. ^j""-! 


This  value 


the  differential  of  the  given  relation 


+ 


r  l^'H-iy 


Integrating  by  parts,  lye  get 
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But  since  in  general 

+  (-l)'..('-l)(—2) iJ-1^. 

if  we  put  sueeessively  r  equal  to  (1,3;  3, m  ~  1),  and  substitute 

the  resulting  values  of  tLe  integrals, 

J.'j^^i..  A.j:l>,..../-:^-.f!|*, 

in   equation  [E)  it  will   be   a   differential    equation   of    the   order 
%i  —  in  —  1 ;    that  is,  the  original  differential  equation  will   htivc 
had  its  order  reduced  fay  m  +  i  degrees. 
69.  Suppose  for  esample  tliat 

/=/(IS) (» 

Then  the  equation  6  =  0,  becomes 


whence  fay  integration     P^  —  -~  +  c. 

and  this  value  substituted  in  the  differential  of  (1)  viz. : 


db,  Google 


MAXIMA  AKD   MI^'IMA  OF   ONE   VAEIA15LE.  473 

••■-  =  ='  +  '1  +  ^.2 

a  differential  eqimtioii  of  the  second  o'der  as  it  siiould  be,  since 
2m  _  m  ~  1  =  2. 

Selatwe  Maxima  and  Mmiina  of  One   Ycuriable. 

70.  Prop.  To  determine  the  form  of  the  funetioii  y  z^  ^x  which 
will  render  /  Vdx  {taken  between  certain  limits)  a  maximum  or  min- 
imum, when  y  is  selected  from  those  functions  which  satisfy  the 
additional  condition  fV'dx  =  c     (between  the  same  limits) ;    the 

quantities  V  and  V  being  functions  of  s:,  y, -^,  -5-^,  &c 
The  condition  fVdm  =  a  maximum  or  minimum,  gives 

DfVdx^O (1). 

And  the  condition  fV'dx  —  c,  gives 

BfV'dx  =  0 (2). 

Multiply  (2)  by  an  arbitrary  quantity  X,  and  add  the  result  to  (1); 
then    J)frdx  +  -K.DfV'dx  =  (}  or  DJ\V+xr')dx  =  0---.{5) 
and  equation  (3)  will  include  all  the  conditions  involved  in  tlie  prob- 
lem, and  will  imply  that  both  (1)  and  (2)  are  necessarily  true. 
Tor  since  by  hypothesis  X  is  an  arbitrary  quantity,  we  may  write 
2)f{V+\Vyh  =  0     and     J)f{V+\V')d£  =  0 
.  ■ .  J)f{\  -  K^)  Vdx  =zO     OT     {\  -  >.^)D/Vdx  =  0. 
Now  X|  and  \  are  not  equal,  and  therefore  X^  —  X^  is  not  equal 
to  zero.     Hence  we  must  have 

Of  Vdx  =  0,  and   .  ■ .   from    (3)  .DfVdx  =  0  aUo. 
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Thus  (3)  ineltidns  all  the  .conditions  required ;  and  therefore  if  we 
replace  V  by    F  ■[-  XV,  the  problem  can  be  solved  as  one  of  abso- 

The  formula  (3)  expanded  and  applied  to  the  limits  k^  and  o:^,  gives 

71.    Cor.  It  may  be  shown  in  nearly  the  same  manner,  that  when 
fVih  —  a  maximum  or  minirnnm,  and  also 

fV'dx  =  c         and         fV'dx  =  c\ 
the  pi-oblem  may  be  solved  as  aoaseof  absolute  maxima  and  minima 
by  replacing  F  by  F  +  X  F'  +  X'  F"  where  X  and  X'  are  arbitrary 
■  constants. 

Applicatiotis. 
12.  We  will  now  illustrate  tlie  principles  already  explained  hj  a 
few  examples. 

I.  To  find  the  nature  of  the  line  (lying  entirely  in  one  plane) 
which  is  the  shortest  distance  between  two  given  points. 

Let  iCf^a  be  the  co-ordinates  of  the  point 
A,  and  Kjj/j  those  of  S.     The  general  value 


of  the  length  of  the  arc  of  a  plane 


eAB 


>./(. 


,'¥. 


^* 


I  +  y-|  I  dx  taken  between  the  proper  C ' 


'A 


n  the  present  c. 


,^i 


iquently  by   formula  {a), 


the  solution  of  the  equation  &  =  0  becomes 

,j  =  a  +  .'. 
and  the  shortest  path  from  j4  to  ^  is  a  straight 
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The  equation 

a^-  ao^O     or      V\dx^  -   V.d.v,  +  S\hi  -  A^^u  =  <> 
disappears  in  this  case,  since 

dx^  —  0,  tii'i  =  0,  (Sj/j  =  0,     and     iy^  =  0, 
the  limiting  values  of  both  x  and  y  being  fixed. 

To  determine  the  values  of  the  constants  c  and  c'  we  havB  the  two 

equations 

J,,  =  cx^  +  c',  atitl  I/O  =  cvg  +  c' ; 

thus  the  solution  of  the  problem  is  complete. 

2.  To  find  the  line  of  shortest  distance  between  two  given  eurvesi 
Let  the  equation  of  the  curve  AB  be  y,,  =  F^^ (i), 

and  that  of  the  curve  OD,  D 


=('+iif=/(i)^ 


and  the  shortest  distAnce  is  still  a 
straight  line. 

To  determine  the  values  of  the  constants  c  and  c',  and  the  limiting 
values  a^oi  ^o^  ^d  Vv  w  proceed,  as  follows : 

From  (1)  and  (2)  we  get  the  following  conditions  connecting  dx^ 
%o  i   ^^\  ^"i  '^Vl'  ''^'  ■ 

dF.x. 
in  which  *   — 

Also 

.  ■ .   5y^-  ((„  -  c)  dx^,  Sy,  =  (;,  -  c)  (foj. 


m 


— ,      and      (,  —  — — ■ 
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SiibstitutvDg  these  values  in  the  equation  a^  —  a^  =  0,  nod  replacing 
T'l,  Fp,  Pj,  J\  by  their  values,  we  get. 


Now,  placing  equal  to  zero  the  coefficient  of  tfsg  aucl  <icj.  tlio  only 
arbitrary  increments  romniniiig  in  the  equation,  we  get 

(l+,^)^^c(l  +  c^)%,-c)^0,     and 

(l+.^)^+.(l+c^)"^(/,-=)=0; 
i)r,  1  +  e(i  =  0  ■  -  ■  (3),     and     1  +  ff'o  ~  0  -  ■  ■  (4). 

Tliese  two  equations,  with  the  following 

yo  =  "^^o  +  <^\     'A  =  <^^i  +  <^''     Va  =  ^a^ii<     Vi  ^  -^V*i> 
suffice  to  determine  the  six  quantities,  c,  c',  x^,  y^  a^j,  y-^. 

The  equations  (3)  and  (4)  show  that  the  shortest  line  HM'  outs 
both  curves  at  right  angles, 

73.  lu  the  preceding  example,  suppose  the  given  curves  to  become 
straight  lines  perpendicular  to  the  axis  of  x.  Then  dx^  ^^  0,  and 
rfsi  =  0,  since  the  extremities  of  the  shortest  lii:e  will  necEssarily 
have  invariable  abscissas. 

Al„     I.  =  |^=«,     and     ,,=  |l  =  „;     ...,=,i  =  0; 

and  as  c'  is  now  iudeterminate,  the  required  line  of  shortest  distance 
may  pass  through  any  point  of  AB, 

This  is  an  example  of  Exception  2. 

3.    To   find    the   form    of    the   function    y,    which    shall   vender 


"'■f'yi' 


^%h 
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--•('  +  £)* =41)- 

and  therefore,  by  formula  (6), 


1       '^   \        d^'l     rf*' 


■■'('•sn:!).*" 

or, 

r..(.,£)' 

Maliing  c  —  I 

:»,  and  solving  with  respect  to  dx,  we  got 

^-^2'           /-/.-      Z^"^^..fc. 

This  comes  under  the  binomial  form,ancl  therefore  is  integrabio  when 

L^-        or         -  -  -  =  i 
an  integer   or   zero;    that  is,    when   n    has   one  of  the   following 

^'  2'  S'  4'        '  a         •>         * 

As  a  partieiilar  case  of  tins  proWera,  suppose  m  =  ~  ^ ; 


'  V's -s'    yiv--  f      V'J -  f 
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If  tho  limiting  values  of  x  and  y  be  given,  then 

dx„  -  0,     Syg  =  0,     dXi  =  0,     Sy^  =  0, 


and  the  equation  a- 
To  find  the  two 


0  disappears. 

c  and  I,  we  have  the  tvio  equat'io 


c^-~l-- 


I 


-  A.- 


>J»', 


x^  =  0,     and     y^  —  0,     then     c  =  0,     and 


I 

74.  The  equation  (1)  of  this  last  example  exhibits  the  solution  o 
the  celebrated  problem  of  the  Brachysiockronc^  or  the  curve  o 
Biciftest  de'icent 

Th      1     A  and  £h        o  points  in  the  same  ver-^     ^       p       j 
al  pla       ad  b    ]  roposed  to  determine  the  \ 

u       flu         il'B  along  w  hieh  a  heavy  body    ' 
d    ce  d  f    m  4       £  (under  the  influence  of  the 
f  f  g  a     y    1  n  )        he  shortest  possible  time. 

D  bj      h  ccupied  in  passing  fi'om  A  to  any  point  F 

n   he  unl  n      u  j     1     1     co-ordinates  of  which  point  are  a  and  y; 
by      1  e  Ha     AF  and  by  ff  the  velocity  acquired  by  a  heavy 

b  dj  f  11  all}  d     ng  a  unit  of  time  ;  then  it  is  shown  by 

h    p   n   pi  Ml  ,  that  the  velocity  acquired  by  the  body 


1 


>.  11  ti 


(when  it  has  reached  the  pui 


dby 
■\/-igy,  and  also  by   —  - -^  |  I  t-^J 
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■•■.A"*{'+£)'^=""'—"«™"  "»"■"'" 

X  =  A\  =  0,     and     x=zXy-  AF. 

The  equation  (1)  represents  a  cycloid,  the  itxis  DC  -  I  being 
vertical,  and  the  esti-emity  of  the  basp  coincident  with  A,  the  point 
of  departure. 

75.  4  Through  two  given  points  A  and  £,  draw  a  curve,  of  given 
length,  so  that  the  area  included  between  the  chord  AB  and  the 
curve  APB  may  be  the  greatest  possible. 

This  is  a  problem  of  relative  maxima  and  minima,  since  the  curve 
is  to  be  selected  from  a  particular  class,  viz. :  those  whieh  have  a 
given  length  I,  or  which  fulfil  the  condition 


Therefore  by  the  method  of  re][itive  u 


^  V/lXy  -  V^dx^  +  5  f^  Vdx 

+  X(  V-^'dx-y  ~  Fo' .  dx^  +  rJ'^^  Vdx). 
Here  the  liraiting  values  of  both  x  and  y  are  invariable,  giving 
^^0  =  0,     Sy^  =  0,     dx^  ^  0,     ^?/i  =  0. 
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Uence  ilia  cc[iiation     o,  —  Og     disappears,  and  fonnula  (i)  gives 

V»  -  (y  -  ')■ 
«=-[>''-(? -=)'!*  +  «'   01-   (i-t')"  +  (;/~=)"  =  ^' 

and  tiie  required  curve  is  the  arc  of  a  circle. 

To  determine  the  constants  c,  c',  and  X  we  have  the  three  equations 

(.'0  -  «T  +  (yo  -  ^)^  -  >■',     {^^-c'Y+{y^~cf  =  -K^     and 


or  wlien  the  origin  is  at  A  and  the  ciiovd  AB  coiueidei;  with  the 
axis  of  a^ 

76.  5.  Given  the  length  I  of  the  curve  joining  two  fixed  poinft 
A  nnd  B,  to  find  ihe  form  of  the  curve  when  the  surface  generated  by 
its  revolution  about  the  axis  AB  is  the  greatest  possible. 
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Ho.-e/ri=/;;Q-,(l+g)ci.      A 


.„d/F'&=/;';(i+g)  *■  =  '■ 

The  equation  a,  -  a^,  ==  0   disappears,  and  {b)  gives 


V^ij  +  xj'-t' 
fo  integrate  this  put  2*y  +  >^  =  ^     and     y^^TIT^S  =  g  —  ( 
c2  +  (3        ,    ,        de      t"  -I? 


=  ii;'»s 


2^1/  +_X  +  V^^y +X)^-c^ 


« +  g'  +  T/(g+  gy- c; 
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ill  which   C  =  -^,  C"  =  ^,     and     C"  :^  -,'% 

This  is  the  equation  of  the  C.itenary,  which  therefoi'e  is  the  required 
curve. 

77.  Prop.  To  find  the  form  of  the  function  and  the  values  of  the 
limits  Xq  and  «,  which  shall  reuder 

U  T^  V  -\-  f    ^  Vdx  a  maximum  or  minimum,  where 

--/'[--©.-■©—(a (29.] 

The  general  equation  b  —  9,  being  derived  exclusively  from  the 
terms  iinder  the  sign  of  integration,  must  he  the  same  as  in  the  last 
propositioH,  and  thei'efore  it  will  be  necessary  to  consider  only  those 
terms  which  refer  to  the  limits ; 

VntdV  =.  M'dxr,  +  N'dy.  +  P^d{^\  -\- P'd&A  +&c.--.. 

+P,w(3)_+.......+p.v..(p) 

Then  the  additional  terms  in  D  JJ,  resulting  from  V\  are 

i.w..+«..+P;(f)^+P,(^)......,P...(gr) 

and  the  first  member  of  the  equation  nj^  —  ou  —  0  will  be  increased 
,  fay  these  terms,  which,  being  of  the  same  form  with  the  terms  pre- 
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vlo\isly  found  in  that  equation,  there  will  he  no  difference  in  the 
manner  of  discussing  it  in  its  modified  form. 

It  must  be  remembered,  however,  that  the  possibility  of  satisfying 
the  condition  1)17  =  0,  depends  upon  the  fact  tliat  the  number  of 
independent  increments  in  the  equation  a^  —  ag=^  0,  does  not  usually 
exceed  the  number  of  arbitrary  constaats  in  the  integral  of  the 
equation  6  =:  0.  Hence  if,  in  any  particular  case,  the  number  of 
independent  increments  should  be  greater  than  tiie  number  of 
constants,  the  solution  would  he  impossible. 

Now  in  the  case  at  present  under  cfinsideralion,  the  number  of 
increments. 


dxg,  St/q,  I^^ 


■dSyX /d-'S^\ 

dx  In  \  dx"'  L 


reliiting  to  the  inferior  limit  is  »'  +  3 ;  and  the  number  of  incre- 
ments already  found  to  exist  in  Og  is  ji  +  1. 

If  then  Si'  +  3  >  )i  +  1,  or  ra'  >  m  —  1,  the  solution  of  the  prob- 
lem will  be  impossible. 

Similar  remarks  apply  to  the  superior  limit ;  and  we  conclude 
ths.E  when  the  new  function  V  contains  any  coefficient  of  an  order 
higher  than  n  —  1,  the  function  fJwill  not  admit  of  a  maximum  or 


78.   Frop.  To  find   the  form  of  the  function  y  and  the  values  of 
the  limits  .%  and  a:,,  which  shall  render  IT  =i  i    '  Vdx  i 


■  minimum,  where 

-=^[".|--S. '-©;•■ 

■m. 

,...y„ 

©. m- 

The  general  equation  DU  —  0  becomes  i 

a  this  ca 

,se    (p.  441) 
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+[-r.,y::'|..+...(i).MS).+4S).-H-.i-]*. 

J  x^  L  lie         ti.^^  J 

This  being  written  in  the  form 

shows  that  6  is  the  same  as  before,  and  therefore  the  form  of  tha 
function  y  is  not  changed  hy  snppoaing  F  to  contain  explidtly  the 


Also  the  terms  in  a,  -  Bg  =:  0  nre  of  the  same  nature  as  if  V 
did  not  contnin  the  limits,  forming  a  aeries 

Aidv^  +  -^i^j-i  +  C,  l^j  +  &c.  +  A^dx^  +  B^Sy^  +  C„  {^\  &c. 


J„;?„Ci,  &c,  Jfl,  B„>Co.  &c.,  bcm;^  constants.     For  in  the 
pressions 

the  same  supposition  is  made  as  in  the  terms 
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aiict  tile  otBei"  coefficients  of  the  several  increments  in  the  equation 
a^  —  a^  —  0.  where  V  did  nut  contain  the  limits ;  yiz, :  that  the 
value  of  !/,  derived  from  the  equation  i  —  0,  has  been  substituted  in 
wij,  MJo,  &c.    This  substitution  being  effected,  and  the  definite  integrals 

being  formed,  the  quantities  ylj,  £,,  A^,  B^,  &c.,  will  become  entirely 
constant. 

Thus  the  mode  of  treatmg  the  equation  i)P"=  0  is  in  all  respects 
the  same  as  in  the  ca=e  prt.nou'.ij  considered. 

The  following  examples  will  illuttiatc  the  cases  considered  in  the 
last  two  propositions 

79.  ^x.  Having  given  tlie  area  c  of  the  figure  BAAiB^,  bounded 
by  the  axis  of  a,  by  two  ordinates  passing  thi-ough  the  given  points 
B  and  B„  and  by  a  curve  ACJi,to  find  the  nature  of  the  curve  and 
the  values  of  the  exti-eme  ordinates  BA  and  ^i^i,  when  the  peri- 
meter of  the  figure  is  a  miniinuni.  Put  ^  ^ 
OB^a:^,  OB^-Xi,  BA^y^,  B^A^=y^. 
Then,; 


£B, 


£A  +  B,A,  +  ACA,  =  y,+  '>/, 

Also  /  '''^  V'lb:  =    /  ^^ydx  ~  c. 

.-.    11=^  V"-\- f  ""'{¥+ XV ')dx  =-.  s.mmimMm. 

Plere  U  contains  a  terra  V",  exterior  to  the  sign  of  integration, 
ivolving  the  limiting  values  of  y,  and,  therefore,  by  the  metliod 
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applicable  to  siieh  eases,  ctxnbiiiod  witli  timt  of  rel;itivc  ma.' 
and  minima,  we  have 

i)(/=D[,,,+,,+y;^>{(i+g)^xj|i.]=o. 

Now      F+ XF'=/(j/,^V  and  therefore  by  formula  (6) 
F+XF'  =  i, +  P,  !|. 

Bet  P,  =  "-(i:+-^£l)=/l  +  *-rt*. 

,dy  \         dx'l       dx 


Put     'J  =  P.,     ana     i=«,      the,,      (l  +  |;)  (,8  _  ,).  ^  .=  ; 

■  ■  ■  '^^'  ^  y^^.^^,^-)?     and     ;.  =  ,,+  [«s  _  (^  _  y):,)^ 

ov,  (a>  —  c^Y+  (y  —  /3}=^  a=  the  equation  of  a  circle. 

Hence,  the  curve  ACA^,  is  a  eirculav  arc. 

To  determine  the  values  of  the  ordinates  y^  and  y,,  and  that  of 
a,  the  radius  of  the  circle,  we  recur  to  the  equation 

flj  —  «(,  =  0,  which  becomes,  in  the  present  case 

+  iV%,+JF%o  =  0,     (1), 
since  F+  7.  V  does  not  contain  P^,  /"j,  &e.,  and  V"  contains  only  y,. 

Also,  since  the  points  £  and  B,  are  given,  da-,  =  0,  and  dx,  ~  0. 
Thus,  (1)  is  equivalent  to  the  two  conditions 
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'.,  by  su"bstitutiiig  the  vahios  of  iV,  iV"  £liic1  F-,, 


m^i^ 


And  therefore  the  arc  ACA^  is 
Ai  being  perpendicnlar  to  OX. 


o'irele,  the  tangents  at  A  and 


Als( 


radiu 


-{x^~x^),     mid     »/i^  ^0. 


1  kn( 


But  .'irea.  BAA^B,^  Sa  ■  y^  + 
thus  maiiing  the  solution  complete. 

80.  Sx.  To  find  the  curve  of  swiftest  descent  from  one  given  curve 
to  another,  the  motion  being  supposed  to  eommenco  at  the  upper 

Let  AB  and  AjB^  be  the  given  curves,  and 
C'C\  the  curve  required. 
Put     OB  =  x^,    DC=y^,     OE=x, 

Then,  by  the  principles  of  Mechanics  (befoi-c  [ 
cited),  tJie  velocity  acquired  by  the  body  in 

from  0  to  F  along  the  curve   CFO,,  is  expressed  by 
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Here  T  contains  the  limit  y,,  explicitly  ;  and  therefore  i??/ will  con- 
tain  the  additional  terms 


y::<i)-WU:>-'\ 


Sn 


which  terms  appear  in  the  equation  a^~a^  —  0,  but  not  in  the  litpu 
tion  i  =  0. 


'   '  dx       L       y  -  j/o       J 
This  is  the  differential  equation  of  a  cycloid  hnving  the  axis  parallel 
to  y,  the  ouap  or  extremity  of  the  base  at  the  iippoi-  point  a:,,,  !/„,  and 
the  diameter  of  the  generating  cirde  =  20. 
The  equation  aj  —  ct„  =  0  gives,  in  this  case, 

V,d:c,  -  r,d^,  +  (/--,),  Sy,  -  {r,)„  Sy,  +  {J^^n,  g)  dx\dx, 
+  (^^>,rf^)jy,  =  0-...(l). 

dr\     .       ,^    dP, 

a  ---y  dx  dx 
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=  (h).[™- -(''■"■ 

Agait:,  if  the  differential  cijuations  of  the  two  given  carves  h& 

?-•=(.,     and     ^  =  ,„ 
dxn  ax  J 

we  shall  have  the  following  conditions  eoniieoting  the  values  of  dx,, 
5y,,  o!*!,  and  Sy^,  viz. ; 

Svn  +  f-^l  (^'n  —  '^ii'^'i'm     and     Su,  +{-r]  dx,^  t,dx,. 

Now  suh^tituting  the  values  of  5t/^,  5^j,  /    'n^dx,  and    /    '  ("t~)  "qC^* 

iu  (l),  and  placing  the  cocffideiits  of  tfe„  and  !?«,,  separately,  equal  to 
zero,  we  get 

^.  +  (''.)-['-(l)J=».  »• 
^  +  <--).['.-(l)J-[™--<''.)J©. 

-KA).MA),l['.-(|)J=«.   ». 

<--)"*]'['.-(S)J=»--<^)^ 
-    [('-£F-<--)-*]r(©.[('-^i^)-'- 
(--'.)^].+  '.(IU('+i;)"*'('-'->"*]r°-'='- 
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From  (2)  we  obtiiia       l-\-iJJL\  -  0 ;     and  therefore  the  cycloid 

hitei'soc1;s  the  second  curve  at  rigbt  angles. 

Also,  from  (3)  wc  get  1  +  l„  (^]  =  0  ;  .  ■ .  (,  ^  („, 

and  the  tangents  to  the  two  curves,  at  the  points  of  intersection  with 
the  cycloid,  are  parallel.  The  co-ordinates  of  tSiose  points  are 
readily  found. 

81.  Proj).  To  determine  the  forms  of  the  functions  y  and  g,  and 
the  values  of  the  limits  x^  and  tCg,  which  shall  render 

P  =  /    ^  Vdx  a  maximum  or  minimum,  where 

y._     r        dy      d^y  d^y  dz       d''z  i^s"| 

L        d^     dx^''  cis"'      '  rfa'     dx^  dx'^S 

The  equation  DU  ^i  (i  becomes  in  this  ease 
V^dx^  ~  V^dx^  +  [/>!  ~~  +  &c.]  -5^1  -  [-^1-^+  *<^']  ■  "^0 
+R^.c.].(t)-K-*.].(§);...  +  [p.gS]_ 

+(-i)-'i^>*. 
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If  the  functions  y  and  s  be  independent  of  ejich  othor,  their  v 
tioua  Sy  and  &  will  also  be  independent ;  and,  by  r 


previous  propositions,  it  will  appear  that  w 

e  shall  have  the  conditions 

--f  +  S-'-- +  (- 

-»-^-. 

--^-=^----(- 

-i)-'^'=«-(i)- 

And  for  the  equatioii  of  the  limits 

V,dxi^  V,dx,+  ^P,-  '^  +  &c.]  Si/^  - 

[-.-S  +  -]> 

+  IA-^c.].(f)_-[P.-^..].(f)_*o.^c. 

The  mode  of  treating  these  eqn  itions  is  exactly  the  same  as  that 
employed  when  V  contained  but  one  function,  and  by  reasoning,  as 
in  that  case,  it  may  be  readih  shown  that  the  nmnbor  of  equations 
applicable  to  the  soliit  on  of  the  problem  will  not,  in  general,  be 
affected  by  any  equations  ot  condit  on  restrleting  the  limits.  For 
every  such  eqnition  of  condition  ^*:li  diminish  by  unity  the  number 
of  tcrois  in  (2),  eithei  bj  reducing  to  zero  the  variation  which 
appears  in  such  t*rm  ,  oi,  by  mi  ting  two  terms  in  one,  and  thereby 
diminishing  by  unity  the  numbei  of  equations  deducible  from  (2). 

But  the  given  equation  of  condition  will  just  supply  the  place  of 
that  which  has  disappeared 

Thus  it  will  suffice  to  prove  that  (1)  and  (2)  furnish  the  requisite 
tiiimber  of  equations  in  a  single  case,  as  when  the  limits  of  x  are 
alone  fixed. 
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Now  the  first  of  equations  (1)  is  of  the  order  2n  iu  ij,  and  m  +  ft 
in  e,  and  tlio  second  of  equations  (1)  is  of  the  order  m  -)-  n  in  y, 
and  2m  in  z.     They  are  therefore  of  the  forms 

'L  '^'d.r         da?"'    'dx         dx'"+''J      "■■■■W- 

-^''I'-^'dx         dx!"'+«'    'dx         dx^'^A  ^  ' 

If,  then,  we  difforentiate  (3)  2m.  times,  and  (4)  m  +  «  times,  we 
sliall  have  3m  +  Ji  +  2  equations  with  which  to  eliminate  tlie  Sm+n 

quantities     s,  — g^^,     and  the  resulting  equation  will  he 

of  the  order  2m  +  2ii  in  y.  The  integral  of  this  equation  will  con- 
tain 2m  +  till  constants.  But  the  number  of  equations  given  by 
(3)  is  exactly  2n  +  2m,  viz, :  the  2ii  equations, 

and  the  2!?(  equations, 

Henoe  the  problem  is  in  general  dotei'minate,  but  there  are 
exceptions  entirely  similar  to  those  considered  in  the  case  of  a  single 
dependent  functioa  y. 

82.  If  the  functions  y  and  z  be  connected  by  an  equatioii  L  ~  0, 
and  if  it  be  possible  to  resolve  that  equation  with  respect  to  p  or  e, 
so  aa  to  obtain  a  result  of  the  form  g —/|ic,!/,-T-,&c.l,   the  values 

of  —     — ,  &c.,  can  be  formed  by  differentiation,  and  substituted  in 

dx      dx^ 
that  of  V,  which  will  then  contain  x,  y,  and  the  diffei'ential  coeffi- 
cients  of  y   with   respect   to  x,   thus  presenting   a  case   already 
considered. 
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83.  But  since  the  proposed  equation  £  —  0  is  ofteu  a  differential 
equation  difficult  to  be  integrated,  we  are  often  compelled  to  adopt 
the  method  already  noticed,  (Page  444)  in  which  by  the  iiitroduction 
of  a  new  indeterminate  quantity  X;  and  a  suitable  determination  of 
its  value,  we  are  enabled  to  obtain  an  expression  for  517  which  shall 
contain  but  one  of  the  variations  Sy  and  Sz  under  the  sign  of  inte- 
gi'ation. 

Thus,  if  we  denote  by  fl,  the  sum  of  the  terms  exterior  to  the  sign 
of  integration  in  the  value  ofSU,  (Page  445)  there  will  result 

and  if  we  so  assume  the  quantity  >.  as  to  fulfil  the  condition 

^  +  &c.  -  0, 

it  will  appear  by  reasoning,  siinilar  to  that  employed  when  y  was 
the  only  function,  that  the  condition  hJJ  —^  cannot  be  satisfied  (so 
long  as  the  form  of  ^y  is  arbitrary)  unless  we  have  the  two  condltiona 

fl^O     and     ,Y+x«-^i^-M)  +  &e.  =.0. 

Hence,  we  have  for  the  solution  of  the  problem,  the  three  general 
equations 


which  are  just  sufficient  to  determine  the  three  unknown  quantities, 
X,  y  and  «. 

84.  We  will  now  give,  in  conoluaion,  exauiples  to  illustrate  the 
cases  and  methods  above  explained. 
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Ex.  To  find  the  nature  of  the  ]ine  which  is  the  shortest  distnnca 
between  two  given  points  in  space_  there  being  no  restriction  by 
which  tlie  line  is  required  to  be  ounfined  to  one  plane. 

The  general  value  of  the  length  of  the  ai'c  of  a  curve  of  double 
curvature  is 

taken  between  the  proper  limits. 

Hence  in  the  present  case  we  shall  have 

""'  "^  =  ('  +  s?  +  ,1?)  ■  ^^=  i7  =  »■  ''  =  if =« 

if  d^ 

^        dV  _  dx  P'_iL^_  '^ 


*      /T 


Pj  =  0,     P^  -  0,  &c. 
e  the  e([uatiuns 

dy_  dz 

\=^^t^-_^^.     and     /^--....i=_ 


V' 


readily  obtal 
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<i«  .        dn  .         ,  .  , 

—  =:  m     and      --  ~  n    lu  wJiioii  m  and  n  are  conslaiits, 

.■.!/  —  ma  -|-  ^,         and         z  =  «k  -|-  5, 
These  iire  tlic  equations  of  a  straight  line,  which  therefore  is  the 

shortest  distance  required. 

To  find  the  values  of  the  constants  m,  n,  2>,  ftnd  5,  we  introduce 

the  given  limits  Xi„  y,,,  Zj,  x^,  y^,  Sj,  and  thus  get 

which  suffice  to  determine  m,  n,p  and  q. 

85.  If  the  limiting  values  of  x  only  were  given,  those  of  y  and  e 
remaining  indeterminate,  the  terras  exterior  to  the  sign  of  integra- 
tion would  give 

{p,\  -  0,  (P0«  =  0,  {i\\  =  0,  {i\\  ^  0, 

wliiuh  are  equi^■alent  to  the  two  equations 

TO  ^  0     and     n:=  0, 
thus  leaving  the  other  two  constants  p  and  5  indeterminate,  and  pre- 
senting one  of  the  cases  of  exception  already  noticed. 

86.  -Ex.  To  find  the  shortest  distance  between  two  given 
Bui'faces. 

Let  the  equation  of  the  first  surface  be  /(](«o,  J'o,  ?ii)  —  0  ■  ■  ■  ■  (1) 
and  that  of  the  second  surface  /il^n  .'/u  s^)  =  0  ■  ■  ■  ■  {2) 

A.i.,„.cl.,..™pl.    V  =  {^  +  %^'£) 
and  we  immediately  deduce  as  before 

y^n^x  +  P (3),  z^nx  +  q (4) 

which  show  that  the  shortest  path  is  still  a  straight  line. 

To  fix  the  co-ordinates  of  the  extremities  of  this  Une  we  form  the 
complete  increment  of  (1)  and  (2)  thus  : 


-d  by  Google 


496  CALCtir.us  op  variattons. 

[l;+|-(IM-a.]-.+|-^.+|--.--<») 

Put  for  brevity 

%_  ^fi  ^  ^ 

rfi/o  rfj/i  rfzg  ds-^ 

i&'u  c^a'j  (/io  t^^i 


»md   autstitiite  for 


■©;©. 


dieir  values   derived    fl-om   equations   (3)   and    (4).      We   shall  thus 
obtain 

(1  +  mma  +  mIo)  dx^  +  i^o^j-o  +  "o^^o  =  0 
(1  +  m>n^  +  iiJij)  ctKi  +  m^Sy^  +  n^fei  =  0. 

Now  elimhiatittg,  liy  tlic  aid  of  these  equations,  (&„  and  dx-^,  from 
the  equations 

V^dx„  +  {P-i)!,Sy^  +  (i*i')o^^o  ^  0 

and  placing  equal  to  zero  the  coefficients  of  Sy^,  &p,  Sy^^  5s„  we 
obtain 

■».  F.  -  (A) .  (1  +  .»'».  +  "«.)=  0 (7) 

",f,-(P,).(l +  •»•». +  ««■)  =  » (8) 

o.f.-WJ.O +  -»».  + «».)=« (9) 

»i  I',  -  (A'),  (1  +  ""'i  +  >■»,)  =  » (">)■ 

If  now  we  replace  V^  and  (PJ^  &u.  in  (7),  (8),  {i>)  and  (10),  by 
tlieir  values 

(1  +  vf  +  «')*,     ..  --^-" &c. 
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we  readily  find  from  (7)  and  (9)      m  =  )«(,,  w  -  ji, (11) 

and  from  (8)  and  (10),     m  =  m-i     and     n~  ti^' (12). 

Now  eliminating  x^, !/(,,  Zg,  a^^,  yi,  ^i,  which  quantities  occur  in  the 
values  of  to^,  «,,,  Mi,  and  n-^,  by  means  of  the  six  eq^uations, 

yo  i^  (Ji^o  +  p,     yj  =  mx-^  +  p, 

there  will  remain  the  four  equations  (11)  aud  (12)  with  which  to 
compute  the  values  of  m,  n,  p,  and  q ;  thus  the  line  of  shortest 
distance  will  be  fixed  in  position ;  and,  by  combining  its  equations 
with  those  of  the  given  surfaces,  we  can  fiud  the  values  of 

*i  Vi  Si     «o  Vo  2o- 

87.  The  equations  (11)  and  (12)  show  tlwt  the  hue  of  shoitest 
distance  is  normal  to  both  sui-faces.  I"oi  the  assumed  values  of 
■nig  aud  B(|  indicate  that  they  represent  the  tangents  of  the  angles 
formed  by  the  projections  of  the  normal  to  the  fiist  surface  on  the 
planes  of  ary  and  a:s  with  the  axis  of  m ;  while  m  and  n  denote  the 
tangents  of  the  corresponding  angles  formed  by  the  projections  of 
the  line  of  shortest  distance. 

A  similar  remark  applies  to  the  quantities  m,  iind  «j,  and  the 
normal  to  the  second  aurfece. 

88.  -Se.  To  find  the  shortest  distance  traced  on  the  surface  of  a 
given  sphere  between  two  given  points  in  the  surface. 

Hers  the  quantity  to  be  rendered  a  minimum  is  the  same  as  in 
the  last  tw>  examples,  viz. : 


--^■^+g+s^•■••<')^ 


sphere,  the 
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co-oriJinates  a,  y,  and  s,  of  aiiy  point  in  the  rec[uii'ed  path,  will  be 
connected  by  the  relation 

,.  +  ,.^..  =  .,    0,    Z  =  .  +  ,|+4  =  «....p). 

Hence  the  variations  of  y  and  z  will  not  be  independent  of  each 

Now  we  might  form  from  (2)  the  value  of  -^,  which,  substituted 

in  (1),  would  reduce  F  to  a  form  in  which  it  would  no  longer  con- 
tain the  function  z,  or  its  diffcrentJa!  coefficient,  or  we  may  adopt  the 
metliod  of  Lagrange,  which  is  usually  the  easier.  Tailing  the  second 
method,  we  have 

,  ^^\* 


^^=(1  +  :^+:) 


dL      dy 


become,  in  tliis  case, 


i*_^_„ 


xS^_^->.2»._„^  =  0, 
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r.'iy' 


^  dx 

-i 

dx 

•  ■  W- 

U-s- 

Eliminatiiig 

—  between 
dx 

(3)  and 

(4),  ,ve 

get 

/ 

dy 

\ 

/ 

i.               \ 

d   1 

dx 

i.               \ 

^  dx  1 

U+S+Si 

1/ 

+  *!  +  *•/ 

aod  by 

Integra- 

tlon' 

X^ 

.....(5)i 

-£  + 

or,  by  , 

3hanging  the  : 

Independent  variable  from  s:  to  s,  (5) 

becomes 

.^ 

lis' 

=  ».. 

..(6). 

By  similar  reasoning  we  may  obtain 
d:c         dv  ,_,  ,        &         cfe  ,^. 

Multiplying  (6)  by  s:,  (7)  by  2,  and  (8)  by  y,  and  adding,  we  get 

ex  +  c^::  +  c^y  =  0,     or     2  + -l^c  + -^!/^  0 (9), 

the  equation  of  a  plane  passing  through  the  origin. 

Thus  the  required  line  of  shortest  distance  on  the  surface  of  the 
sphere,  is  confined  to  a  plane  passing  througli  the  centre,  and  is,  con- 
sequently, a  great  circle. 
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The  ecLiiation  a^  —  a„=0  in  this  case  disappears,  smee 
dxo  =  0,     dxi  —  0,     Sy^  =  0,     Si/^  —  0,     &o  =  ^>     and     Sz■^  =  0. 
The  constants  —  and  — ^  are  found  hy  suhstitiiting 

«oiJ'o.%  '"'i  ^1,^1,^1,  fi>r  at, y,  and  J  in  (9). 
89.  If  the  limiting  values  of  x  only  were  given,  or  the  problem 
that  in  which  it  is  req;uired  to  find  on  the  surface  of  the  sphere,  the 
shortest  path  between  two  parallel  sections,  the  variations  Sy^,  5yj, 
Szq,  Sz-j,  would  not  reduce  to  zero,  and  the  equation  Oj  —  ffg  =  0 
would  give  the  four  conditions 

■(10); 


,V  ^~^  dx'^'^  dx^ 


+X„^„:^0.  ...  (11); 

W^  +  dS^  +  d^^l 


which  apply  to  the  inferior  limit,  with  two  similar  eq^uatlons  for  the 
superior  limit. 

Eliminating  \  between  (10)  and  (11),  there  results 


/^ 


.+  lr  +  "' 


^0. 


Plence,  the  constant  e  =  0  in  (6) ;  and  that  equation  becomes 


dy         dz  dy       dz 

^dx~^dx''  "' 


=  0 ;     or. 
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.  • .  log  j(  =  log  s  +  log  m  =  log  ms ;     and     y  =  ras. 
This  is  the  equation  of  a  plane  passing  through  the  axis  of  x,  aiid 
forming  an  arbitrary  angle  (tan— ^m)  with  the  plane  of  a'g-     Hence, 
the  required  path  is  the  arc  of  any  great  circle  perpendicular  to  the 

planes  of  the  parallel  sections. 
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